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Loi noi dau

Ban dang o trong tay tap I cua mor trong nhitng sdch bai tdp gidi tich
(theo chung toi) hay nhdt thé gidn

Truéc day, hdu hét nhitng ngoi lam todn ciia Viér Nam thucng sit dung
hai cudn sdch noi tiéng sau (bang tiéng Nga va dd dioe dich ra tiéng Viét):

/. BRTAP GIAI TICH TOAN HQC"ctia Demidovich (B. P. Demidovich;
1969, Sbornik Zadach i Uprazhnenii po Matematicheskomu Analizu,
{zdatelpl stvo Nauka” Moskva)

va

2. GIAI TICH TOAN HOC, CAC VI DU VBRTAPviia Ljaszko, Bojachuk.
Gai, Golovach (I. 1. Lyashko, A. K. Boyachuk, YA. G. Gai, G. P
Golobach, 1975, Marematicheski Analiz v Primerakh i Zadachakh,
Tom I, 2. Izdatelpl stvo Vishaya Shkola).

dé gidng dav hodc hoc gidi tich.

Can chii y rdng, cudn thir nhdt chi ¢6 bai tdp va ddp 6. Cuon thit hai
cho 101 gidi chi tiét d6T voi phdn Ion bai tdp ctia cuén thir nhdt vé mor sé
bat todan khdc.

Lan nay ching 16i chon cudh sdch (bdng tiéng Ba Lan vé da duoe dich
ra tieng Anhj:

3. BRATAP GIAI TICH. TAP I: SO THUC, DAY SO VACHUOI SO%W. J.
Kaczkor, M. T. Nowak, Zadania = Analizy Matemarycznej, Czes¢ Pier-
wyza, Liczhy Rzeczywiste, Ciagi 1 Szeregi Liczbowe, Wydawnictwo
Universytetu Marii Curie - Sklodowskiej, Lublin, 1996},

4. BATAP GIAI TICH. TAPII: LIEN TUC VATPHAN TW. J. Kaczkor, M.
T. Nowak, Zadania z Analizy Matematycznej, Czes¢ Druga, Funkcje

Hi



iv Lot néi ddu

Jednej ZniiennejRachunek Rozniczowy, Wydamwnictwo Universytetu
Marii Curie - Skiodowskiej. Lubiin, 1998).

dé bién dich nhdm cung cdp thém mot 1 lidu 16t gitip ban doc hoc va day
gidi vich. Khi bién dich, ching 11 dd tham khdo hdn tiéng Anh:

3% W.J Kaczkor, M. T. Nowak, PROBLEMS IN MATHEMATICAL ANALY-
SIS I, REAL NUMBERS, SEQUENCES AND SERIES, AMS, 2000.

4% W.J. Kaczkor, M. T. Nowak, PROBLEMS IN MATHEMATICAL ANALY-
SIS I1I, CONTINUITY AND DIFFERENTIATION, AMS, 2001.

Sdch nay ¢o cde wu diém sau:

o Cdc bai tdp dwve xdp xép tr dé cho 15i khé va ¢6 nhiéu bai tap hay.
o L&i gidi khd ddv du va chi tiét.

e Két hop dugc nhimg ¥ twong hay giifa toan hoc so cdp va todn hoc
hién dai. Nhiéu bii tdp doc Idy i cde tap chi néi tiéng nhie, Ameri-
can Mathematical Monthly (tiéng Anh), Mathematics Today (tiéng
Nga), Delta (tiéng Balan). Vi thé, sdch nay 6 thé ding lam tai liéu
cho cde hoc sinh pho thong & cde 16p chuyén ciing nhur cho cde sinh
vién dai hoc nganh todn.

Cdc kién thic co bdn dé gidi cde bai tdp trong sdch nay ¢o thé tim trong

5. Nguvén Duy Tién, BRGIANG GIAI TICH, TAP 1, NXB Pai Hoc Quéc
Gia Ha Noi, 2000,

0. W. Rudin, PRINCIPLES OF MATHEMATICAL ANALYSIS, McGrew -Hil
Book Comipany, New York, 1964.

Tuy vy, rude moi chuong chiing 101 trinh bay ron tdr Iy thuvér dé giip
ban doc nhé lai cde kién thite co ban cdn thiét ki giai bai tdp rrong chitong
wong ung.

Tap I va IT ciia sdch chi ban dén AM SO MOT BIEN SO (trir phan khong
gian metric trong tgp H). Kaczkor, Nowak chdc s¢ con viét Bai Tap Gidi
Tich cho ham nhiéu bién va phép tinh tich phan.

Chiing 16 dang bién dich tdp I, sdp 151 sé xudt ba.



Lot ndi diu v

Chiing t6i rdr biét on :

- Gido sic Pham Xudn Y ém (Phdp) dd gifi cho ching toi bdn gdc tiéng
Anh tap I cria sdch ndy.

- Gldo sit Nguyén Him Viét Hung (Viét Nam ) d@ gt cho chiing 161 bdn
g6 tiéng Anh tap Il cia sdch nay,

- Gido su Spencer Shaw (M) dd giti cho chiing t8i ban gdc tiéng Anh
cuén sdch noi riéng cia W. Rudin (ndi trén), xudt ban ldn thir ba, 1976,

- TS Duong Tdt Thang dd o vii va tago dién kién dé ching toi bién dich
cuén sdch nay.

Chiing t6i chdn thank cam on tdp thé sinh vién Todn - Ly K5 Hé Ddo
Tao Cuw Nhdan Khoa Hoe Tdai Nang, Triong PHKHTN. DPHQOGHN. dd doc
k¥ bdn thdo va sta nhiéu 161 ché bdn ciia bdn ddnh mdy ddu tién.

Chung t6f hy vong rang cudn sach nay sé duoc dong ddo ban doc dén
nthdn va gép nhiéu ¥ kién qui bdu vé phdn bién dich va trinh bay. Rdat mong
nhdn duge sy chi gido cua quy vi ban doc, nhitng v kién gdp y xin gui vé:
CHI PON CAN BO, KHOA TOAN CU TIN HOC, TRUGNG PAI HOC KHOA
HOC TU NHIEN, PAI HOC QUOC GIA HANOL 334 NGUYEN TRAL THANH
XUAN, HANOL

Xin chdn thanh cam on.

Ha Noi, Xuan 2002.
Nhom bién dich

Boan Chi






Cac ky hiéu va khai niém

o R - 1dp cde 6 thrc

o R, - tdp cdc 56 thue duong

o 7 - tdp cde $6 nguyén

o N - 1dp cde $6 nguyén dicong hay cdc s6 ny nhién

o ) - tdp cde sé hitu ty

o (a.b) - khodng md c6 hai dauw mist I a va b

o [a.b] - doan (khodng déng) ¢6 hai dau it I o va b
e [x] - phdn nguyén cua 56 thuc

o Vi x € R, ham ddu cia r fa

1 voi x> 0
genr=4¢—1 voi x <0,
0 vai x=0.

e Vaiz e N,

nl=1.2.3....-n,
(2 =2-4-6-...-(2n— 2} (2n),
(2n—1M=1-3-5-..-(2n=3)-(2n—1).

o Ky hién (}) = “{+l”, m ke N,on >k, ld hé s¢ cia khai trién nhi
thite Newion.

Vii



viit

Cac kv hidu va khdi niém

Néu A C R khdc rong va bi chdn trén thi ta ky hiéuw sup A ld edn
trén ding cia né, néu né khong bi chdn trén thi ta quy woc rdng
sup A = +o¢.

Néu A C R khdc réng va bi chan dudi thi 1a ky hiéu inf A la cdgn
dudt dving cita no, néu né khong bi chan duoi thi ta quy woc rang
inf A =—oc.

Ddy {a,} cde 6" thige ditge goi la don diéu wing (twong immg don diéu
LI ) MU ., = @y fTUORE 1NE NéN < ay) voi moi n € N, Ldp
cdc ddy don diéu chita cde ddy tdng va giam.

86 thye ¢ diwge goi la diém gioi han cua ddv {a,, } néu tén tai mot day

con {an, } chaa {a,} hoi tu vé .

Cho 8 la tdp cdc diém e cia div {a,}. Cdn dudi ding va cdn trén

diing cua ddy , ky hiéu lan lugr la lim a, va lim a,, duoc xde dinh
TG

H—0oC
nhit sau

-

+oc  néu {ay} khong bi chdn trén,
lima, = { —x né {a, } bi chan énva S = 0,
WD

(supS  néu {a,} bi chdn trén va S # 0,

-

—2>0  héu {a,} khong bi chgn dusi,
lim o, = ¢ +oo néu {a,} bi chan dirgi va 8 = 0.
"—0C . - i . P

(inf S néu {an} bi chan dudiva S # 9.

[
Tich vé han [] an Aot i néu ton tai ny € N sao cho a, # 0 voi

n=1
m > Ny va day {Gng a1 v oo s Gngan  ROT ti kRE1— 00 161 mot gidi
han Fy £ 0. S6 P = gy tng—1 o * Cngin + Fo duoc goi la gid ti cua

{ich vo han.

Trong phan lén cdc sdach todn o nude ta tv tneoe dén nay, cde ham
tang va cotang cing nhw cde ham nguoe ciua chiing dwoe ky hién
la tgx, cotgx. arctg x. arceotg x theo cdch ky hiéu cua cdc sdch cé
nguon goc tiv Phap va Nga, tuy nhién nrong cde sdch todn ciua My
va phan Ion cde miede chay Au, ching dwoc &y hiéu nong ne 1o
tanx, cot x, arctan x. arccot x. Trong cuén sdch ndy ching t6i sé
sit dung nhigng ky hién nay dé ban doc lam quen v6i nhitng ky hiéu
da dioc chudn hod trén theé gidi,



Bai tap






Chuong 1

So thuc

TOM TAT LY THUYET
o Cho A la tdp con khong rong cia 1dp cde 56 thic K = {(—oc, >a).
S6 thue x € R duwe goi Id mot CAN TREN cra A néu

a4 < ow, Yo € A

Tap A duoc goi fa BICHAN TREN néy A ¢d it nhdgt mor cdn trén.
SO thue © € R duge goi Id mdt CAN DUGH ciia A néu

¢ > x . Vae A

Tdp A duoc goi g BI CHAN DUOI néu A ¢6 it nhdt mét cdn dudi,

Tdp A dugc goi la BLCHAN néu A vixa bi chdn trén va viva bi chdn duoi,
R rang A bi chan khi va oli khi on tgi v > 0 sao cho

la| < #.Vae A

e Cho A la tdp con khong rong cua tdp cde 36 thire B = {(—oc. o).
S& thie = € R duoe goi ld GIA TRI LON NHAT cia A néu

ved, a<r Voe A

Khi d6, ta viér
r=max{a:a € A} = ma.xla-.
' ' 0E.

3



4 Chuang 1. 86 thuc

S thie = € R duoe goi o GIA TRI BE NHAT cita A néu
x €A, aZzir Vae A

Khi dé, ra viét
r=min{e:a € A} = mina.

as
o Cho A ld tdgp con khiong rong cia idp cde 50 thye R = (—oc. o). Gid
sit A bi chdn trén.
S¢ thue x € R duge goi la CAN TREN DUNG CUA A, néu x la mor cdn
tén cia A va la cdn trén bé nhdr trong tdp cdc cdn trén cua A. Tie 14,

o< x Vo e A,

Ve o, de. €A, a.>x— .
Khi dé, ta viét

r=supfa: e € A} =supe.

us.d
Cho A la tdp con khéng rong cua tdp cdc s6 thie R = (—oc, o). Gid
st A bi chan dudi.
S¢ thire v € R duge goi ld CAN DUGI BPUNG cia A, néu x {d mot can
dudi cua A va la can trén lon nhdt trong tdp cde cdn dudi cia A, Tie 1,

o> x,Yuc A,

Ve > o, du. e A u, < u+e

Khi do, ta viét
r=mf{a:ee A} = infi.-..
g

e TIEN PE VE CAN TREN DUNG ndi rdng néu A la tdp con khong rong,
bi chédn trén cita tdp cdc s6 thue, thi A ¢6 cdn trén ding (duy nhdt).

Tién dé mén niong duong voi: néu A la tip con khéng réng, bi chan
dwdi ctea 1dp cde 86 thue, thi A ¢6 can duoi ditng (duy nhdat),

T di suy ra rang A la idp con khéng rong, bi chin ciia tdp cde 6 thiee,
thi A ¢ cdn trén ding, va cé cdn dudi ding.

o Néu tdp A khéng bi chan trén, thi ta qui 1wéc sup A = +x0; Néu tdp
A khong bi chan dudi, thi ta gui woe inf A = —oc;



Tém tit Iy thuyét 5

o Cho hai 50 nguyén a.b. Ta néi rdng b CHIA HET cho « hode o chia b,
U tOn tal SO nguyén ¢, sao cho b = a.c. Trong trwong hop dé ta néi o la
woe cua b (hode b la boi cud a) va viét alb.

Cho hai s6 nguyén a1, ay. 86 nguyén m duoc goi laé UGC CHUNG cria
i, ety HEW Moy, nas. SO nguyén m duoc goi ld BOI CHUNG cia a1, ay
néu aq|m, as|m.

Ude chung m > 0 ctia ay. 0y 6 tinh chat la chia hét cho bdat ky woc
chung ndo cua ay,ay) dwoc goi I¢ UGC CHUNG LON NHAT cua aq. a3 vd
duoc ky hidu la {ay. a2).

Boi chung m > 0 ca ), 02 €0 tinkh chdt la wée cua bat ky boi chung
ndo ciia wy, ay duoe goi fa BOI CHUNG NHO NHAT g a.a va duoe ky
higu 1a (o), ay).

Néu (a.b) = 1 thi ta néi a.b NGUYEN TGO CUNG NHAU.

S&" nguyén diong p € N duge goi la SO NGUYEN TO, néu p chi ¢6 hai
woe (tam thiong) a1 va p.

Gia siw m la s6 nguyén diwong. Hai s& nguyén a.b dwoc goi la PONG DU
THEO MODULO 1, »éu mi|{a — b). Trong mudong hop do ta viét

a==0 f(modm).

o Ta goi v la ¢ hitu 8 (hay phdn s6), néu ton tai p,q € Z sao cho
r=plq. Phdn sd ndy 1 61 gidn néu (p,q) = L.

S& vé ty I 56 thie nhimg khong phdi 1d 56 vé ty. TAP HOP CAC SO
HUU TY TRU MAT TRONG TAP CAC SO THUC, fiic g, giita hai s6 thie khdc
nhaut bt ky (a < &) ton tal it nhdt mot s6 hitu t§ (r: a < r < h).

o PHAN NGUYEN ciia s6 thuc x, dugc ky hiéu la [x), 1a s6 nguyén (duy
nhdt) sao cho x — 1 < [z] € x. PHAN LE ctia s6 thuc =, duoce ky hi¢u la
{a}. la 86 thue xde dinh theo conyg thie {&} = & — [&].

o Cac ham s6 so cdp a*,log, r.sinx,cosx, arcsinx, arccosx duoc dinh
nghiu theo cdch thong thiong. Tuy nhién, cdan chi y rang. i lidu nay dong
cde KY HIRU TIRU CHUAN QUOC TE sau

tany = sinz/cosx, cotxr = cosx/sine,
l L".'L' _I_ {:—.i'“ . 1 lf—-:..L' _ L"—IL'
coshsr = ———,  sinhr = ———
2 ' 2
tanhr = sinhz/ coshr, coths = cosha/sinh .

Tuwong it ta ¢6 cde ky hiéu vé ham nguge arctan x, arccot x.



& Chuang 1. 86 thuc

1.1 Cdn trén dung va cdn duoi dung cua tdp cdc
s0 thuc. Lién phdn s6

1.1.1. Chitng minh ring
supfr € Q: 2> 0,22 <2} = V2.
1.12. Cho A C R khde réng. Pinh nghia —A = {r: —x € A}. Ching

minh rang

sup(—A) = —inf A,
inf(—A) = —sup A.

1.13. Cho A. B C R il khéng rang. Binh nghia
A+B={:=2+y:2€Ay<B},
A-B={:=r-y:xe A yeB}.

Chitng mink ring

sup(A + B) = sup A 4 sup B,
sup(A — B) = sup A — inf B.

Thiét Igp nhitng cong thite tuong ti cho inf(A + B} va inf(A — B).
1.14. Cho cic tap khong réng A va B nhitng sé thuc dudng, dinh nghia
A B={:=2y:2x€eA ye B},

1 1
—=di=Z:scA}.
A { x e }

sup(A - B) =sup A - supB.

oy L
PAA ) T hfA”

khiiut A = 0 thi sup (i) = +x. Hon nita néu A vae B la cac tap sé thuc bi
chdan thi

sup{A - B)

= max{sup A -supB, sup A -inf B. inf A -sup B, inf A - inf B} .

Chitng minh rang

va néu inf A == 0 ¢hi




1.1. Cén trén ding va cin diudi ding. Lién phdn sd 7

1.1.5. Cho A va B la nhitng tép con khde réng cde sé thue. Chitng minh rdng
sup(A U B) = max {sup A.sup B}

va

inf(A UB) = min{inf A,inf B}.

1.1.6. Tim cén trén ding vé cdn dudi dung cua A1, Ay xde dink bol

A, = {.2(_1)n|l +(_1)W (2-1- %) Tne N},

-1 2nm
A, = {” — GOS8 ’f Lo e N} )

1.1.7. Tim cén trén ding ve cdn dudi ding cua cde tép A vé B, trong do
A ={0,2:0,22;0.222;... } va B la tap cdc phan s6 thap phan gidta 0 va 1
ma chi gém cde chit 360 va 1.

1.1.8. Tim cdn dudi ding va cin trén ding cua tdp cde s6 [ﬂ;})-, trong do

n e N

i
1.1.9 Tim cin trén ding ve cdan dudi diing cia tdp cde 56 [n;:,?:'b , trong do

1, € N

1.1.10. Xdc dinh cdn trén diing va cén dudi ding clia cde tép sau:

{a) A= {E cmLne Nom< Qn} ]

i

(b) Bz{\/ﬁ—[\/ﬁ]:??eN}.

1.1.11. Héy tim

() sup{r€R:a?+xr+1>0},
(h) inf {3 —r4artir> U'} .
(c) inif {3 =0T 425 > U} ‘



8 Chuang 1. 86 thuc

1.1.12. Tim cdn trén ding va cin didi ding cia nhitng tdp sau:

(a) Az{ﬂ+£:m,ni—:N},
T 1
2L
B={—:mcZ ncHM
(b) {4?”2 T mecZ.onc }
(c) C= {m?—t - LS N} :
(d) Dz{L:mEZ.nEN},
|m| +n
{e) E = {L D € N} ;
l+m—+n

1.1.13. Chon = 3, n € N. Xét tét cd diy duong hitu han (ay,... . ay), hiy
tim cén trén ding va cén duwdi ditng ctia tap cdc s6

T

) D vermy
ey + W1 + Wpg2

trong d6 ayy = 1y, Upys = do.

1.1.14. Ching minh ring véi méi sé'vé ty a va véi méi n € N i6n tai mét 56
nguyén duong g, va mot 86 nguyén [, sao cho
1

.p Tt
a— —
Thefy

fr

Béng thii co thé chon day {p,, } v {q.”} sao cho

1
mﬁ-

‘ P
fy — —
QTF

1.1.15. Cho «v la 56 vé ty. Chitng minh rang A = {m + ne : m, n € Z} la
trir mdt trong R, fize Ia trong bat ky khodng ma néo déu 6 it nhét mot phan ti
ciia A.

1.1.16. Chitng minh riang {cosn : n € N} la tri mdt trong dogn [—1, 1],
1.1.17. Cho x € R\ Z va day {&,,} disge xde dinh boi

1 1 1
v=[rl4 — xp=n4— o, aa = [+ —
£ £y Xy



1.1. Cén trén ding va cin diudi ding. Lién phdn sd

khi do

€= ['J.’f] + 1
[e1] + :
[IEQ] + . T
[;‘I?.n__ l] —+ L

A

Chitng minh ring x lg s6 hitu ty khi va chi khi tén tai n € N sao cho 1, o mét

56 nguyén.
Chi v. Ta goi biéu dién trén cia ¥ la mét lién phan sd hitu han. Bidu thic

ftg + 1
ty + T

dude viet gon thanh
1 1 1|

wp+—+—4+... 4+ —.
|CL]_ |(1'_2 |a'-n

1118, Cho cdc 86 thuc duong 1, 005, . .. . o, dat

o = fo, o =1,
= oty + L, gL = 1,
Pr = Prottn F Pr_a. Gr = groap g, vdi k=23, ... .n,

va dinh nghia

1 1 1
Ho=ay, HAi za-g+—| +—|—|—.H+ —| k=1,2,....n
2 |t | i

(R;\-. diide goi la phan ti héi tu thu h dén ag + |(11—|| + I%: + ...+ ml—l)

Chitng minh ring
D
Hg\‘z‘r—k vdi h=0,1,... .0
1
1.1.19. Chitng minh rang néu py, qp dude dinh nghia nhu trong bai todn trén

Ua g, (A, .- ., thy la cde $6 nguyén thi
Peo1Gk — qraps = (—1)F v R=0.1,... 7.

Si dung dang thite trén dé két luén réng pr. ve ¢ le nguyén t6 cing nhau.



i0 Chuang 1. 86 thuc

1.1.20. Cho x la mét sé'vé ty, ta dinh nghia day {x,} nhe sau:
1 1 1
. - "I'I?-I‘. - — PRI
Lp—1 — [ff-'?r—'l]
Ngoai ra, ching ta cho dit ag = [&]. ay = [#p],n=1,2,. .., va

Ry=apy+—+—-+... .
lar oo |y

Chitng minh riang do léch gitta s6" . va phan ti héi tu the n cia né duge cho bdi
cong thite

=
(qn:ﬁn-—l—l + Gn-1 )ffn i
trong dé Py, Gy e duoe dinh nghia trong 1.1.18. Tiz dé héy suy ra rdang © nim
gitta hai phan (& héL tu lién LD cia no.

T — RT?. =

1.121. Chitng minh rdng tdp {siun : 1 € N} la triz mét trong [—1.1].
1.122. S dung két qué trong bai 1.1.20 ching minh ring vdi moi $6 vé ty
ton tai day {“—‘} cde 56 hitu ty, voi i, 18, sao cho

tfie
‘_x pu| 1
2T
q}?- qn

{Sa sanh var 1.1.14.)

1.1.23. Kiém tra cong thic sau vé hidu s6 gitta hai phdn ti hoi tu lién tiép:
(_ 1)11
ot ‘

1.1.24. Cho x la 56 vé ty. Chitng minh rang phdn tiz héi tu I3, dinh nghin
trong 1.1.20 tién 6 T sav cho

e — Rys1| < |z —Rn|. »n=0.1.2,....

}?-n.-i—l - JRH. =

1.1.25. Chitng minh rang phén tiz héi tu R,, — p, [tin I 169e hiong 16t nhét
clia X trong tdt cd cde phén s6 hu tv vdi mau s6 ¢, hode nho hon. Tie li:
néw r/s la mol sé hitu ty vdi mau s6 duong o6 dang |v — r/s| < |& — R,| thi
5 >

1.1.26. Khai trién méi biéy thitc sau thanh cdc lién phan s6'vé han.: V2. 3@

1.127. Cho s6 nguyén duong k, biéu dién ciua v/ £? + k thanh lién phén s6' v
hon.

1.1.28. Tim ¢t cd cdc s6' € (0, 1) ma sy bicu dién lién tuc v6 han c6 ) (xem
1.1.20) tuong wng véi s6 nguyén dudng 1 cho trudc.



1.2. Mét 6 bdt ddng thite so cdp 11

1.2 Mot s6 bat ddng thitc so cdp

12.1. Chitng minh rang néu a;, > —1. k = 1,....n la cde s6 ciing duong

hodc cung dm thi
L4a)-{L+au)-...-(Ltapg) 2 l4ay+ar+ ...+ ay.

Chi y. Néu g = 0y = ... = a, =  thi ta cé bdt dang thiec Bernoulli:
(I+ae)" =2 14+na a>—1

1.2.2. Sidung phép qui nap, hdy chitng minh két qud sau: Néw i1, dz, ... .U,
lé cde 86" thue duong saocho aq ~az- ... -ap=1thiay+as+ ... +a, > n

1.23. Ky hicu A, (G, va H, lin lugt la trung bink cong, trung binh nhdn va

trung binh didu hod cia 11 86 thue dudng ), (. ..., (1, tie Id
)+ s+ ...+
A, = .
n
(o= N oty iy .
1
=13 + L4+
ar e U an

Chitng minh ring A, > G, > H,,.

1.24. S dung két qua (G, < A, trong bai todn trude kiém tra bat ding thic
Bernoulli
(l+z)' > 14+nz vé x>0

125, Chon € N, hay kiém tra cde khdng dink sau:

(@ 1 N 1 L 1 4 12
no on+l n+l T -y
1 1 1
b) + + T > 1,
(6) 7+ 1 n+2 n+3 Jrr—+ 1 :
(c) 1 - 1 . 1 . i 1 n 1 - 2
¢ 2 "3n+1 3Im+2 7 Bu hn+1 3
1 1
(df) (nvn+1l-1)<l+-4+...+—

2 1n

1 1
<n|l-— + .=l
( v+ 1 N+l>
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1.2.6. Chitng minh rdng véi méi v > Qva n € N ta cé

T I 1

- - — —.
l4+az+a24+0%+.. . 422 — 2n+1

127 Cho {a,} la mét edp s6 cing vdi cde 6 hang duong. Ching minh rang

) + gy

Vi, € Yo .. ay € 5

1.2.8. Chitng minh rdng

. n+1
Vg VUnl g — neEN

kL3
129 Choag. k=1,2,... .0 lacde s6'duong thod mén didu kién Y a, < L.
k=1
Chung minh rang

1210, Choay, > 0.k=1.2,...,n(n> 1) vaddits= E . Hay kiem

tra cde khing dinh sau:
it =1 it
({3 1 S8 — A
{cr) 7 Z sn—1< — \
— s ne
- 5 1’
(b) — > —,
Z & — 1y 1n—1
hi— |
" -
() 71 Z & >n+1.
E=1 S+
1.2.11. Ching minh rang néu oy, >0k =1, .. .novdap-ay- .. . oo, =1

thi
I+a) - (I4+ea) ... (1+a,) =2

1.2.12. Chitng minh bdt ding thire Cauchy '7':

T

18 2 .
E {-J:kbk g Zﬁf E F)f
k=1

k=1 k=1

YiChn gol la bar déng thiie Bunigkovskii- Canchv - Schwars
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1.2.13. Chitng minh rdng

(i”’) (Z*’H) | inmh :

=1 =1
a n B - .
1.2.14. Chitng minh rang néu > aﬁ => bi =1:thi
k=1 k=1

n

Z i bg‘.

k=1

< L.

1215 Choay > 0,k = 1.2.... .0, hiy kiém tra nhitng khing dinh sau

(a) Z(}Lza>n

Tt 1

(b) S Z Lo, n> (1 ax).

J—1 b1 b1

(c) (log, n)? + (log, @) + ... + (log, a,)* > l
F

vdl diu kién dycdyc ..o d, =d 7 L

1.2.16. Cho « = 0, chuing minh ring

1 " , A ,
< — ap + — by

H

Z s bk_

k=1

1.2.17. Chitng minh cde bt déng thite sau:

S el < Vi (Z)

o |=

n
=z V/ﬁz |(1;\.|‘

k=1 k=1

1.2.18. Chitng minh ring
" ‘; ‘2< 1 L g
(a1) (; iy »’k) « ; f.:kkzz; P

1l 2 il kX .
(b) (Z"‘;‘—") <Y K Ai
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1.2.19. Chitng minh rdng

1 2 H +H
P iRl P
: :ak g 2 :a'lf.‘. § LG
=1 =1 F=1
vdi mol p, G va méi bO s6 duong a1, Qu, ... . Q.
3 o kN
1.2.20. Tim gid tri nhé nhdt cda téng y | «j vdi didu kign > ap = L.
=1 =1

1221, Cho p1, Pg. ... . pp Lo cde 36 ducng. Tim gid tri nhé nhdt cia téng
113 i

(14
> prai vdi dicu kien > ap = 1.
k—1 h—1

1.2.22. Ching minh riang

v
i 2 i

Z ap | € {n—-1) z u.‘ﬁ + 2u 09

=1 E—1

1.2.23. Chitng minh cdc bt déng thite sau:

h 15 1l 15 11 %
(a) Z {ag + h;\,)z % Z (L%) + z hﬁ
k=1 h= =1
i % n % k4
(h) Soad) = (D) | <D0 e —bil.
fe=1 k=1 k=1
1.2.24. Cho py. pa.... . Py la cde 56 duong. Tim gia tri nho nhit cua
T e 2
Z t’.'.f.ﬁ + Z e
k=1 =1

I
vdi didu kieén > prog. = 1.
h—1

1.2.25. Ching minh bdt ding thitc Chebysher.
Néu
@) > e 2 .20y, va by 2y > 00> by
hotc

(25} é 1253 Q C Q t,, v b] é bg = é bﬂ.

e e s
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thi

n Lo Lo

I b, < n E by
k=1 k=1 k=1

1226, Giastar >0 k=1,2.... .nvap €N, ching minh riang
T p T
1 1
- l § P
('n_. r}.;\._) s n e
1.227. Chitng minh bét deing thie

(a+6)° < (1+e)a+ (1 + 1) i
8

vdi 86 duong « va 86 thue a, b bar ky.

1228 Chitng minh ring ‘\/a2 + b2 — a2 + C:Q‘ < |b—¢f
1.2.29. Cho cic s& duong ., b, o, kiém tra cde khang dinh sau:

be  ac  ab

(a) —+—+—=2lat+b+e)
£ b (:
(h) Lelele Ly Ly
a b Vhe Vewo ab
2 2 2 9
(c) + + > )

b+ec¢ a4+c¢ a+b " {a+b+e)
B —a? -0 -

(d) + -+ >0,
£ =+ a+h b=+
Lia—0)? a+b L{a — by
(e) 2 a = 5 —Vab < — vdi b < a.

1230, Choar, e R, b =0, h=1,2.... .0 ddt

. s
m=min<s — : A=1,2.....n
h!c

Mzmax{% k=1, 2,,.‘.n}.
E),a‘.

va

Chitng minh ring
)+ as+ ...+ a0,
Tt

S b4+ be+...+ b,
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1.2.3]. Chitng minh ridng néu 0 < o) < vs < ... < (i < T.on > 1thi

S0 ey 80y L SI0 Gy,
tan aq < < tan o,.
COs o o8- + ... 4 cosay,

1232, Chocy, ¢u,... . cpduong va k. k. ... . ky € N, dét

5 =max { W R, ).
s =min { ¥/ oo e

Chitng minh ring
§ < (g dao+ Ly )R TR LS

1233 Choap >0, by >0, b=1,2,... ,n dit

ﬂ-fzmax{ﬁ chk=1.2,.... n}‘
bk:

ay+ai+... +al
b+ MBS+ ...+ ALy

Chitng minh ring

= M.

1.2.34. Ching minh rdng néu ¥ la mét s6 thue lon hon cde 86 a1, Q. ... . @,
thi

1 n 1 n + 1 S 1.
¥ —ay X —ay  x—y,  p— Attedon :'"'H"” '
1235 Bat ey = (), k =0.1.2.... .n. Ching mink bt déng thitc

\/:+\/6++\/;“~<~= n(2“—1)_

1.236. Cho n > 2, chitng minh ring

i1 - m _ 9 n—1

I1{;) < ‘
- A A n—=1

k=0

1237 Choay, >0, b =1,2, ... . novakyhidu A, Ia trung binh céng clia
chiing. Chitng minh ring

T 1

oA pf DI

=1 k=1

vdi moi sé' nguyén p > 1.
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1238 Choay =0, k=1,2,....n,ddta=qa +ay+...+a, Hdyching
minh rang
=1 3
> mona <
gl 41 —
Ry
k=1
1.2.39. Chitng minh rdng véi méi hodn vi by, Is. ..., by, cia cde 6" duong
@y, (. ..., (i, ta déu 6
(i !
—+ 4.+ >
t’)] {')g li)”

1.240. Chitng minh bt ding thitc Weierstrass.
NewD <oy <1l.k=12.... . nva ay+as+...4+a, <1tk

1
(¢t) I+Zrzh<H(l+a; L
fe—1 I—Zm.

1
(b) 1—20;\<H 1 —ayp)
1+Za;‘

1241 Giasw 0 <o, < 1LLA=1.2,.. . .ndit a1 +tas+ ... +a, =a
Chitng mink ring
I -
Z (; > n ‘
poy l—a, = n—ua
1242, ChoO < ap <1, k=1, .., ntva > 2. Kiém tra bat dang thie

SQu.

kL3
oy dg
k=1
H " :
Soap+n ] a
k=1 k=1

1243, Choay, k=1.2.... .nkhéngdmsaocho o +dz+ ...+ a, =1,
chitng minh ring

j{_]l—l—(t;,‘_x

n M

(a) H (14 ax) > (n+ 1)" Ha.;,-,,

k= k=1
T

(h) H (1—ag)>{(n—1)" Ha-k.

=1 k=1
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i8
1.2.44. Chitng minh rdng néu o), > 0, k= 1,2,... .nva >, 1+1a,, =n-1
=1
thi .,
T 1 , N
[[-2=@-—1m
k=1 %
1.245. Chitng minh rdng vdi gid thiét cho trong bai 1.2.43 ta c6
il H
T +er) 11 —aw)
k=1 k=1
= . o> L
(T?- + l)n — ('ﬂ- _ 1)?1
1.246. Cho ay, a2, ... . @, ld cde s6 duong, chitng minh rang
it fty n {in—2 4 fin—1 I > E
t a4 as 4

+...
s+ iy €+ 2y 1 + {4y,

1247, Chol v a. . ...  uy la cde s6 thue bat ky. Ching minh bit dang

thite
’ Zw’hr;— Z\HUL—HI

1248, Choay.da. ... ayvd by, be, ... b, Id cde s6 duong, chitng minh rang

e b)) a4+ 02) o (g + by) 2 Vartg . in + S biby . by,

< iy, U Pro P2, ... . Py la cde §6

1249 Gaaswmngﬂ < oay) < e < ...

khong am ma Z oy = 1. Chitng minh bat ding thie
k=1

2

ki3
(Z ey 2 {JA — | = —2
;‘-=1 . - .l

trong do A = %(af] + ) va (G = S,

1.2.50. Cho sé nguyén duong n, dit titong ing J{n) ve 7(n) la tng cde ude
s disong ciia 1 va 6 ede wie s6 dé. Chitng mink ring ftl:; > \/_



Chuwong 2

Day 56 thuc

Tom tdt Iy thuyét

o Dav s6'1a mot dnh xg i (4 cde s e nhién (hode cde s0 nguyvén khong

gm ) vao tdp cdc s6 thuc
S N —R

Bt a, = f{n).n € N, va dang ky hiéu {a,} dé chi dav s0.

Day s6 {a,} diwge goi la

- duong (am) néu a, > 0 {a, < 0) vai moi n,

- khong dm (khong dwong) néu a, = 0 (o, < 0) véi moi n;

- don diéu tang (gidm) néit ay ) 2 ay (yy) < @y) vOT moi n;

- 1dnyg (gidnt) REAL ROU Gy = Uy (g < Gy} VO MO 1]

- hoi ty 151 a € R (hodc ¢6 gidi han hitu han la a), néu véi noi 56 ¢ > 0
cho e bé my ¥, ton tai 1, € N sao cho

lun —a| <€, ¥n 2.

Trong mtong hop nh thé, ta ndi day {an} hoi w. va gei a la gici han cua
dav {a,} va viéi
litn 0, = o,
[ St )
- phan ky ra +oo. néi véi moi s6 A > 0 cho trude 1on ty ¥y, tén tal
na € N sao cho
tn > AN, V1= na.

19
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Trong rrudng hop nhie thé, ta viét

lim a, = +o¢:
T

- phan ky ra —20, néu véi moi s A = 0 cho trude 1on thy ¥y, tén tal
na € N sao cho
(e < —N,  ¥n > na.

Trong truong hop nhu thé, ta viét

lim a, = —ox:
TR0

- ddy Cauchy (hode ddy co ban), néu voi moi s6 ¢ > 0 cho trudc bé iy
v, ton tg@i n. € N sao cho

|G — @y | < €. ¥Ym.n > n.

e PINH LY HOI TU PON DIEU 16i rang day sé don diéu (tang hodc gidam )
va br chdn co gioi han hite han.

e TIEU CHUAN CAUCHY #6i rdng dav s& hoi tu khi va chi khi né 1o day
Cauchy.

e CAC TINH CHAT CO BAN CUA GIOI HAN g

- Mot day hoi ty thi br chan.

- Bdo toén cdc phép tinh s& hec, tite 14, néu

lim e, =, lim b, = b,

T — T — a0
thi
lim (e, & 3b,) = ca £ 3b, Vo, 3 € R;
i (a8, ) = ab; _lim_( an/bn) = a/b vari b £ (),

- Bdo roan thir nif theo nghia sau: néu

limy ey, = . lim by, = b,  a, < by voi n 2 ng fdo do.
N—2 TE— 0

thi o < b.
- Dinh Iy kep: Cho ba ddy s6 thuc {ay}, {ba}. {en}. Néu

lim g, =, lim by, = a, an <o < by, VO 02 ng ndo do
JL—0 N—30



Tém tit Iy thuyét 21

thi im ¢y = .
h—2x

o Cho {a,} la day s6 thuc va {ny} Ia ddv cac s& tt nhién tdng ngdt, tic
lam < ny < <y < oppr <. Khi dé, 1a goi {a,, } 1d mor DAY
CON cria dav {a,}. S thiee a diwoc goi la GIOI HAN RIENG HAY LBIEM
GIOL HAN cua {a,,}, néu ton tai mot day con {a,, } héi tu 101 o, ticc 14,

lim oy, = a.
koo

» DINH LY BOLZANO - WEIERSTRASS khcng dinh rdng, moi ddy s6 thuc
bi chdn ¢é it nhdt mot diém gidi han.

Tdp cdc gidi han riéng ciia mot ddy s6 Hue bi chdn {a,} ¢d gid ui lon
nhdt. Gid trf nay dwge goi 1ad GIO1 HAN TREN cua ddy {ay, } va duge ky hiéu
la

lim ,,.
T — O

Tdp cde gidi han riéng cua mor ddy 56" thue bi chdn {ay} 6 gid tri hé
nhdt. Gid tf nay duge goi Ia GIOLHAN DUGI ciia ddv {a,} va dicge ky hiéu
la

lim «,,.

Te—
o N6i ring {a,} ld DAY TRUY HOL c¢dp It néu
tn = f{ttn—ty.eslin_p), Vo=,

trong dé [ Ia ham s6 thue nao do.

o N6i rang {a,} la CAP §O CONG néu né ¢6 dang

tty = iy + nd.

(to 1d sO hang dau, d 1a cong sai).

o N6i ring {a,} la CAP SO NHAN nétt né <6 dang

fin = {I{){}n‘

(g ld s& hang ddu, g la cong hor).

» CAC KY HIEU CUA LANDAU. Cho hai dav {e,} va {b,}. Ta ndi rdng

- Ddy {b,} CHAN ddy {a,}, néu ton tai hing s6 € > O va ton tai s6
g € N sao cho
la,| < Clbs], Y 2= ny.
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Trong rrudng hop dé ta viét

ty = O(by,).

- D@v {a,} KHONG DANG KE 50 voi {b.}, néu voi moi ¢ = 0 16n 1@ 56
1. € N sao cho
|, | < elba], ¥n>n,

tite la )
lim -2 =0
—0 T
Trong tnong hop dé ra viét
fly = O{bu)'

- Day [y} twang duwong voi {b,}, néu
tn — by = 0(by),

tire la

Trong truong hop do ta viét
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2.1 Ddy don diéu

2.1.1. Ching minh rang:

faj Néu {ay ) la diy don diéu tdng thi ::-Jl—lal'iﬁ U = sup {a, 1 1 € N},
(b) Néu {a,, } la day don diéu gidm thi lim a, = inf {a,:n e N}.
2.1.2. Gia sw ay.aa, ....ay la nhitng s6 divong of dinh. Xét cde day sau:

al +ay + .. +ay
= .

8 v Tn = 6y, n e M.
Chitng mink réng {’1:”'} i day don didu tang.
Goi v, Trude tién xét tinh don diéu cua day {—‘} = 2,

S—1

2.1.3. Chitng minh rdang day {wt,}, vdi 1, =
tim gidi han cua diy.

a1t > 1, la day gidm ngdt ve

2.14. Cho {a,} la day bi chan thod man diéu kién ayy1 = Gy — 25,10 € N
Chitng minh ring day {a, } héi tu.

Goiy.  Xeétday {a, — 521}

211

2.1.3. Ching minh suw hdt tu cua cdc day sau:

(@) Iy = 2f+(f \;§+ +%);

(b) :—2W+(7+\%+ L)

Goi y. Trude tién thigt lép bét dang thic:
! + +..+ ! <2/, nelN
— —— n .
V1 f N
2.1.6. Chiing minh ring day {a, } due xdc dinh theo cong thie truy hoi

dy, = v/ Oy_1 — 2, vdi 1 =2

hot tu va tim gidi han cua no.

v+ 1—1) < —

a—§
1—2
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2.1.7. Cho ¢ > 2, xét dav {a,,} duge xde dinh theo cong thite truy hoi
") = (-1'2_- Ay 1 = (an - ‘ﬁ-jzf n > 1
Chitng minh day {a,.} téng ngdt.

2.1.8. Gid sit ddy {a,} thoé mdn diéu kién

1
0<an <1, ap(l—ap)> 1 vdi € N,

Thist lap sut héi tu cua diy vé tim gidl han cia no.
2.1.9. Thist lap su héi tu va tim gidi han cia dav dude xde dinh theo bidu thiic

a =0, ftpp =vVO+a,vdi n>1.

2.1.10. Chitng minh day duge cho bdi

) | —

1 ,
=0, ==, tny = E(l + g, + (.1.'?51_]) voi > 1

= [

héi tu véa xdce dinh gidi han cua no.

2.1.11. Khao sdt tinh don diéu cia day

! -
Uy = ———————, 1 .
T (2n+ DY -

v xde dinh gidl han clia né.
2.1.12. Hav xde dinh tink héi tu hay phdn k3 cie day

(2n)tt .
2o '

2.1.13. Chitng minh su héi tu ctia cde diy sau

!

flyy —

1 1 1
{a) ay =1+ 5 + 7 + et n € N.
1 1 1
b) a,=1+=+—=+...—, nel.
( -22 3._% i
2.1.14. Cho diy {uy} ¢6 6 hang téng qudt
1 1 1
fly — + + .+ el

van+1) (o +1Hn+2) Vi2n— 120

Chitng mink rang ddy héi tu.
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2.115. Chop € N. a > Qva a) > 0, dinh nghia diy {«,} bdi

1 .
Up—1 = — ((p — L)a,, + %) . ne N

JU T

Tim i a,,.

H—20

2.1.16. Day {a, } duoc cho theo cong thirc truy hoi

a4 = \/E tny1 =/ 2+ Jfapvit 1> 1

Chitng minh day {aﬂ_} R&L tu va tim gidi han cia no.
2.1.17. Day {a,} duge xde dinh theo cong thie truy ho

2(2a, +1
= ]_.. Ap_| — (”7_‘_3) vdi n € N
Ly .

Thiét lgp sy hoi tu va tim gidi han cia ddy {ay, ).

2.1.18. Tim cdc hang s6'c > 0 sao cho day {a, } dude dinh nghia béi céng thiic

truy hoi
¢ 1 .
t, — 5, 1 = a((_’ + (1?21} vdi n & &)

& hot tu. Trong trudng hop hoi tu hdy tim IIm a,,.

PR ]

2.1.19. Cho a > ) c&' dinh, xét day {a, | dwoc xde dinh nhu sau

5

un S
ar >0, oy =ap5——vdi nel
Jaz +a

¥t
Tim tdt cd cdce 86 ¢ sav cho diy trén héi tu vd trong nhitng trudng hop do hay
tim gidi han cua diy.
2.1.20. Cho day {ny, | dinh nghia truy héi béi

1
flyp1 = ——— vdi 1= 1.
"4 3,
Tim cdc gid tri cia a4, dé diy trén hoi tu ve trong cde trutomg hdp do hdy tim
gidl han cua ddy.
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2.1.21. Cho a la mot s6'c6 dink bét ky va ta dinh nghia {a,} nhu saw:
i) € Roa ayy = (..r..i + (1 = 20)a, + a®véi neN.

Xdc dinh a1 seo cho day trén Aol tu va Lrong trudng hop nhu thé tim gidi han
cila no.

2122, Cho ¢ > 0va b > u > 0, ta dinh nghia day {u,} nhi squ:
a2 +ab

vdi n < M.
a+ b

thh =¢, fpg1 =
Voi nhitng gid tri cia «. bva ¢ day trén sé hoi tu ? Trong cdc trudng hop dé hdy
xae dinh gidi han ciia ddy.
2.1.23. Chitng minh rang déy {a.} duwve dinh nghie boi cong thie

Lty

ar >0, typ =6 , neN
iy 7 + @,

hot tu va tim gidi han cua no.
2.1.24. Cho ¢ > O xét {a,} duwge cho hii cong thire

a1 =0. gy = e+ neN
Chitng minh rang day hoi tu va tim gidi han cia no.
2.1.25. Khao sdt su héi tu cua day didoe cho bii cong thiic

a1 =vV2. a,1=+2a,, nel
2.126. Cho k € N, khdo sdt sw héi tu ciia day {a,} duve cho bi cong thiic
truy hoi sau

() = {‘/5 el = VBa,. n € N.
2.1.27. Khdo sdt su hoi ty cia day {a,} sau

1<ay €2, o2 =3, —2, neN.

2.1.28. Véi ¢ > 1, dinh nghia diy {ay} va {by} nhw sauw:
(a) a1 = ele—1), e =+cle— 1 +a, n>1,
(h) b = Ve, b1 = /by, n>1.

Chitng mink rang cd hat déay déu ¢6 gidi hen I c.
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2.1.29. Cho a > O wva b > (), dink nghia day {ay,} boi

[ab? + a2

0 <a <b, g1 = V | i =

Tim lim a,.

LU

2.1.30. Ching minh sw hoi tu cta day {o, + duge cho bdi céng thitc truy hoi

it =2, Ups1 =2+ véi n =1

. 7
d + n
va tim gidi han cia né.

2.1.31. Day {a,} duoe cho bdi

ey =1, ay =2, app1 = Jlg_1 +ftly, vé 1> 2

Chitng minh day trén bi chdn va tdng ngdt. Hay tim gidi han cua day nay.

2.1.32. Day {u,} duge xdc dinh theo cong thite triy hoi

a1 =9, a3 =06 dyp1 = Sl + Uy 0FH M2

Chitng minh ring day trén bi chin va gidm ngdt. Tim gidi han cia diy néy.
2.1.33. Day {a,} va {b,} duge cho bdi cong thire

thy + by . o
O0< b <ay. aua1= — v buv1 = Vaub, vei neN

=

Chitng minh rang {a, } va {by } ciing tién t6i mét gidi han. (Gidi han nay duge

goi la trung binh cong - nhén cia a) va by).

2.1.34. Chitng minh ring cd hai day {a,} va {h,} xde dinh theo cong thite

2 2 [
0s 4+t oy + By )
U<61{ﬂ1, (1--”|1:M va bn}l:u vdi nelM
(n + by 2
déu don diéu va co cing gidi han.
2.1.35. Haiday truy hot {ea,,} va {b, } duge cho bdi cong thite
tn + by, Dt by
0<b <q, tyrr = ¥ v b1 = LA vdi noe M.
2 a"”- _|_ b”

Chitng minh tinh don didu cle hai ddy trén va chi re rdng cd hat diy déu tién
toi trung binh cong - nhan cua @, va by, (Xem bai todn 2.1.33).
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2.1.36. Chitng minh su héi tu va tim gidi han ctia ddy {ay,} vdi

o+l f2 2 2" G neN
(I_._”—W I+5+A+? vy N e .

2.1.37. Gid sit c6 mot day bi chdn {wy } thod mdn

1 2
s gﬁ.-nﬂ + 5”’” vgi o= L.

Chitng minh rdng déy trén héi tu.

2.1.38. Cho {a,} véa {b,} dinh nghia boi:

1 i 1 n+1
t, = ('I + —) . by = (] + —) vt n € N
t t

Sit dung bét déing thive lién hé gita trung binh cong, nhén vé didu hod ching
minh rang

faj oty < by v n € N
(b) déy {a, } ting nggt,
(¢} day {b,} gidm ngat,
Chitng minkh ring {a,,} va {b,} €6 cung gidi han, dude goi la s6' e ctia Euler,
2.1.39. Cho ,
aan
ay = (1 + —) vdi nc N.
.
(aj Chitng t6 ring néu x > () thi ddy {a. | bi chdn va tdng ngdt.

(bj Gid st & la mét s6'thye tuy y. Ching minh rang day {a,} bi chin va tang
ngqt vdi 1t > —r.

™ ditoe dinh nghia la gidi han cua diy nay.

2.140. Gid s cox > 0. 1 € Nval > x. Chitng minh rang day {b,} vdi

T I+n
b, = (1 + —) vdi n €N,

¥l

la day giam ngdt.
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2.1.41. Thiét lgp tinh don didu ciia cde day {a,} va {by}, véi

1 1
gp,=1+—-+...+———1lun wvéi nchiN,

2 n—1

1 1 1 .
bh,=1+-+..+——+——1nn wvdt necnN.

2 n—1 n

Chitng minh ring cd hai day trén ciing tién dén ciing mot gidi han 7, goi la
hing s6 Euler.
Goiy. Sit dung bit ding thite (1+ L < e < (L+ 1) tsuy ra tic 2.1.38).

2142. Chox > Qua dit a4, = 3/, n € N. Ching 16 ring déy {u,} bi
chéin. Pong thii chitng minh réng day nay ting ngdt néu x < 1 va giam ngét
néu ¥ > 1. Tink lim a,.

H—Da

Hon nita, det

, L
tp = 21y, — LY va o, = 2" (l — —) véi n e N
a']'J.

Chiing minh ring {c¢,.} la day gidm, con {d,,} la day tdng vé cd hai ddy cing
e6 chung gidi han.
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2.2 Gioi han. Tinh chadt cua ddy hoi tu

2.2.1. Tinh:

(@) lim V12422 4+ 42
(b)  lim m
oo f 4 oS

. 1—=243—4+..4+(—-2n)

(¢)  lim :

() lim (V2 — V2)(vV2 - V2)..(v2 - "V2).

ﬂx 1
@ I 5
!
(f) ?rj,ll—l-lolc 2”'2
(g) li ( ! L + ...+ ! )
s 11y — '
000 VI AWV + \/_ Vi3 +5 V2n—1++2n+1
1 2
h li . .
(") s (n2 +1 + n?+2 n + 'n)
it 21, s
' li ,
(1) n.l—l.}vlc (n" + l st 4 2 nt + n)

2.2.2. Cho s > Qva p > 0. Chitng minh rdng

5

lim _ 0
=0 (1 + p)n

223. Cho ox € (0,1}, tink

lim ({n+ 1)% —n).

=G

224. Cho o € (, hiy tinh

lim sin(nlor).
PG

2.2.5. Ching minh rdang khong tén ta lim sinn.

11—30

2.2.6. Ching minh rdng vdi moi s6'vé t¥ o, lim sin naw khéng tén tai.
M—0
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2.2.7. Véi oy € R, hay tinh

_ 1(( 1)2 ( >)2 ( -;-1.—1)‘2)
lim — at+—] +lae+—) +..+ e+ .
n—oc 1 it n T

2.2.8. Gig st ay, # 1 vdi moi nva lim a, = 1. Cho k nguvén duvng, hdy

T — O
tinkh ) \
. ay,tatt+ . tak -k
lim _ )
Tr— by — 1

2.2.9. Tinh

| 1 1
Ao (1.2,3 Tama T T R i+ 2})

2.2.10. Tink

2.2.11. Tink

lim 1—i 1—i 1-— 2
oo 2.3 34) 7 (n+1).(n+2) /°

2.2.13. Tinh

K6k 4+ 11k + 5
1
nﬁi}oz (k + 3)!

2214, Cho v # —1 va v # 1, hdy iinh

PR ]

2.2.15. Voigia tri x € K nao thi gidi han

lim H(l + 7).
k=0

16n tai va tim gid tri cia gidi han nay.
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2.2.16. Tim tdt cd v € K sao cho gidi han
n
‘)
lirw 1+ —— .
s H 2 + p—2F
k=0

ton tai va tim gid tri ctia gidi han ney.
2.2.17. Vi gid tri x € K néo thi gidi han

kX

lix 1 ,’."?'k ',__-3_3*‘_
%Lﬂﬁ +4% a2 )

tén tai va tim gid tri cdaa gidi han néy.

2218, Tinh
LIV + 220+ .+ n!

lim
H— G ('?1 + 1)1
2.2.19. Vi z € R nao sao cho déng thitc sau
11999 1

litr — =
?122& e — (n—1)¢ 2000

dhiege thie hién
2.2.20. Cho ¢ va b sao cho a > b > ), dinh nghia ddy {a,,} nhe sau:

ab
ay=a+b  a, =t — , n=>2
fy 1

Héay xde dink s6" hang thie n cda ddy va tinh 1l a.,.

N— 2
2.2.21. Dinh nghia day {a, ) bai
ar=0. as=1va aue1 —2a, +a,_1=2 vdi n=>2

Hay xdc dinh s6 hang thi n cia déay va tinh lim a,,.

n—

2222, Cho a > 0,b > 0, xét day {a,} cho bdi

wwh X
41 =—"——= Vva
Va? + b2
adp—1
fy =——. 1t = 2.

. ] N —
Va4 an

Tim s6 hang thit n cua day va tinh lim a,.
n—o0
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2.2.23. Cho day truy héi {a,} dinh nghia béi

. 1 + 3

\ > 2.
1 v 2

a1 = 1 oy

Tim s6 hang th n va gidi han ciia ddy.
2.2.24. Héay xét tinh hil tu ctia déy cho bdi
a1 =, an=1+bay_. n=2
2.225. Tadinh nghia day Fibonacci {i,} nhu sau:
gy =ay=1, Guuo=anp+apy., n=1

Chitng minh ring

(_}'ﬂ — Iﬁ”‘
n = ——
a— 5

trong d6 ov va 3 la nghiém ciia phuong trinh ©* = x + 1. Tinh lim J/a,,.

T 50

2.2.26. Cho hai dity {an} va {b,} theo cong thitc sau:

0y = i, =10,
1 1 :

a, + b-n iy 41 + b‘u
a??.—l—'l ol a—— b??—l—] - #

2

Chitng minh rang lim ¢, = lim b,.

H— D T— 20

2227. Cho a € {1,2....,9}, hay tinh

n 56 hang
N,
Lot an4 .o+ ndd
lim
1E—0 10-:!

2.2,28. Tinh

lim (\/E — 1)” :

H—D20

2.2.29. Gid sw rang day {,} héi tu t6i 0. Hay tim lim all.

T—ol
2230, Cho py.po. ...y v ., Qo. ..., (1 ld ede 6 duong, tinh
¥ I}|{..{.T+1 + pguffjﬂ + ...+ p;_-_u';:,ﬂ
nine Pl + peah + .+ pral
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Bl

flr

2.2.31. Gid s rang lim ‘ — . Chitng minh rang:

G

{aj Néu g < 1 thi lim @, =0,

T 0

(b) Néu g > 1 thi lim |a,| = .

T 0

2.232. Gig stecé lim {/|a,| = q. Ching minh ring:
T—xC

ey Néw g < 1 thi lim @, = 0,

H—0

by Néw ¢ > 1 thi im |a,| = o0.
H— 00

2.2.33. Cho &l mét 6 thue va x € (0,1), hdy tink

t'.l;r

lim n*r”.

o

2.2.34. Tinh

i mim—1)-...-(m—n+ l);;.'”,

T n !

vsi meN va |x| <L
2235, Gid s lim a, = 0 ve {b,} mot day bi chan. Ching minh ring
n—

lim a,b, = 0.

n—o

2.2.36. Chitng minh ring néu llin a, = ave ln b, = b thi
T I

lim max {a,.b,} = max {a.b}.
oo

2237. Choay = —1lvein € Nva lim a,, = 0. Cho p € N, hay tim

11— 00

lim 1+ a,.

n—C

2.2.38. Gid st ¢6 day duong {a, | héi tu tdi 0. Cho s6' ty nhién p > 2, hdy xdc

dinh
L o Yl4a,—1
lim ——.

n—00 oy
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2.2.39. Cho cic s6 dicong ). ay. ... iy, hdy tinh

lim ({/(n +ear)(n+ as).(n+ ap) — -n) .

TL—C

2.240. Tink

1 1 1
lirn + Tt V.
2 (\/-”__2 +1 \/"}'!_.2 + 2 v e 4o+ l)

2.241. Cho a3, Qy, ..., a, ld cde s6 duong, héy tim

o Hal 4 +r£”
lim ¢
H—2 ;i_)

[RA3210)

2.242. Tink

7 198K T

+ cog?

/
lim v Q4in? T n
1 n

=

2.243. Tinh 1
lim (7 + 1 + ncos n) @,

H—D20
2244, Tinh
. 7 I
2245 Hay xdc dinh

12112({/ +n—3—1)

. Cho cdc 86 duong oy, k= 1,2, ..., p, hay tinh

) I
(1
i (33 vm)

2247, Cho v € {0, 1). Hay tinh

SN
[N
$u
[



36 Chuang 2. Day 56 thuc

2.248. Cho sé'thie © > 1, hdy chitng 16 ring

lim (230 — 1) = &”.

H—20

2.249. Chitng minh ring

'2r1_._1"n
lim —( \/ﬁz ) =

T o0 Tt

1.

2.2.50. Trong nhitng ddy dudi ddy, ddy nao li day Cauchy ?

(@) @, = tan 1 n tan 2 - tann
2 2 , 2
(h) a.,i:'|+—+§-|—.“+ﬁ.
4 42 4
{c) a.n_:l-l—l—i—l—i-...—i-i.
, 2 13 " |
(d) =15 "753 + ...+ (=1)" 1—?1(?1_'_ )
(e) an = gt + 2?4+ o+ gt
voi gl <1, |ax| <M k=12 ..,
1 2 n

2.2.51. Cho déy {ay | thod mén diéu kién
|ans1 — Gupz| < Alan — €|
vdi A € {0, 1}. Chitng minh rdang {a,} héi tu .
2.2.52. Cho day {ay} cdc s6 nguyén duong, dinh nghia
1 1 1

So=—+—+..+—
a9 U

1 1 1
on =1+ — 1+— ) ... [1+—].
5] 5 1.2

Chitng minkh ring néu {5y} hoi tu thi {luo,} cing héi tu.

2.2.53. Ching minh rdang néu day { Ry, } héi tu dén mot s6'vé ty x (dinh nghia
trong bai todn 1.1.20) thi né la day Cauchy.
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2.2.54. Cho mét day cap s6 céng {ay} vdi ede 56" hang khdc (), hdy tinh

) 1 1 1
limn + +...+ .
=0 N (10 Ually Bnltntl

2.2.55. Cho mét day cdp s6 céng {ay} vdi ede 56 hang duong, hay tinh

1 1 1 1
lim — ( + —}—...—}——).
n—x /0 \yJar + Jar a3 Ve T/t

2.2.56. Tinh

L 2 it
IS S TR S S
fa) limn n( /e — 1). (b) i S P e

=0 TN T

2.2.57. Cho ddy {a,} dinh nghia nhit sau:

tr =a, t2="=0, Uyp1 = ptp—1+ {1 —plet,. n=2,3 ..
Xdc dinh xem vdi gia tri a, b uva p nao thi ddy trén héi tu.
2.2.58. Cho {a,} va {b,} dinh nghia bot

i =3, b =2, ayp1=a,+2b,va by =a,+b,.

Hon nita cho
n
= —. neN.
b

L3

. s 1
(&) Chitng 16 rang |6, |1 —\/§| < §|C’,,_ —\/§| nelN,
(b) Tinkh lim ¢,
T

2.3 Dinh Iy Toeplitz, dinh Iy Stolz va itng dung

2.3.1. Ching minh dinh ly Toeplitz sau vé phép bién ddi chinh qui tiv ddy sang
day.
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Cho {cny L <k < n,n > 1} la mét bdng cde 6 thuc thod mdan:

(i) Cop — Uvdimoi k€N,
H—
i
(”) E Cnp — |
T
—1
(i) ton tai hang s6'C! > 0 sao cho vdi moi s6 nguyén duong . thi

n
z |(-"n,k| < (L
=1

Khi d6 vdi moi diy héi tu {a,} thi ddy bién doi {b,} duge cho bdi cong thie

b = Y Coalip, 1 = 1, cing héi tw va lim b, = lim a,,.
k=1 n—o0 R—0C

2.32. Chitng minh rang néu lim a,, = a thi

. omtae+ .+ ay,
lim = 1.
=G 71

2.33.

taj Chitng minh rang gid thiét (iii) trong dinh ly Toeplitz (bat todn 2.3.1 c6
thé bo qua néu tdt cd ¢, ;. la khong dm.

(b Cho {b, } la ddy duoc dinh nghia trong dinh Iy Toeplitz (xem bai 2.8.1) v6i
tup = 0.1 < k< n,n > 1. Ching minh rdng néu lim a, = +o0 thi

H—o0
lim b,, = +20.
T — =

2.34. Ching minh rdng néu llm «, = +oc thi

—x

R TR S e S Sy
lim = 4.
TG "

2.3.5. Ching minh riang néu lim a,, = «a thi

T

oo +H{n—1as+...+1la, a
lirn ' d =

n—20 112 2

2.3.6. Chitng minh ring néu day duong {a,} hoi tu tdi a thi

lim {/a;...q, = a.
TN—2C
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2.3.7. Cho ddy dudng {a,}, ching minh rdng néu lin ”;J = q thi

n—og Mt

lim ¢a, = a.

n—%

2.38. Cho lim @, = a va lim b, = b. Ching minh réng

n—0C —x

by b o anly
limn = ud.
e n

23.9. Cho {a,} vé {b,} l& hai déy thod man

(i) by >0neN, va lm (b +b+...+b) =400,
00
(ii) lim fu _ 4.
T

n

Chitng minh ring
. o tas+ .+ ay
lim =4
=G bl + f}g + ...+ b-n

23.10. Cho {ay} va {b,} la hai ddy thod man

(i) by > 0neN, va Lim (b +by+ ... +b) =+,
{ii) lim a, = «a.
TG

Chitng mink ring

. ﬂlb] + R-zbg + ..+ (1--;;!5-”
lim =a.
n—n b] + bg + ...+ b?:

2.3.11. 82 dung ede két qua cua hii tride, hay chitng minh dinh Iy Stolz.

Cho {vn} . {yn} la hai day thod man:

{i) {yn} tdng thue sy 8 + 20,
Ey — Ly
(if) lim el q.
e iy — ol
Khi do
. "rﬂ.
lim — =g4.

Fr—ac _g.”_
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2.3.12. Tinh
(a) 1 ! + ...+ !
a im — — — ],
n—oc \/_ /§ \/ﬁ '
az G”’
(b) ﬂlil,lqlo e ( ) i > 1,
E+1 4!
(c) liin - (;U (7)4——!-!) e N,
T 1! n!
(d) I ( I )
¢ im-—=1—= \
H—OG \/_ \/I_J vie+1 vVan /o
R LR LR
(e) nh—l‘g: k1 - kel,
_ 1+ la+2.a%. na® _
) nh—l’{)lc nant! a> 1
(¢) litn : — (1" 2P+ f) n kelN
$ ri—oo | Pk ' 41
2.3.13. Gid si rang Ilim @, = a. Tim
lim —(n]—l— +£+ .+ a”)
A\ BB T
2.3.14. Ching minh riang néu diy{ay} thod mén
lim {apy) —ay) = a,
R DG
thi
ity
lim — = a.
=20
2315 Cho lim a, = a. Hay tinh
H—d
oy tn—1 a
fim (%25 )
2.3.16. Gid st rang lim @, = a. Hay tinh
. fin -1 ]
u lim{—+—4+... + —7"—],
(@) no (1‘2 2.3 n.{n+ 1)) '
. €ty (1 svn—] 1
(h) lim (—? — (=D IF)

1 2!

N—D0
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2.3.17. Cho k la mét 6 tu nhién 6 dinh bdt ky lon hon 1. Hay tinh

lim \/ (?m) ,
n—no T

2.3.18. Cho mét cdp s6 cong duong {a,}, tink

, 1
_ (). tty )
lim .
R A ol 1 B SN s

2.3.19. Cho diy {u, } sao cho diy {b,} voi by = 20, + tp—1. 1 > 2, hoi tu

ti b. Hiy xét tinh héi tu ctia {ay} .

2.3.20. Cho diy {n,} thod man lim n%a, = a vdi 6 thuc & nao doé. Ching

. n—o0
minh riang
. . 1
i 7" (g gty b
—0

= qe’.

2321 Tinh

l+s+..++2

(a) lira 1
oD ]Tl it
[ S -
(b) m 3 H Ur—1
. Inn

2322, Gid sit {ay} tién t6i a. Ching minh ring

I 1 (al L fty T (.I..,?_)
m —[—+=4+..+=] =a.
n—oa In; M1 2 1

2323, Tinh

1
| m 13 ]
, . 7l , . ()
{a) lim ._ (b lim _.
n—oc \ pitp—n s .-”3:1 i
; 1 . 1

fe) lim
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2.3.24. Chitng minh rdng néu lim a, = a thi

T2

r T
i J. [#30
lim — —
n—a nn k
k1

= {i.

2325 Cho day {(1'.,?_}, xét day {An} cde trung binh céng 4, = ﬂﬂ‘%
Chitng minh riang néu lim A, = A thi
Fr—C

litn E U _
R—o nn}\ k A.

2.3.26. Chitng minh diéu nguve lai cia dink Iv Toeplitz trong 2.3.1.

Cho {¢as 1 <k <n,n > 1} la mot bdng s6 thue bét ky. Néu vdi méi
day {w,} hoi tu bét ky, ddy bién doi {0, } cho bdi eong thite

o

b, = E Copfy, Nzl

k=1

ciing hoi tu dén cung mot gidi han thi

(i) Coge — O vdi moi kb € N,
T
ks
(i) Y e — L
Lo
k=1
(iif) ton tai hang s6 C > 0 sao cho véi moi 56 nguyén duong n, ta cé

(23
> el < €
k—1

24 Diém gioi han. Gioi han trén va gidi han
duoi
24.1. Cho {a,} l& day thod méan {ag,} . {aap—1 } va {asn} héi tu.

fa} Chitng minh rang day {a-.,,} ciing hot {u.

(b} Lidu tir su hoi tu cia hai trong ba day con trén ¢é suy ra duoc s héi tu ctia

{an}?
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2.4.2. Tirsu hi tu ctia tat cd cde ddy con ctia diy {ay } dudi dang {as,} .5 >
1, ¢6 suy ra duoc su hii tu cia {0, }?

243. Cho {a,. }.{ag,} ... qas,} & cde ddy con cia dday {«.} sac cho

Lont At} .- {80} ri nhau ting cip va hop thanh ddy {n}. Ching minh
rang néu S. Sp. Sy, ..., Ss tuong iing la cde tdp cdc diem gidi han ") i cdic

day {an}t . {ep, } At} {as, | th

*Sf - J\S}J U ‘qu U - U JLST..;;.

Chitng minh rang néu méi diy con {r..',p”} . {“qn} ceeey Jits, } ROE tu 0« thi diy
{a,} cing héi tu t6i a.

244, Binh Iy trén (bai lodn 2.4.3) ¢o ding (rong {rudng hop s6 luong cde day
eon Ia vé han khéng ?

2.4.5. Ching minh rang, néu moi day con {a,, } cia day {«, } déu chite mot
day con {a..,;kf} hoi tu tdi a thi ddy {a,} cling héi tu tdi .

2.4.6. Xdc dinh tép cdc diém gidi han ciia day {a,,}, vdi

(G) Uy =V 4= + 2,

w = (e[ (o[

(1-(—1)M2*+1

(li') ity = o n 3
(1 4+cosna)ludn + Inn
(d) Ly = .
In2n
nEAn
{e) fdy = (cos 3 ) .
2n? W
(f) Uy = — — |:T -
i i
24.7. Tim tap hgp cdc diém gidi han cha day {ay, } cho bdi cong thite
(a1) fly = THE — [n('r], o € @,
(h) ay = na — [nal, o €@,
(c) (y = SILTHCY, w €,
(e) tt,, = Sin The, a & 0.

ViCsn goi la ede gidi han rigng hav cde didm i ctia déy.
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24.8. Cho {ag} la mét diy sinh ra tit edeh ddnh sé" mét-mét bt ky cde phan
ti etta ma trin {n — ¥m} . n,m € N. Chitng minh rdng moi 56 thuc déu
la dism gidi han ciia ddy nay.

2.49. Gid st {a,} la diy bi chdn. Chiing mink rdng tép cdc diém gidi han
cita na i dong va bi chdn.

2.4.10. Xde dinh lim «, ve lin «, véi:

H—= H—00
2 2n?
(a) Gy = —5 — ||
7 7
-1 7
(b) fty = n COS E
n+1 3
(CJ hy = (_1_}”.“«
(d) = nU
. nT
(e) @, = 1+nsin—-.
I\ o N
(f) an=1{14+—) (—1)"+sin—.
n 4

2 T +H
(h) fty = (2(‘:03 ?; ) .

_ Inn — (1 +cosnm)n
(-:) fin =
In 2n

24.11. Tim gidi han trén va gidl han dudi cua cde ddy sau:

() ay, = na — [nal. o €10Q,
(b) @, = na — [nal, o €0Q.
(c) thy, = SIL 7Y, a €0,
(cf) (hy = SINLTHCY, a g Q.

2.4.12. Véi ddy {a,} bét ky chitng minh ring:

faj néu tén tai k € N sao cho vdi moi 1t > k, bt ddng thite ¢, < A luon dung
thi lin o, < A,
F1—20

(b néu vdi moi k € N ton t@i 1y, > k dé oy, < A thi lima, < 4,

N
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fc) néu ton tai k € N sao cho bdt dang thitc «, = o ding véi moi n > k thi

liln ¢, =
Tk

() néu vdi moi k € N tén tai ny, > k sao cho an, = athi lima, > a
N—x0

24.13. Gid st day {0, } ton tai gidi han trén va gidi han didi hitu han. Ching
minh ring

ta) L = lim a,, khi va chi khi

H—D22
(i) Voi moi £ > O tén tai k € N sao cho a, < L+ < néun >k va
(f) Véimoi = > 0va k € Nidn tai ny > ksaocho L. — ¢ < ay,

thi I = lim ,, khi va chi khi

H—D00
() Voi moi £ > Qtontai k € N sao cho ay, > 1 — s néun > kva
(ti) Vdi moi = > Owva k € N ¢on tai nyp > ki sao cho a,, <1+¢
Hay phdt bidy nhitng khing ding twong ing cho gidi han frén va gidi han trong
truong hdp vé han.

2.4.14. Gid s t6n tai mdt s6 nguvén ny sao cho vdi 11 = g, oy, < by,. Ching
minh rdng

{a) lim n, < lim b,
T—DC Fi— 2

(b} litn ¢, < L b,.
T n—C

24.15. Chitng minh cdc bét ding thitc sau (tri tridng hop bét dink +00 — o0
va —oX¢ + oG

Hﬂ 1 llﬂ bn ‘~<~, llﬂ ((1-” + bn} ‘-<~, llﬂ ay + m bn

n—0C n—00 n—oc n—00 frores
< lim {ay, + b,) < lim a,, + lim b,,.
TN n—ona "0

Hay dva ra mot $6 vi du sao cho déu © < 7 trong cdc bét déng thie trén duve
thay bang ddu ¥ < 7.

2.4.16. Cdc bdt dang thite sau

litn 1, + lim b, < lm (e, + By,
[ Eands H—d O

lim (@, + &, < lim a, + lim b,.
H— n—00 T1— 00
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6 dung trong trudng hop ¢é vo han day khong ?

24.17. Léy {a,} va {b,} l& cde ddy s6 khéng Gm. Ching minh rdng (trit
trudmg hop 0.(+oc) va (+20).0) cde bét déng thite saw:

lim e, - B by, < W (o, - By, ) < limay, - lim by,

H—20 H—o0 H—0o H—DC T
< lim (e, - b,) € lim ay, - lim b,.
T—Z N—xC N—0xC

Héy dita ra mot s6 vi du seo cho déu © < 7 trong cde bdt ding thite trén dude

thay bang ddu <

2.4.18. Ching minh rang diéu kign cdn va di dé mot diy {o} hoi tu la cd
gidi han trén va gidi han dwdi hitu han va

lim @, = lim a,,.
T— G n—o0

Chitng minh rang bai todn vin ding cho trudng hap cdc diy phén kY t6i —oC
va +ox.

24.19. Chitng minh ring néu lim a, = a.a € Rthi

H—C

m (a‘?t + br!) = o+ @ b;i'

oo O

lim (tin +bm) = a + liun by,

= Th— 0
2.4.20. Chitng minh rang néu lim o, = a.« € K.« > 0, va i6n tai mot s6

fr—s

nguyén ddng Ny sao cho b, > 0 vdi n = ny, khi do

lim (a,.b,) = a.lim b,,
T H—00

limn (e, 0,0 = o lim by,
n—oc ’ n—oa

24.21. Chitng minh ring

lim {—a,} = —lim a,,. lim (—a,) = —lim a,,.
NG i wixZ I AT ) 00

2422, Chitng minh ring véi ddy s6 duong {ay} ta 6

. 1 1
lim { — ) = ——,
oo A\ fin lim ln

M—00
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i (2 :
11 — V= 1
n—0a A (1, litn (U'n}

Nl

@ day - = 0. 55 = +oc)

24.23. Chitng minh rdng néu ddy {ay} la diy sé duong thod man

— 0, . — {1
lim {a, ) lim (—) =1.
H—0 n—oe \ dy,

thi déy {a,, } hii tu.

24.24. Chitng minh ring néu {a,} la diy thod mdn vdi bat ky day {b,},

lim (m, + b,y = lim «,, + lim #,,

Fl—*0Z H— D T— O
v

lim (e, + &,) = hm a, + lim b,,.

Fi—=i3iZ H—D22 LD

thi diy {ay } i tu.

2425, Chitng minh rdng, néu {a,} la mét ddy diwong thod mén vdi bat ki dity

duong {b, |,

lim {a, - &,) = lim a,, - lim &,.
n—0o0 n—o0 n—0o0

hodc
lim {a,.b,) = lim «a, lim &,.
n— o Tr—ixC —00

vi vdy {an | héi tu

2.4.26. Chiing minh ring vdi bét ki day dudng {a,},

lim
n—oo {n n—00 st n—oe fly

2427, Cho day {ay} , ldy day {by} xde dink nhu sau
1.
by =—loy+aa+ ..+ ), e M.
¥t

Chitng minh rang

ling ey, 55l &y, € L &, £ Lo a,,.
N—00 n—20 = n—og

+1 . o 7
< m o, < im e, < lin .
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2.4.28. Chitng minh rdng

(ct) lim (max {ay,. b, }) = max { lim ay,, lim bn} .
T— D0 n—og N—

(h) lim {min {a,.b,}) = min{ lim @,,. lim b”} _._
T— O T— O T— 0

Kiém tra cdc bat dang thite sau:

(a) lim (min {a,.5,}) = min { lim a,. lim b.,,} .
o0 i Moo oo

(d) lim (max {a,, by }) = max { liny ety,. Ll bn}
N—0 Hn—0 N—0C

eo ditng khéng?
2.4.29. Chitng minh rdng moi déy s6 thue déu chifa mét diy con don diéu.

2.4.30. Su dung két qua bai trude dé chitng minh dinh Ii Bolzano-Weierstrass:

Moi déy s6 thue b chan déu chia mét day con héi tu.
24.31. Chitng minh rdng véi moi ddy sé duwong {a,,},

— L U S P Ty
lim s U nl sy,

11— hn -

Chitng minh rang 4 la ddnh gid t6t nhat.

2.5 Cdc bai todn hon hop

2.5.1. Ching minh rang néu lim a, = +o¢ hay llm a, = —o¢ thi

—C H—x0

1 1
lim (1 + —) = €.
H— 0o ‘ﬂ'n

2.32. Voi x € R ching minh réng

_ anT .
lim (l + —) =",
0 1
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2.5.3. Vaix > 0 hay kiém ching hét ding thitc

< Infe+ 1) < x.
p— n(z )<

(Stz dung dao ham ) chitng minh rdng bat déng thite trdi o6 thé manh hon nhit

S 2
x Az
< < In{x + 1}, = (.

P A T AL

2.54. Chitng minh rdng

(a) lim n(¢a—1) =lne, «>0,
(b) 1im nf Vn—1) = +oc.

255, Ldy {an )} la ddy s6"duong vdi cdc s6"hang khdc |, chitng minh ring néu

i a, =1 thi
N—2

Tt
litn =1,
H— (fy —
25.6. Lay
1 1 1
tp =1+ —4+ =+ ...+ —. nch.
" 2 nl
Chitng minh ring
) 1
lima,=¢ va 0<e—a, < —.
novec 1l

2.5.7. Ching minh ring

P e 7
im 1+ =+ 4+ +2 ) =¢7
L TR TR L

2.5.8. Chitng minh rdng

(a)

1 1 1
lim (— —+ + ...+ —) = 1n2,

nmse\nn o n4+1 T 2n
(b)

1 1 1
lim + _ +.+— | =1n2
= \ (n(n+1)  /(n+1)(n+2) 2n(2n + 1)
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2.5.9. Tim gidi han ciia diy {a,} .trong do

1 2 '
fly = (l + _Z) (]_ + _2) (1 + %) ., e ~.
n n T

25.10. Léy {a,} le day duve xde dinh qui nap nhit sau
ay=1, a,=nla, 1+1) vdi n=23....

Tinh
) T - l
”11_1\101%[[] (1 + a) .

2.5.11. Chitng minh riang lim (nle — [nle]) = 0.

20

2.5.12. Cho ede $6 duong o va b, chitng minh rang

2 .'1’[1_ "
lim (@) Zm

[ St

2.5.13. Cho {ay} va {b,} la cde diy duong thoa mdn

lim ar =a, lim b, =b, trongds o b>0.
H—a H—nc )

va gid sif ede 86 dwong p, G théa mén p+ g = 1. Ching minh ring

lim (pa, + qb, )" = a?b%.

H—o
2.5.14. Cho hai s6 thue a va b, xde dinh diy {a,} nhu sau

n—1 1 ‘
ity + —tt_y, w22
i)

ay=a. p=1b, @y = — >

Tim lim a,.

LU

2515, Cho {ay} la mét day duge xde dinh nhu sau
ap =1, as=2, auq =nfa, +u,—). n=2

Tim cong thic hitn clia cde s6"hang tong yudt ciia diy.
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25.16. Cho a va b xde dink {u,} nhi sau

1 2n—1
ar=a  au=0b, an1=;-an 1+ @ n>2
2n 2n
Tim lim o,
n—o0
2517, Cho

e M.

y =

. 1t 1
- ; E(k+ 1) (k+ 1"

fa) Chitng mink réng lim a, = r.

1

(b} Chitng minh rang 0 < ¢, — ¢ < eI

2518, Tinkh lim nsin(2xnle).
0

25.19. Gidsu{a,}laday thed ména, <n. n=12, . vé lim ¢, = +o0.

H—D20

Hay xét tinh hot tu cua day

(1 — ”i) =12, ..
n

2.5.20. Gig st déy {b, } duong héi tu tdi +20. Xét tinh héi ty ctia déy

E?? "
(14—)—) on=1,2....
7

2521. Cho day truy hoi {u, | dinh nghia nhu sau
D<o <1, apo) =ay{l—ay). n>=1

chitng minh rdng

{a) lim na, =1,
n(l — a,
(b) lim L)y

nooc  Inn

2.5.22. Xét diy truy hoi {ay,} nhw sau
O0<ar<w .¢y1=sing,.n>1

Chitng minh rang ln /na, = V3

n—Ix
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2.5.23. Cho .
(] = ]__. pg] = gy —+ - o= .

>
t=1

Chitng minh rang
o
lim —— =1
n—sc /2 nn

2.524. Cho {uy} nhu sau
a1 > 0, @y = arctana,, n =1,

tinh lim a,,.
Hn—0

2.5.25. Chitng minh ring div dé qui
0<ay <1, apoy =cCoO8,., > 1.
Aol tu tdi nghiém duy nhdt cua phuong trinh & = cos .
2.5.26. Dinh nghia day {0, } nhu sau
ar =0, ayy=1—sin{a,—1). n>=1

Tinh L

lim : Z @

nme T

2.5.27. Cho {uy} la ddy cdc nghiém lién tiép cua phwong trinh tanx =
a, x> 0. Tim i (a0 — ay ).
=0

2.5.28. Cho |u| < % va oy € R Nghién ciu tinh héi tu ctia day {u,,} cho béi
chng thifc sau:
Ay = asing,, n > 1.

2529 Cho a) = 0, xét day {a,} cho bdi
tnr1 = In{l +a,), n=>1

Chitng minh ring

(a) i na,, = 2.
() lim n{ra, — 2) _ 2

P~ lnn 3
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2.5.30. Cho day {ay | nhu sau

1 iin
iy =0 wva tpy = (Z) o= 1

Hay nghién edu tinh héi tu cia diy.
2.531. Cho ay =, dink nghia day {a.} nhu sau:
Uy =277, > 1.
Khdo sdt tinh héi tu cia ddy.
2532 Tim gidi han cua day cho bdi
i = \/2 Uppl = 27 n > 1.

2.5.33. Chitng minh rang néu lim (ay, — ay_») = O thi

R— 0

. gy — Gyl
I.lI'l.l _— = {]
P )

2.5.34. Chitng minh rdng néu vdi day duong {ay} bdt ky thod mén

. . 41
litmnll—
T g

tén tai (hitu han hode vé han) thi

1

limn —2=
n—oo lnn
ciing tén tai vé cé hai gidi han bang nhau.

2535 Choa).by € (0, 1), Chitng minh rang day {an} va {by} cho bdi cong
thiie

anpr = af{l —ay = b))+ an. b =b{l —ay — b))+ by, n>1
hot tu va tim gidi han cua ching.
2.5.36. Cho a va @) duong, xét diay {ay | nhit sau
1 = G2 —nay). n=12 ..

Khdo sdat su héi tu cia day.
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2.5.37. Chitng minh rdng néu @, va ay la hai s6 dudng va

lbptz = /Oy + Sltgry, 1 =12 _.

thi dity {uy} héi tu. Tim gici han clo day.
2538 Giasw [ R’I‘}' — R_ i@ mét ham tang vdi méi bién va ton tai ¢ > ()
sao cho

Jlror o a)>ave 0<u<a,

flz.z,...2x)<xvdi z>a.
Cho edc 6 duong @), . . .. . @y, dinh nghia déy truy héi {ay,} nhu sau:

Iy = f(an 1@y 2y ea g Lf)a véi N> k.

Chitng mink réng lim a, = a.

H— D

2.5.39. Cho ¢y va « Id hai 56 duong. Xét tinh héi tu ctia diy {a,, | duge dinh
nghia truy hoi nhi sau

Upgl = e 9 Lodi 0 2> 1

2540. Cho 0 > 1 va x > 0, dinh nghia {a,} béi «; = a%, op_1 =
a®, n € N. Hay xét tinh hoi tu cita day.

2.541. Ching minh rang

\/2+ \;Q+...+\/§=2c:os il

9+l :

- cdn
S dung két qud trén dé tinh gidi han cua ddy truy héi cho boi

i = \/5 ptl = V24 dy, n=l.

2542, Cho {sy} la diy sao cho cdc s6 hang chi nhdn mét trong ba gid tri
—1.0, 1. Thiét lap cong thie

5‘1'\/2+£~2\/2+-~+£ﬂ\/§:2si11 Gl '7 . o ne N

v chiing 1o rang déiy

]
an:el'/2+€g\/2+-~+€n\/§

hot tu.
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2.543. Tink

13 t ! + arct 1 1 1
1111 arctan — + arctan ——; ceo T ANGTAL .
11 II( 112 . L_) 57 =+ =+ arcta o2

L =]

2.544. Tink lim sin{wv/n? + n).

T

2.545. Xét tinh héi tu cia diy truy hot dudi diy

it = \/E, ay =\ 2+ \/§ pa2 =\ 24+ Va+agvdi n > 1L

2.546. Ching minh rang

/ /
lim 1+2v1—I-S-\/l—|—...\/f1—l—{n—1)\/1+-n.:3.

LI e o)

2547. Cho ¢ > \), cho day {a,} bdi

[
] < 0, gy = — — lvdi ne N
fhoy

Chitng minh rang day trén hoi tu t6i nghiém am cue phudng trinh #2 + 1 = a.

2.548. Cho a > 0, xét diy {a,}:

a2

ap >0 o, = vot n e N,

tly, +
Chitng minh rang day hoéi tu tdi nghiém duong cita phuong trinh 4 =a.
2.549. Cho {ay) lé ddy truy héi cho bdi cong thikc sau

2+ tiy

védi n € N.
1+ a,

) =1, =

Chitng mink ring {an} & déy Cauchy va tim gidi han ciia né.

2.5.50. Chitng minh réng déy dink nghia bdi

1
a1 >0, gy =24+ —., neN,
(J'l‘?.

la day Cauchy va tim gidi han cua day.
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2551, Cho a > (), dinh nghia {ay,} nhi sau:

a
) =10 gl = m vai € M.
N

Hdy xét tinh hoi tu cua day {a,} .
23552, Gid surang a1 € Roa apy = ey, — 21_”| voi 1 € N. Hay xét tinh
hot tu cua day va trong triedng hop hot tu héy tim gidi han do.

2.3.53. Ching minh rang

fa) Néu (} < a < 1 thi

ir—1

_ ja.-j
| - =10,
lo > =0,

"
i=1 J

() Néu () <o << 1thi

lim na™ —_—= ,
n—oc — 1l 1—a

{c) Neuw b > 1 thi

e ! 1
limn — — = )
n—oa P & 3 h—1

3=l

2.3.54. Tinh

1; . ?T + . i T
im | sin sin sin —
H—30 14 1 g+ 2 Qn

2555 Tinh
{a) nll_I&H ( p ”‘3) vdi ¢ > ().
(h) ;}EE@H (1 — F) Cudi o> 1

2556, Xdc dinh
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2.5.57. Cho day {ny, | dinh nghia theo céng thifc sau:

T —1
r.
i, = T
in Z (k) el

h=0)

Chitng minh réng lim a, = 2.

LU

23558, Tim gid tri o sao cho diy

() () (5

hoi tu.

2.559. Véi x € R, dink nghia {2} = v — [2]. Tink lim {(2+ V3)"}.
T -

2.5.60. Cho {w,} la mét day duong va d@gt S, = a1+ as + ...+ a,, n > 1.
Gid siZ ta b

1
u"ﬂ +1 g t

—— (5 — Dty + 1), 7> 1.
*S'n.—l

Hay tinh lim .
=20

25.61. Cho {a,} l& ddy duong thod mén

thn _— ] e+ .y

liim — =10, lim < 0.
n—oc ¥, H—oc T
Tinh 5 5 )
Loartas 4L+
lima > .
W—x -

2.5.62. Xét hai day duong {e,} va {b,} thod mdn

. i . b,
lim =0 lim

= U.
n—xify + @yt ...+ oy n—x b + b+ .+ by

Dinh nghia ddy {(:.;1} nhu sau:
Gy = by + a2y g+ .o Fayb. n N

Chitng minh réng
Cn

lirn
=00 ) + o+ .. G
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2.5.63. Tink

1 H.Q
Lim (l + —) e ™,
e .

2.5.64. Gid stz ddy {0} bi chdn trén va thod mdn diéu kién

1
Upg1 — fy > ——. neN.
n?

Hay thiét lgp su héi tu cha day {a,} .
2.5.65. Gid siz day {an} bi chin thod mén didu kién
g ’\]/é >y, e N
Hay thiét lap su héi tu cia day {a,} .

25.66. Ky hiéu | va L tuong wng la gidi han dudt va gici han trén cuo day

{(Ln} . Chitng minh rang néu Wi (a,,1 — a,) = 0 thi méi diém trong khodng
T

mé (1, L) I diém gioi han cia {a,} .

2.5.67. Ky hisu I va I. tuong tng Ii gidi han Juwdl va gidi han trén cua day

{an} . Gid stz rang vdi moi 1, Gpi1 — @y > —Qu, U6y, > Bod &Egca‘n = 0.

Chiing minh rang méi diém trong khodng md (1. L) la diém gidi han ciia {a,} .

2.5.68. Cho {ay,} la ddy dwong va don didu tdng. Chitng minh rang tdp cde

diém gidi han ciia ddy
s

)
T+ iy

la mot khodng, khodng nay suy bién thanh mot diém trong trisong hop hoi tu.

n € N,

2.5.69. Cho a1 € R, xét day {a,} nhw sau:

“7 néu n chan,

tin
2

41 =

—

néu n lé.

Tim cdc diém gidi han cua diy trén.
2.5.70. Liéu 0 c6 phdi I mgt diém gidi han ciia diy {/nsinn} ?

2.5.71. Chitng minh ring voi diy duong {a,} ta cé

M
P e 2] + Iyt
lim { ———— ] >e.
00 ap
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2.5.72. Chitng minh két qud téng qudt ctia bai todn trén: Cho sé nguyén duong
P od day duong {{.‘.f..n }, Chiing minh rang

+
— {4 .
limn (71‘0 =P,

n—oo (i, -

2.5.73. Chitng minh vdi day duong {ay} ta c6

— 1+,
lim n (u - 1) > 1,

n—o0 (1..n

Chitng minh 1 la hing s6't6t nhét co thé dvoc ciia bat ding thitc trén.

a,,_z\/l—l—\/l—h..—l—ﬂ

n - edn

25.74. Cho

Tim lim a,,.
H—+3D

2.5.75. Cho {a.,,_} o day vdi cde phén (i lon hon 1. Gid si ta 6

o Inlna,
lim ——— = .
0 N

Xét day {f)n_} nhi saw:

b, = V/a.] + ‘\/('Lg + ot Jan, nelN.

Chiing minh riang néu o < In2 thi {b, } ki tu, nguoce lai néu o < In 2 thi day
phén ki tdi oG,
2.3.76. Gid si ede $6 hang clia diy cia day {.,} thod mén didu kién
0 < tpgm S an +apvdt nom € R
Chitng minh ring gidi han nlil,l;o a}_: ton tai.
2.5.77. Gid s cde s6 hang ciia diy ctia ddy {u,,} thod mdn diéu kién

0<tppm<an-tym vd n.ome R

Chitng minh ring gidi han ln 3/, ton tai.
Ti— G
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2.5.78. Gid sit cde s6 hang cia day ciia diy {a,} thod man diéu kién

|”-n| < L
&y + Gy — 1 = gyt L ay +ay + 1

vdi n.m € N

{a} Chitng minh rdang gidi han lim “ ton tai,

Tl
{bj Chitng minh rang néu gidi han lim £ = g thy
=00
ng—1<a, <ng+1levsi nelN.
2.5.79. Cho {a,} la diy duong va don diéu tang thod man diéu kién
fhym = My vdl nm € N
Chitng minh rang néu sup {% n e N} < 4o thi day {‘;—1‘} hoi tu.
2.5.80. Cho hai s6 duong @) va ay, chitng minh diy truy héi {ay} cho boi
2
Gpia=——— wit nelN
an.—i—l + (1P%

hoi tu.

25.81. Cho by > gy > 0, x6t hai day {a,} va {b,} cho bdi cong thite truy

hoi: ;
(L?I. _|_ n e
fpy) = I b1 = Y an-1by  vdi n € N.

Chitng minh réng ca hai day déu hoi tu t6i cing mot gidi han.

2582, Choapp by €Nk =1,2, ... n ldhai bing tam gidc cdc s6 thitc
v by # 0. Gid st ring E::—” — 1 déu déi vii k, c6 nghia la véi moi = > (),
' o p—ng

ludn tén tai mét s6 dudng ng sao cho

O 1

<z
E}.ﬁ'.u

iyl
vdi moi > ng va k = 1.2, ..., n. Chitng minh rang néu lun > by, ton tai

=20
thi
L3 k!
linl E (g = 111‘[1 E b.ﬂ:.n-
T Moo
k=1 k=1
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61

2.583.

25.54.

2.5.83.

2.5.56.

2.5.87.

Cho a # ), tim

i

2k — Na
lim E sin(—‘))”.
Th—s =
k=1

Vdi o = (), tinh

i

k
lim 3 (% —1).
fm ) (e

=1

Tinh

Vi p # 0 wvea g > 0, hay tinh

M o] »
?}EI:)LRX_; ((l+ 7 ) B 1) '

Cho cdc 56 duong a.b va d vdi b > a. tinh

im ala+d).. e+ nd)
n—co h(b + d)...(h + nd)







Chuong 3

Chudi so thuc

Tom tdt Iy thuyét

o Cho chudi hinh thic
(A) >

n=1

ay dugc goi la s6 hang thit n hay s6 hang t6ng qudt ciia chudi (A).
Ddy ¢dc TONG RIENG ciia chudi (A) dieoc dink nghia la

fL
Sn = E e, 11 e M,
=1

s, dugc gei la t6ng riéng thi n cia chuoi (A).
NOi rdng CHUOI [ A) HOI TU va ¢ téng bdng s, néi

lim s, = s.
Tt — 0

Trong truong hop nay, phdn du cia chuoi (A) dupe dinh nghia la
ke
T = & — 8 = Z arp. e M.
hk—n+1

N6i rang CHUOI ( A) PHAN KY, nél gi6i han ndi trén khong 1on tai

63
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e BIEU KIEN CAN dé chudi (A) héi ty I

limm ¢a,, = 0.
=00
e DILU KIEN CAN VDU d¢ chudi (A) hoi tu la: voi ¢ > cho tricde. ton
tai 1, € N sao cho
n+p

Z ap| <<€, ¥n>n, ¥Ype N

f—n

o (A} ditoe goi la chudi duong néu «,, = 0 vai moi n.
e TIEU CHUAN SO SANH. Cho hai chudi duong (A) va (B)

(B) Z)w

Gid sir
n < by ¥noe N
Khi do,
néu chuoi (BY hoi ru, thi chuél (A) ciing hoi tu;
néu chuoi (A) phan k3, thi chuoi (B) ciing phan k3.
Ddic: biét, néu
(n

lim &% — k40,

11— 20 i
thi hai chudi (A). (B) cang hoi ty hode cang phan k.
e TIEU CHUAN TY SO (DALEMBERT). Cho chudi dwong (A).

Néu _
flnt1

lim < 1,
=0 {hy,

thi chuci (A) hoi .

Néu
a'.r?.—|- |

limn
fi—C a']‘!

thi chuoi (A) phan k.
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Ddic: biér, gid sir ton tai gidi han
. ]
a= lim —,

=20 (fy

khi dé, néu a < 1 thi chudi (AY hoi w; néu a > 1 thi chudi (A) phan k.

e TIEU CHUAN CAN (CACHY). Cho chudi duong (A). Gid sit ton tai gidi
han

o= Tim .,

oo
khi d6, néu ¢ < 1 thi chudi (A) hoi tyu; néu ¢ > 1 thi chuoi (A) phan k3.
e TIEU CHUAN RAABE. Cho chudi duong (A).

Néu
’ {I'TJ
liim n —1] =1
n—os 41

liin -n.( tn l) < 1.
n—oe \ thp
thi chuoi {A) phan k3.

Ddc biét, gid sit 16n tai gidi han

thi chuoi (A) hoi tu.
Néu

(2PN )

—1)

r= lim n{
fooa |

khi d6, néu v > 1 thi chudi (A) héi ty; néu r < 1 thi chudi (A) phan k.
o NGi rdng chudi (A) HOI TU TUYET DO, néu chudi (gbm cdc tri s&

tuyét doi)
o
2l

n=1
hoi tu.
Chudi hoi tu tuyér doi thi hoi ty. Diéu ngicoc lai, néi chung, khong diing.

e NGi ring chudi {A) HOI TU CO PIEU KIEN hay BAN HOI TU, néit
chudi né héi i nhung khong hoi tu tuyét doi.
o CHUOI BAN DAU fd chudi ¢é dang

b1—bg+b;_{—"'+(_1)n_1+"'e bn.zo-
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¢ TIEU CHUAN LEIBNIZ 16i rdng, néu day 56 {b,} don diéu gidm va héi
e vé O thi chudi dan ddu hoi .

« PHEP BIEN BOI ABEL Cho hai chiéi bit kv (A) va (B). Pdr

n i n
-'flfr?. = Z {2, B-n. - Z bl\‘- (?ﬂ. = Z akhk'
k=1 k=1

k=1

Khi dé ta co

n—1

(.-'Tn. = a, B, - Z(f}-.i.z+l - ("-l\')BI.:-
P

e TIRU CHUAN ABEL. Cho hai chudi bat ky (A) va (B3). Xét chudi ()
nine s

(C) i by,

n=1

Néu chudi (B hoi fe va day {a,} don diéu va bi chdn thi chudi () hoi .,

e TIEU CHUAN DIRICHLET. Néir dav {A,} bi chdn, ddy {b,} don diéu
va ¢o gidi han bang O thi chuoi (') héi .
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3.1 Tong cia chudi

3.1.1. Tim edc chudi va téng ctia chitng néu day {5, } cde tong riéng ctia ching
duwdge cho nhit sau:

la) S, = e ., e N, (b) 5, = o nelN
1 Hn
] ) i (_l)n
fe) S, =arctann, n e N, d 5, = o ne M.
n
3.1.2. Tim tong cia cde chubi
O 0
2+ 1 7]
. il b
(@ ,,2:: '(ﬂ+1)" v ;(?n—l) 2(2n +1)2
jow] [a- ]
—/n 1
(c) Z @ >
— n(n + l) — 4n? — 1
= 1
fej , -,
n_z:; (Vr+ v+ 1)nn+1)
3.1.3. Tinh cdc téng sau
=0
(n+ 1){3n+1)
In - In .
(a) ny + “Z Y
¢
. 2n+1)n
(b) In — .
”Z:; {(n+1)(2n—1)
3.14. Tim tdng cta cdc chubi
. |
Jm e N,
(@) ; n4+1)... (n+m) me
fo']
h —— m €N,
%) ; n{n—+m) "
> n?
(c) g(?1+1)(rr+2(rr+ 3(n+4)
3.1.5. Tinh

e )
nlw Inn
E &l ) b E )
fa s TH) ®) T |j.’ —In n}

n=1
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3.1.6. Tink

o )

a1y l arhel

Z S111 Q'N. I 0= 2”} T

n=I
3.17. Tim

= 1

Zo nl{

=

nt+ni+1)

3.1.8. Chitng minh riang

b )
23T
n=1

3.1.9. Gid sit {a,} la mét déy thod mén

Hi
o 2n4+ 1)

lim ({a; + D{az+ 1) ... {ay + 1)) =g,
R—2C

Chitng minh rang

o
(I kxS

1

« (a1 + Do+ 1) .. (e, + 1)

n=

{ qut dde. pos = (.

3.71.10. Dung két qud trong bai todn trude, tim téng cta cde chudi

[n'a)

n—1
fa) Z n!
=1
2n—1
() - ‘
n=12‘4-b - 2n
= L
(c) Z : 1 ??21 1y
Sl-z)0-5)-(1-5%)
3.1.11. Goi {a,.} I déy cho bdi
) = 20 gy = (.:._i —2 wpoi neN.
Chizng mink ring
f: 1 . a1 — (!.12 —4
Ay iy .o dl, 2

n=I1
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3712, Vai b > 2, kim tra ring

i n! 1
bb+1) ... (b+n—-1) -2

n=1

3113 Choa > 0vab >a+ 1, chitng minh ding thic

i ale+1}...la+n—-1) a
bo+1) ... (b+n—1) b—o—1

n=1

3014, Choo > 0vab>a+ 2 kiém tra ding thite sau

i ala+1)...{a+n—-1) alb—1)
— h(b+1). b—i—n—l) S h—a—-Db—a—-2)

fa )
3115, Cho > G_L la chudi phdn kv vdi cde 86 hang dudang. Cho trude i = (),
n=1 "
tim tong
o

Z [EAR ¥ 57 gy
(az + b)({ m—l—b) (a-.,,u—l-b)'

—1

3.0.16. Tink

eog> 3
_ l n -
Z ( } 3?:

=0
3.1.17. Cho cde hing sé khdce khong «, b va ¢, gid sw cdc ham [ va g thod man
didu kign f{z) = af(bx) + cg(z).

{a) Chitng minh réng néu lim " f(b"2) = L(x) tén ta:i thi

=

> wrgtora) = L2,
n={ -

(b Chitng minh rang néu lim « " [l ) = M(x) tén tai thi
T

"Z a (b ) = M(x) — af(br)
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3.1.18. Dung ddng nhét thite sinxr = 3 5111 & _ 4gin® chu‘ng minh rdng

i €T & — gl

gt oo A sl

() E 3" sin T 1 .
r=l]

3.0

ih) E 3”. 3 T =15111§.
7=l]

3.1.19. Dung dong nhat thie cotx = 2cot(2z) + tanwx véi x # kI, k€ Z
chitng minh rang

1 x
Z o tan =5~ 2 cot{2x)
n=I0[
3.1.20. Ding déng nhdt thic arctans = arctan{bz) + arctan (‘114__;2;:, thiét

ldp cdce cong thiie sau:

20 (1 . b)b?: .
{er) Z arctan T e =arctany wvdi 0 < b <1,
n=i{
s bh— 1ybr
(h) Z arctan # =arceotr ovd w£0 va bh> 1.
1,
=4

3.1.21. Cho {a,} la ddy Fibonacei duge xdc dinh bdi

mg=ay=1. appr =t +ap_ . n=1

I
N - { 3 .
va dgt S, = > ap . Tim
—0

s
=4 S”
3.1.22. Vdi ddy Fibonacci {a, } trong bai trén, tinh

(-1

u,?ﬂ,ﬂr )

Mg

I
=}

T

3.1.23. Véi ddy Fibonacci {a,,} trong bai trén, xde dinh tong

bl
1
E arctan —.

-
=1 2n
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3.1.24. Tim téng

=4 e o)

2 1
fa) arctan —. (b arctan —.
Z n? Z n24+n+1
n=1 =1
8n
fe) ’II'LtaIl
; W — 22 4+ 5

3.1.25. Cho {a,} la ddy duong phén ky tdi vo cing. Chitng minh ring

a4l — fn
E arctarz = arctarn —.
el + 4 a

3.1.26. Chitng minh rdng vdi bGt ky hodn vi nao cie ede 86 hang ctia chudi
dicong, tong cta chudi nhan duoe khong thay doi.

3.1.27. Chitng minh dong nhét thiic

3.1.28. Chitng minh ring

b ) 2
1 T
(@ w s
n—1
1 at
b) - = .
(6) ”Z:; nt 90
it 1 m
. —1y =
fc) Z::O( e

3.1.29. Cho déy {0, } duge xde dinh boi

3 2 B - .
=2 gy =a,—a,+1 wvdi n>=1l

0
Tim > al
n=1 "
3.1.30. Cho diy {a.} dudc xde dinh nhu sau
i — 1
>0, tpp=In— wvéd n>1.
in

O
va dgt by = ay-ag- ..oy Tim > by,

n=1
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3.1.31. Cho day {a,} duge xdc dinh boi

1
=1ty = - V2 wii n>l.
) a4+ ay
. - (a4
Tim tong ciia chudi Y a,.
et |

3.1.32. Tim tong ctia ede chudi sau

o

1
_qyn—1 "
(a) E (—1) -

=1

*. 2 +1
b gyt ===
%) Z( ) n{n+1)

n=1
o

1 1 1
' — .or#F -1 -2, ...
fe) Z ('r +2n -1 * T+ 2n 3:+-n) r# -2

n=1

3.1.33. Tinh

Z(—l)”_l I (1 + i) ‘
2

n=1

3.71.34. Tinh

- 11— . 1
Y (=1l (1 - m) .

=1

3.1.35. Xdc dinh téng ctia ede chudi

S (E-n(2e2)).

3.1.36. Gid si ham [ khd vi trén (0, +2), sao cho dao ham [’ cia né don

diéu trén mot khodng con (a,+20), va lim f'(2) = 0. Chiing minh réng gidi
Py al

han

: 1, : : 1 "
Jim (S04 @+ G+t =)+ 57w~ [ o)

tén tai. Xét cde triong hop dic biét ciia khi ham f(2) 6 dang f(x) = * va
f{x) =1luwr.
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3.1.37. Xdc dinh téng ciia chudi

3138, Tim

3.71.39. Chao tride s nguyén k > 2, chitng minh rdng chudi

“‘Mg

L 1 1 i
. + b
— ((n —Dhk+1 (n—-1}k+2 nk—1 'n..ﬁ.:)
hoi tu dbi vdi duy nhdt mit gid tri ciia 2. Tim gid tri nay va tong cua chudi.

3.1.40. Cho day {«, | duge xde dinh boi

I (=1
dn = 2: U1 = Uy + ¥1
2
tinh
Z ntl
(_1)[ i ]()‘3 -1
n=I{] it
3.1.41. Chitng minh ring t6ng ciia cde chudi
L 1
{a} —, (b} -
¢ ! Z (nl)?
n=1 n=1 ’

& vé ty.
3.142. Cho {2} la day véi £, nhdn hai gid tri I hode —1. Chitng minh rdng

téng cia chubi Y ﬁ lé 56" vo Ey.
n=1

3.143. Chiing minh rang véi moi s6 nguyén dudng k , tong cita chudi
W

i (—1)
{n)*

n—lI

i vé ty.
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3.1.44. Gid sit rang {1y} la ddy don di¢u ting cde s6 nguyén dudng sao cho

_ i,
lim = 4o,
R—00 fR1fg .. T

Chitng minh ring Z la ué ty.
i=1

3.145. Chitng minh ring néu {n,} la day cde 6 nguyén duong thod mén

- 1y . i
litn =42 wa llm
k—oo g s oL My h—oc Tk 1

> 1.

el
- 1 N a" 4
thi > e Ia vé ty.
i=1

3.1.46. Gid sw rang {n,.} & day d‘mz digu tdng cde 86 nguvén duong sao cho
lim %/my = oo, Chatng minh rdng Z Ia ué ty.

h—

s
3.147. Gid siz chubi Y f;— D o € N 1 chudi héi tu va gid sit

n—1

Pn P > ‘Ul

Gn — 1 G+l — 1~ G -

Ky hiéu A Ja tép Ll cd chc s6'n sao cho bét déng thic trén cé ddu > . Ching
minh ring Z u6 ty khi va chi khi A la vé han.

i—1

3.1 48. Chu’ng mmh rdng vdi moi ddy tdng ngdt cde s6 nguyén duong {H;l}

téng ctia chuds Z ~ I v 3.
!
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3.2 Chudi duong

3.2.1. Cde chudi sau hoi tu hay phdn by
(a4

™ l) -
. B
@ Y (VeP+l-Vid+l). Z(ni)” ’

- m 441

=1 "=
" - {2'?1 - 3)” 1 > LYo,
(© ; (2n — 21 d ;{n + 1) S
DC- 1 [ 4]
fe) 1 —cog— ), wn— 1Y,
fe) ;( m%_“)_ " ;(\/ﬁ )
® > (Ya-1. e>1
n=1

3.2.2. Kiém tra su hoi tu ciia cde chudi sau day

o] e
. 1. /. 1 _ 1 n+l
(a) E ;hl (l + E) _._ (b E ﬁ In ST

n=l1 n=2
{c) — - (d) TR
¢ HZ:; n? —lun ”Z:; (Ingjnn
~ |
(e) (lll .H_)Inln n’

n

[ [
32.3. Cho > ay. ¥ by la cdc chubi duong thod mén

n=1 n=1

)1

vol T > .
ty b,

o5 o
Chitng minh ring néu Y by, hoi tu, thi Y oy, ciing héi tu.

—1 t—1

3.24. Kibm tra su hoi tu cua cde chuéi sau diy

Tt

n"? = n
@ . (b} E .
(e Z el o el

n=I1 =1
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* L " . o - = A
3.2.5. Tim gid tri cua v dé cdc chuoi sau hoi tu

™ =z

@ Y (Va-1)" a>1 > {(Vn-1)",
re=1 n=1
a's3 1 n+1 A o 1 o
fc) HZ:; (1 + ;) —-cl fel) ”z:; (l — nsin ;) .

265
3.2.6. Chitng minh rang néu chudi dwong > «, hoi tu thi

=1

o

> e -1), a>1

wi—1
cing hot tu.

3.2.7. Khdo sdt su héi tu ctia cde chudi sau

{rj E —Int{cos=1}.rb) E crad g bhoedecR
( ?L) n=1 o .

n=1
Rl g 2L

n
(e) Z () Pt0) (5 4 Byntal’

. b > 0.

=

s )
3.2.8. Gid st chudi Y a,, vdi cde s6"hang khéng am hoi tu. Chitng minh ring

n=1

.
> Gy, |1 cling héi tu. Chitng minh ring didu nguoc lai la khong ding, tuy
n=1

nhién néu day {a,} don diéu gidm thi diéu nguge lai diing.

e
3.2.9. Gid s rdng chubi dicong >, w,, phin ky. Nghién citu si hoi tu cdc chudi

n=I

sau day
o e
il ) iy
fe) . {b) —_— .
; 1+ a, ; 1+ na,
n n
_— {dj .
(e Z 1+ n2a, ’ Z 14 a2

n=1 =l n
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a3
3.2.10. Gid st chudi duong ) i, phén k¥, ky hiéu ddy cdc téng riéng clia né
n=1

la {5,} . Chitng minh rdng

vd

3.2.11. Chitng minh ring vii cde gid thiét nhu ciia bai trude, chudi
i hy
5 S
héi tu vdi moi [J > 0.

3.2.12. Chitng minh ring cdc gid thiét cho ¢ bai tdp 3.2.10, chudi

'S
> 5
5‘ 13
n=2 1

hoi tu néu o« > 1 va phén ky néu o < 1.

o o
3.2.{3. Cho chudi > «, hoi tu, ky hieu v, = > ax.n € Nla ddy cde
n—I| h=n+1
phdn du cia né. Chitng minh ring

iy .
{a) phan ky,
I o1
=«
(h) Y = hoi
=" LY -1
3.2.14. Ching minh rang véi cde gid thiét dude cho & bai trude , chubi
o o]
tly,
n=: T‘S_l

hoi tu néu v << 1 va phdn ky néu o > 1.



78 Chuang 3. Chuéi sé thue

0

3.2.15. Chimg minh ring vdi gic thiét nhu & bai 3.2.13, chudi > ¢, I 1,
n=1

hoi tu.

o
3.2.16. Cho chudi diang > (1. Gid st ring

n=1

a'ﬂ

litn »1In
o gt |

=g

e,
Chiing minh rang > «, hoi tu néu g > 1 va phan ky néu ¢ < 1 (k€ cd truong
n=1

hop g = +oc ve ¢ = —oc) Hay dua vi du chitng 6 rang khi g = 1 thi ta
khong thé dua ra két ludn duoc.
3.2.17. Nghién citu su i tu cia cde chudi sau diy

o 4]

=1 1
(a) z 2\,»"?7 ! (b) z pLIE
n=1 n=1
| o 1 2 1 .
fc) Z 3’ (d) Z ghn’ @ > U
n=1 n=1
=1
© Y e >0
n=12

3.2.18. Khdo sdt su héi tu ctia chudi

20
1+ 1
E etz a0,

=1

3.2.19. Ding két qua ciia bai todn 3.2.16, chitng minh dang gidi han cua Tiéu

. G'H.
lilm » 1] =
o Uyt

ol
Chiing minh ring > t, hoi tu néu v > 1 va phan ky néu r < 1.

=1

3.2.20. Cho déy {a, | duge xde dinh boi

chudn Raabe.
Cho o, >0, 1 € N, dat

1 _
t=ar=1, 1=+ S v 02
T
e
- - " “ 2. 1
Nghién ciu sw héi tu cua chudi E as-
n=1""
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3.2.21. Cho a) va v lg cde 56 duong. Day {ay,} dwge xde dink nhi sau

it

fhpa) = Ut n,  vdi o n=12,....

L
Haéy xde dink o va 3 dé chudi Z a;’f ROL tu.
=1

3.2.22. Xdce dinh a dé chudi

o0

n!
Z(a—i—1)(a+2)-‘.‘-(a+-n)

n—I

héi tu.

3.2.23. Cho ala s6 duong tuy ¥ va {b,} la diy s& dudng héi tu tdi b. Nghién
citu s héi tu cua chudi

i e
—lat+b)(2e+by) .. (natby)

3.2.24. Chitng minh rdng néu ddy cde s6'duong {a,} thod mén

(41 1 “in

U no nlnn

e
trong dé v, > T > 1, thi D «y, hi tu. Mat khdc, néu

=1
py) 1 1 “In
ty, no onlnn

e
trong d6 vy, < T < 1, thi > «, phdn ky. (Tiéu chuan Bertrand.)

=1

3.2.25. Dang tibu chuén Bertrand vé Raabe dé ching minh tiéu chudn Gauss.

Néu déy cde sé"duong {y,} thod midn

ujy 4 _ @ )y,

thy noon

n.w]

trong d6 A > 1, va {9} la day bi chdn, thi 3 «, héi tu khi a > 1 va phan
=1

kv néu o < 1.
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3.2.26. Khdo sdt suw hoi tu ciia chudi

afa+1l)-.. . -(la+n-1) B3+1)-...-(3+n—-1)
_”E::l n! v+l (+n—1)

G day o. 3 va v la ede hdng 56 duong.

3.2.27. Tim gid tri ciia p dé chudi

= /(20 — DIN*

; ( (2n)!! )

Aot tu.

3.2.28. Chitng minh tiéu chudn c¢é dic cua Cauchy.

Cho {ﬂ“} la day don dicu gmm cde 86 khéng am. Chitng minh rdng chudi

Z ty ROT ty khi vé chi hhi chudi Z 290 héi tu,
n=1 n=1

3.2.29. Kiém tra su hoi tu cia cde chudi sau day

0 0

1 1
(a} _ b _
: ; nfhun)e ® Za noelnn s Inlnn

3.2.30. Chitng minh dinh Iy Schinmilch (suv réng cue dinh Iy Couchy, xem
bai tip 3.2.28).

Néu {gr} lo day téng ngdt ede $6 nguyén dwong sao cho vdi ¢ > 0 nao do va
voi moi k € N, gi1 — gr < clgp — gu—1) v vdi déy duong {a, } gidm ngdt,

ta o
[a w) [a o

D ay < oo khivichikhi Y (g — gk)ag, < oc.

n=I1 =1

.o
3.2.31. Cho{a,,} la ddy don digu gidm cdc s6 duong. Chitng mink chudi Y . a,
n=1
hot tu khi va chi khi cae chudt sau hol tu

(w5 3agn, ) S naye, 3. nay,s,
n=l1 n=1 =1

td) St dung tiéu chudn trén hay nghién citu su hoi tu cia cde chudi trong bai
tép 3.2.17.
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[ ]
3.2.32. Gid si {a,} la diy duwong. Chitng minh rdng chudi Y, ay, héi tu néu

n=1

T .1 1
litn ((_r_.,n ) mn < —
oG

= :

-

3.2.33. Gid sw {an} la diy dwong. Chitng minh rang
1

v L
llIll ('H.{.',.n)lnlu R —
h—xd e
4]
kéo theo su hdi tu clia Z Ce

n=1

3.2.34. Cho {a,} la diy duong, don diéu giam thod min

o
hitng minh rdng Y ay héi i

n—I
3235, Cho {a,} la& diy khéng ém, don diéu giam. Chitng minh ring néu
e
S ay Aoi tw, thi lim na, = 0. Chung minh rdng ddy khong la didu kién du

n=1 H— 00

cho su hél tu clia chudl

3.2.36. Hav néu mét vi du chudi duong héi ty nhung diéu kién lim na, = 0
T—
khong thoa mdn.

s
3237, Gid s > ay la chubi dudng héi tu. Tim diéu kién can va di dé ton
n=1

tai day duong {b,} sao cho cde chudi

fas] o
E b, wva E i
n : 3
bn
=1 =1

déu hoi tu.
3.2.38. Ton tai hay khing mot day dwong {ay } sao cho cde chudi

e

. 1
E {}n va g :
ffzu,n

n=I n=|

déu hoi tu.
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3.2.39. Chitng minh rdng

phén kv voi moi diy duong {a.”_}.

e
3.240. Gid sit {ay} va {b,} don diéu gidm tdi khong sao cho cde chudi Yy ay,
=1
~ | ) o .
va » . by, phén ky. C6 thé ndi gi vé su héi tu ctta chudi ) ¢, trong do ¢, =
=1 r=1
mind o, oy, 12

o0

3241, Cho {a,} l& diy don didu gidm, khéng dm sao cho y_ %2 phan ky.

L
fi,, = min {(L.”, m} )

=0
Chiing minh ring chuéi Z % ciing phan ky.

n=1

n=1
Gia si rang

3.242. Cho {an} la diy duong , b chein va don di¢u tang. Chiing minh ring

> t
z (l - ) hot tu.

11
— 141

3243. Cho {ay} la diy duong, ting va phén ky ra vé cwe. Chitng minh rang

X -
thy
Z (1 — ) phin ky.

1 (it

3.244. Cho {ay,} la diy duong don diéu ting. Ching to ring vdi moi v > ()

te €O
hd fl L1
n+1 — ibn -
E (¥) hdi tu.

oy 1
n=1 n41 11

20
3.245. Chitng td rang vdi chudi duong phan ky > a,, bat ky, t6n tai mét ddy

n=l1

fa"a
{c,} don digu gidm t6i 0 sao cho Y @,y phdn ky.

n=I1
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T
3.2.46. Chitng t5 rang véi chudi ditang héi tu >, «,, bat ky, tén tai mot diy
=1
. T
{(:.n} don diéu tdng ro véd cie sao cho Z fnCn AOL i,
=1

o0
3.247. Cho > ay, la mét chudi duvng héi tu vé ki hiéu {1, } la ddy phdn du

n—I|

cita né. Ching minh rdng néu > .| 1y héi ty thi

lim na, = 0.
n—0

3.248. Cho {an,| la ddy duong, phin ky ra vo cuc. €6 Lhé néi gi vé sw hoi tu
cita ede chudi sau:

_ 1 _ 1 L
(@ {IT‘ () z alun (e} Z plulun !
=1 1 n=1 7 n=1 :

o
3.2.49. Nghién cibu sy héi tu ctia chudi > a,, d ddy :

n=|
a=1, a,.,=cosa, vé necl

‘? 2.50. Cho pla mdt s6 khong am ¢d dinh. Nghién ciu su hoi tu ctia chudi

Z (ty, & ddy :
n=1

oy =1, any =nPsine, vd n€ N

3.2.51. Cho {«,} la day cdc nghiém duong lién tiép cia phudng trink tal @ =
~
x. Nghién citu su hoi tu clia chudi Y 0%

n=1

3.2.52. Cho {an} la ddy cdc nghiém duong lién tiép cia phuong trinh
X
tan \/z = x. Nghién ciu su hdi tu cia chudi > L
n=1 "

3.2.53. Chouylamét s6 dwdng tuy ¥ va e = I (1 + @y} vdi n > 1. Nghién

citu sw hdi tu cta chudi Z fly .
n—1

3.2.54. Cho ddy duong don ditu gigm {a,} sao cho chudi »  «, phén ky.

=1

Chitng minh rang:

Lot oyt .+ Qe
limm = 1.

n—oC fla + @1 ... Gy
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3255 Cho Sy =1+
nhdt dé’ Sy = n. Tim

L[ —

+ % +...+ % va ki hiéu k, la s6 nguyén duong nho

. ‘i":'n—H
lim

TE—D T

3.2.56. Cho A la tép tét cd cde sé nguyén dirong sao cho trong biéu dién thap
phan cua chiing khéng chita chiv sd 0.

(a) Chiing té ring ) + hoi tu.
HEA

{bj Tim tdt cd cde gid tri < sao cho Y HLH hot tu.
HEA

Xz
32.57. Cho Y ay lé mét chudi s6'vdi cée s6 hang duong va cho

n=1

1

l- ey

i
n oo lnn

Chitng mink réng néu q > 1 thi chudi hoi tu, con néu g < 1 ¢hi chudi phén ky
(6 day q ¢ the bing £0oa).

Cho vi du chiing 16 rang trong truong hop g = | thi chua thé cé két Iudn gi.
3.2.58. Chitng t6 rdng tiéu chuén Raabe (xem 3.2.18) vé tiéu chudn cho trong

bai tap 3.2.16 la tuong duong. Hon nita, ching té rdng khdng dink trong bai
tép trén & manh hon cde tiéu chudn do.
e %)

3.2.59. Nghién citu sy héi tu ctia chudi >, «,, vdi cde s6 hang duodc cho bdi

n—|

alz'\/i ty, = ‘2—\/2‘—1—’\3“2%-”.—1—\/51 > 2,

(n—1) - can

3.2.60. Cho {a,} la mét day don diéu gidm tdi 0. Ching té rang néu day s6’
c6 86 hang 16ng qudt la

(o — o)+ {as —ety) + oo+ (-1 — )

[a- ]
bi chin thi chudi Y u, phdi hoi tu.

n=1
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3.2.61. Tim chudi sé ¢6 s6 hang iy, thod mdan cde diéu kién sau:

1
) = 2 (g = Ope) + fipyp+... vd n=1223....

o
- Ve e n 5 N Feoqoms .t ; ) - .
3.2.62. Gid sit cdc s6 hang ctia mot chudi héi tu > @y, cé téng S thod mdn cdce

n=I

dicu kién sau:

@] = e 2 dg =

ve U<y €ty Fttpqo+ ... el

Chitng to rang c6 thé bidu dibn tét c cdc s6 s bat ky trong khodng nite ding
oc

(0, .S] bdi mot tong hitu han cde s6 hang ciua chudi Y «, hotc bdi mét chudi

=1

[
con vé han Y a,,, & ddy {a,, } la mét day con ciia {a,,}.
k=1

>
3.2.63. Gid st Y ., la mét chudi c6 cdce s6 hang duong don diéu gidm. Chiing

=1
t6 rang néu mdi s6'trong khodng (0. S}, S It tong chudi, déu cé thé bidu dién bdi
[
moét téng hitu han cde sé hang cua {_a-.,,} hodc bdi mdél chudi con vd han Z Oy,
h—1

, trong d6 {ay, } I mét diy con eta {ay}, thi bdt ding thitc sau ding:

@y S Quy1 + Qpo+ ..., vdimdi necN

e
3.2.64. Cho mét chudi duong Y w, phin ky, gid thiét ring lim 2= = (),

. ",Tl
n=1 0

trong d6 S, = a1 + a9 + ... + ayn. Chutng minh rdng:

aSi @Syt Syt :

lim
n—on n b,;

3.2.65. S dung bai tép trén chiing minh rang

Lttt t5 _,

i
H— 00 Inn

o
3.2.66. Cho > ay la mét chudi hii tu véi ede 56 hang dudng. C6 thé noi gi vé
n=1
s hoi tu cia

im+a;+..‘+an.?
71 '

n=1
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T
3.2.67. Chitng minh rang néu {a,} la mét diy dudng sao cho é Sag >

B=1
2 [g.o8
> apvdin €N, thi Y a, < 2ea.
h=n+1 n=I

3.2.68. Chitng minh bdt dang thite Carleman:
o0
Neéu {a, ) la mot diy duong va chudt |y, héi tu thi
n=I

o

(e
E Oty e E -

n—| n—|

3.2.69. Ching minh rdang néu {0, } la ddy s6 duong thi voi moi s6 nguyén
dudng k

20 1 20 . ks
Z oSty . iy, S — Z y | ——
Lk 1.

tt—1 —1

I . ” =
E —— suy ra sy hoi tu cua chudi
3

3.2.70. Cho {a,} la day s6 duong. Ching minh rang t¥ sy héi tu cia chudi
=
=1

H

e ul

3.2.71. Cho{a,} la day s6 duong don diéu téng sac cho Y | % phin ky. Ching
1 e

n=
minh rang chuoi
o0
1

= na, — (n—1)a,_1

ciing phan ky.
3.2.72. Cho {pn} la ddy tét cd cdc 86 nguyén t6'lién tiép. Hay nghién eitu sy
0

hoéi tu cia chudi Z 1
. - el fin

3.2.73. Nghién ciu su hii tu ctia chudi

i 1

Z 1pn — (10— Dpm '

n=2

trong dé iy lo 86 nguyén 6 thit n.
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3.2.74. Hay ddanh gid gidi han

o

>
Ii\m.+l
l- . e

umn
n—o0

2]

L
don
2

=
I

3.2.75. Cho ddy s6'{«,,} thod man diéu kién:
0, <1 voimoi ne€N va « #0.

Dt
Sn. =) tds+ ...+, va Tn = C’Y'J + C’z + . csn

Hay xde dinh cde gid tri o > 0 sao cho chuti Z 2n hoz tu.

n=1

3.2.76. Cho k la mét s6 nguyén duwong tuy . Gid st {ay,} la diy sé’dudng don
[
diéu tdng sao cho chudi > ai hoi tu. Chitng mink ring hai chubi

=1

o) 3 [a's} N
In* i, . ¥ n
)3 vi )~

a. )
=1 n =1 1
citng hoi tu hoge ciang phdn ky.

3277 Gigsi f: N — (0, ) la ham gidm va ¢ : N — N lg ham tdng sao
cho (n) > n vdi mei n € N. Hay kiém tra ede bt ddng thitc sau:

=1 2011—1 1—1
(1) Z fik PR+ 3 Fle() (2 (k+ 1) — (k).
k=1 h=1

(2) Z H)>ZJ( (k) — (b = 1))

3.2.78. Vi gid thiét cua bai trén, chitng mink riang néu ton tai s6 ¢ sev cho
vdi moi n € N bét ddng thite sau

Jeelmpn+1) — wln))
fin)

g1
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ke
ding thi chudi > f(n)} héi tu. Mt khde, néu
n=1
o) —pln=1) |
f(n)

Lo 3
thi chuéi >, f(n) phan ky.

n=I1
3.2.79. Suy ra ti bai trén ddu hiéu sau vé su hoi tu va phin ky ctia chudi s6°

ditong.

el
Chubi $6 dwong ) @, vdi cde 36 hang don diéu gidm s& hoi tu néu

=1

L thap 1
lirn =g< =
H— (I, 2

va phin ky néu

; (i 1
lim =gz
N—X £y 2

3.2.80. Suy ra tw bai 3.2.78 ddu hiéu sau vé su hoi tu va phan ky cua chudi sé
ditgng (so sanh vdi bai 3.2.34).

o)
Chudi s6 dwong > ay, vdi cdc s6 hang don di¢u gidm sé héi tu néu

=1

va phdan ky néu

lim — > 2.
n—oc O

3.2.81. 8w dung bai 3.2.77, chitng minh tiéu chudn trong bai 3.2.31.

3.2.82. Chitng minh ddu hiéu Kummer.
Cho {uy, } la diy 56" duong.

(1) Néu tén tai mot day duong {b,} va mét hang s6 duong ¢ sao cho

{ly
by ——
ay +1

— by = vdimol n e N

n.w]
thi chubi > «, hoi tu.
n=1
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{2} Néu ton tai mét dav duong {b?,} sao cho chudi Z phan Ry vi

h=

n
bp——

by 41

— by 0 pdEmor n €N,

o0
thi chudi Z i, phin ky.
=1
3.2.83 Chitng minh cde dau hidu dAlembert, Rache (3.2.19) va Bertrand
(3.2.24) déu la trivong hop rieng cua ddu hiéu Kummer (3.2.82).

3.2.84. Chitng minh chiéu nguoe lai cia déu hiéu Kummer.
Cho {ay } la day s6 duong.

o
(1) Néu chubi > a, héi tu thi ton tai mét déy duong {b,} va mdt hing sé
=1
duong ¢ sao cho
thy

by, — by >

(1

s
(2) Néu chudi Y a, phan ky thi tén tai mot day duong {b,} sao che chudi
=1
. "
> bi phin ky véa
n=1 "
(i

bﬂ - bn-l—l S 0.

an.-H

3.2.85. Ching minh cdc ddu hiéu sau vé sy hdi tu va phdn kY ctia chudi s6
duang.,

{a} Cho k ld mdt s6 nguyén duong ve lim % = ¢. Néu q < 1 thi chudi
» " - xcx,
ST, héi tu, va néu g > 1 thi chubi > a, phdn ky.
n=1 n=1

{hj Cho k' la mot 86 nguyén duong va lim n (a—ﬂ:; — 1) =g Néug > Kk thi
nH—oc ntk
e ul

e
chudt > an héi ty, va néu gy < k thi chuséi > ay phdn k3.

t=I =

3.2.86. Cho hai day s6 duong {(.fn} ) {vn} Gid siZ ring &p = ()(
O

minh rang néu chubi Z ity héi tu thi chudi Z a' ¥ eciing hot tu.
n=:12 n=2

). Chitng

Inn
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3.3 Ddu hiéu tich phan

3.3.1. Chitng minh dau hiéu tich phdan.
Gid s& [ la mét ham ditong va don diéu gidm trén doan [L, oc). Khi d6 chudi

e i
D7 f(n) hoi tu khi va chi khi déy {1, } bi chan, trong dé I, = r fla)de.
1

n=1

3.3.2. Cho f I& ham duong va kha vi trén khodng (0. <) sao cho f* don diéu
giam tdi (. Chitng minh ring hoi chubi

S ) o 3oL
=1

fin)

n=1 i
cieng hoi tu hode ciing phan ky.

3.3.3. Cho [ la ham duong va don diéu gidm trén [1, oc). Dt

Sa = Z fln}) va Ty = ‘/] Slayde.

n—1
Chiing minh ring day {Sx — I~} don dieu gidm va <6 gidi han thude vao dogn
[0, f(L)].

3.3.4. Ching minh rdng gidi han cia cdc diy sou

1 1
{a) I+-+...+——lnn,
2 7
_ 1 1 "l _ _
(b} l+—+...+— — —dax, 0 << 1.
-2{1 71t 1 il

déu thuie vao khodng (0,1).

3.3.5. 8 dung ddu hiéu tich phén, hdy nghién citu sy hoi tu cia chudi cho
trong beai 3.2.29.

[
3.3.6. Cho > ay la mét chudi duong phin kyva S, = a)j+as+.. . +ay > 1
7i—1
vdi 1 > 1. Héy kiém tra cdc két qud sau:

[
(a) Dt han ks
£ 5,Ins, T
4
b)] —————  héi tu.
( S, s,

n=1
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3.3.7. Cho [ la ham duong va don di¢u gidm trén [1,>0). Gid si ham o ting
ngdt, khd vi va thod mén o(x) > ¥ vdi r > 1. Chiing mmh ring néu ton tai

g < 1 sao cho Jr}j—(“p(‘ﬂ < ¢ khi x di Ion thi chudl Z f(n) koi tu. Nguge

n=I

lai, néu % > 1 khi ¥ dii lon, thi chudi Z fi(n) phan k3.
n=1

3.3.8. Cho f,q la cic ham duong, kha vi lién tuc trén khoang (U.0c). Gia su
ham | don diéu gidm. Chitng minh ring:

. . . ~ i
{a) Néu }ILI; (—g(:{:)};.([;]] — g’(;{r)) > 0 thi chudi zl f(n) hoi tu.
£ L=

n

(b) Néu day { =

fff}khéngb;ichgin vi —glr)s £l —¢'{x) < Okhixdi

gl fle)

Ion thi chudi Z f{n) phan ky.
=1
3.3.9. Cho f & ham duong, khd vi lién tuc trén khodng (0, o¢). Chitng minh
rang:
fa) Néu lim (—ﬁ) > 1 thichuci Y. f(n) hoi tu.

)
I fiz) =1

(b) New -2 {“I“‘ < 1 khi & di Ion thi chudi Z f(n) phén ky.
n=1

3.3.10. Cho [ la ham duwong, khd vi lién tuc trén khodng (0. oc). Ching minh
rang:

o .
fa) Néu lim (—f.(m) — TI) wlnze = 1 thi chudi > f(n) hot tu.

00 fl) n=l

fr. _ -l
(b) Néu (_% — ﬁ) 2lnw < 1 khi o di lon thi chudl 3 f(n) phén kY.
. - n=I1

3.3.11. Chitng minh chiéu nguge lai cia dinh Iy cho trong bai 3.3.8.
Cho [ ¢ ham duwong, don diéu gidm, khd vi lién tuc trén khodng (0, o).

[ )
fa) Néwchudi Y f(1) hoi tu thi s¢ ton tai mét ham g diong, khd vi lién tuc
n=l1
trén khodng (0, nc) sao cho

;h%c (—g(f}ﬁ((‘;)) - E;i’f(:t)) > ()
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[
(h) Néu chudi >, f(n) phan ky thi sé tén tai mét ham y duong, khd vi lién
n=1
n

tue trén khodng (0. o¢) sao cho ddy {f 70
|

d'r} khing bi chan va khi &
du lon thi ()
"

—g{z) 7
fla)

3.3.12. Vi~ > 0, nghién citu su hoi tu eda chudi

—g(z)<0.

ZOO: 1
Inw )™’
— (lnn)0ur)

3.3.13. Nghién ciu su hii tu cua chudi
>

n=13

3.3.14. Cho { A} lo ddy s6 duong don digu tdng ve [ la ham duong, don didu

téng thod méan dicu kién

P T ——
n1+ Inlnn ]_n T

Tl
ft < ox.
/:‘f{f)
M
Chitng minh ring
o E
A, 1
S (1) s <
)“n.—l f()‘n)

n=1
3.3.15. Ching minh tiéu chudn tich phan suy réng.
Cho { )\, } la day ting ngdt tdi vé cing va f la ham duong, lién tuc don di¢u
gidm trén [A[, o).

{a) Npu ton toi M > O sao cho /\n—i—l Ap = M v n € N va néu tich phén

f SOl roP tu thi chubi Z F{A) citng Réi tu.
)\]_ n—|

{b) Né’u ton tei M > 0 sao cho )\n—i—l Aw < M ovd n € N va néu tich phin

I Syl phan k3 thi chudi E f{Ay) citng phéan k5.

n—I
33.16. Gid st rang [ : (0. OC) — R & héam duwong, khd vi vé cé ci‘ao ham
dicong. Chitng minh ring chudi Z I. hor, tu khi va chi bhi chudi Z i Lm'
=

n=1
hot tu.
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3307 Kihigulngx =lnw, e = n(lng_) 2} vsi b > Loa r dit lon. Vi
méi 1. € N, chon 86 nguyén dudng (n) thod min 1 < Ingi,yn < e. Khido
chudi N
1
; n{lm n)(Ing ny. .. (Ine 72)
hoéi tu hay phan ky?

3.4 Hoitu tuyét doi. Pinh Iy Leibniz

34.1. Hay xét sy hot tu tuyét dol, héi tu co diéu kién hodce phén ky ciia cdc
chubi sau theo a thude mién da chi ra:

20 In
(@
, ek,
(@ z(ﬂ) Cae
o o]
{lnm)®
b —1Y— ack,
(b) Z::( . acR
b i
¢ —1¥sin—, ac R,
“ HZ=;( yle e
o o] E b kN
1 a? — 4o — 8
{ . . R\ {—8, 2},
() gn—l—l (az+6a—16) @ € R\{-8,2}.
OO ?.’?I
¢ . a £,
fe) ”Z:]: (o 7
o o] |
(lnn)'“”
-1t > 0.
(f) ;( e——. @
34.2. Voia € R, nghién ciiv su hoi tu ve héi tu tuyét &6t clia chudi
o0 u?:.—l
Z na" 1 +Inn
ity

trong do 1, le mét chi s6' phu thudc vao a sao cho na” *+Inn #£ Qvdin > n,.

ol
34.3. Gid sit Y a, la chudi héi tu vdi cde 56" hang khdc khong. Héy nghién

ad sin a
H
E 1 - )
fly,

n=1

=1
e si8 ROl tu cia chudt
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344, Tedidykién lim &

o
2 =1 co suy ra dutge rang su héi ty cua chudi Y
fr— N n=1
- ol
tuong ditong voi su hoi tu cia chudi Y b, khong?
n=1
S Jan |+
Lo a X = N . gt i . e o [+
3.4.5. Gid st rang chudi y_, a, hi tu c6 diéu kién va ddt p, = 20, g, =
n=1 -

S 5
lan]=an |2—a,1 . Chitng minh rdng cd hai chudi > py, va y . ¢y, déu phan k3.

n=I n=1

b
3.4.6. Gid stk rang chudi Y, a, héi tu o6 didu kién. Goi {B,} va {Q,} lin

=1
" ) o ) .
lwgt o ddy tong riéng cua chudi Y | py, va chudi Y ¢, dinh nghia trong bai
=1 n=1
trén. Chitng minh rdng
2
lim —= = 1.

N—0 n

3.4.7. Nghién citu su héi tu va hii tu tuyét déi cia chudi

= (—1)l3]
; no

34.8. Vaia € R, xde dinh khi nao chudi

jy ul

(_l)[\/?_l-|
e
n=1

hol tu tuyét dot, héi tu cd diéu kién hodc phén k.
34.9. Xde dinh xem chudi
it (_ l)[ln'n]

=1 n
héi tu tuyét dot, kéi tu cé dicu kién hav phin k3.
34.10. PBat
. +1 néu 2% < o< 22K
T -1 new 2% << 222
trong d6 k = 0.1.2,... . Hay xét suw hi tu cia ede chudi sau

- o0

=1 E?I-
{a) —, fb) E .
7t ninmn
n=1 n==2
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3.4.11. Nghién citu su héi tu cia chudi

- - "‘—\/ﬁ %ini
2V o s

n=2

3.4.12. Nghién ciu su hii tu (tuyét doi, e6 didu kién) cia cdc chudi sau:

o

(a) 2 (=D -1y,
an—I

(b) Y (D)(a-1), e>1.
=1

(c) > (=1 (/= 1),

=1

(d) S (-1 (e— (1+%))

n=1
o l n+1
- .
(e) NZ:;(_I) (1+£) —e].
3413 Choa,b >0 hiy xét su hii tu ctia ede chudi sau:
0 T 20 RUVRY [P
(e o ()
' _1y" . b iy
(@) ”Z_;( ) o (b) ”Z_;( ) >

r_'x:
34.14. Cho > {(-1)"~ Vi 20 chudi dan déu thod méan didu kién cia ddu hidu

n=]
Leibniz, tite la 0 < «ay,4) < @, véi moi n va lim a, = 0. Bt r, li phdn du
~ [ s
thit it cia chudi, vy = > (=1 "Vay,. Chitng minh ring ry, cing ddu vdi s6
k=n+1

hang L_l)n'an.+1 va |'Tn| < fing1-

3.4.15. Gid st rang diy {a,} dén tdi 0. Ching minh ring hai chudi sau

o

0
Z t;, vt Z(an + a‘n+1)

n=1 n=1

cieng hoi tu hodce cang phan ky.
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34.16. Cho day {a,} héi tu dén 0 va ede 56", b, ¢ thed man a + b+ ¢ # 0
Chiing minh ring hai chudi

[}

o]
E g Ui E {aey + brip) + Clpyo)
n=1 =1

citng hai tu hodc cung phéan ky.

3.4.17. Choddy {an} c6 cde s6'hang khde O va lim «,, = a # 0. Chitng mink

20
ring hai chuoi

0

Z(a"rr-+l_f£-,:) vé i( L _i)

(i {7
- - n41 il

citng hoi tu tuyét déi hodc ciing khong hot tu tuvét dot

j=ul
3.4.18. Chitng minh rdang néu diy {na,} va chudi Y 11{t, — iy ) héi tu thi
=1
) . I
chudi > a, cing hii tu.

n=1
3.4.19. Cho déy {a, } don diéu giam tdi 0, hdy nghién citu su héi tu ciia chudi

o

Z(_l}_”_H fty + g+ ..y

it
n=1

3.4.20. Tim cde gid tri cua a dé chudi

= a i

E (—1Y'n'sinasin=-... sin—

- 2 n
"=

héi Ly tuyél 4ot va tim cde gid (1 ctie o dé chubi phan k3.

3.4.21. Cho a,bva ¢ la ede 36 duong, nghién citu sy héi tu ciia chudi

> (va- S
e —
n=1 2

3.4.22. Héav nghién citu su héi tu cua cde chudi sau:
-l (=
fe) Z (cosn)™, {b) Z (sinm)".

n=1 n=1
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34.23. Cho {a,} la day 6 duang. Chitng minh rdng

o]
f@) néu lim n (aa,,_ — l) > ) thi chudi Y (—1)"ay héi tu.
1 ! n—l1
&) néu n (T _ 1) < 0 thi chudi 3 (—1)"a, phan kY (ddc bict, néu

=1
lim n (ﬂ”— — l) < O thi chudi Y (—1)"a, phin kv).
n—0e e n=1

3.4.24. Cho {a,} la day s6' duong. Gig sit tén tgi o € K, £ > 0 va mol day
bi chan {i3,} sao cho

¢ k 7
—=1+—+ |:ILr
T o1
. - :)a .
Chitng minh ring chudi Y (—1)'a, héi ty vdi o > 0 va phan ky vai o < 0.
n—1

3425 Nghién citu su hi tu cia chudbl

nt—p )

> nle”
Z(—l)“ p e R
n=1

3.4.26. Gid st rdng chudi Y uy hoi tu ve {p,} la diy duong don diéu idng
n=1
dén +ox. Chutng minh rang
. it + (P + ...+ g P
limn

n—G o

=0.

34.27. Cho {u, } la diy s6 duong don dicu gigm tdi U. Chigng minh rdng néu
r_'x:
chubi Yy pby, héi tu thi

n=]1

lim Lq‘n{bl + by +... + b-”_) =10,

T

e,
3.4.28. Cho o la mét s6 duong. Chung minh rdng néu chudi y

n=1

g: hdi tu thi

S T i/ 5 e S Sy v
lim . = (.
n—00 1Y
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s
34.29. Cho {ky,} la diy cdc 6ty nhién ting ngdt. Khi dé chudi ) a,, duge

n=1
20

goi la chudi con ciia chubi y  Gy. Chitng minh rdng néu tdt cd cdc chuéi con
=l
cua mot chuoi hoi tu thi chuoi do hoi tu tuyét doi.

je.o]
34.30. Cho k,1 la cdc sé nguyén sao cho k > 1. 1 = 2. Chudi > «y, c6 hii

n=1

tu tuyét doi khéng néu tdt od cde chudi con 6 dang
- w]

E Qpt(n—1)t

n=1

déu hoi tu?

) 20
34.31. Hay tim vi due mot chudi > a, hoi tu sao cho chudi > a’ phan k.

n=1 n=1

o
34.32. 06 ton tai hay khéng chubi > ay, héi tu sao cho 6t ed cde chudt c6
n—l

[
dang > at, trong dé k € N, k > 2, déu phén ky?
n=1
) N X
34.33. Cho {u,} la day don digu gidm cdc s6 duong sao cho chudi »_, «, phin
n=1

o
ky. Gid si rang chudi Y &y, hoi tu, trong d6 £, bing 1 hodge — 1. Ching minh

. n=I1
rang
. fS1tEse+ .+ 5 — 1+ +...+=
lim <0< lim iy
n— 2 H n—na it

34.34. Gid su {ay,} la ddy don diéu gidm cde 56 duong va chudi > . &,y hoi
n=1

ty, trong dé =, bing 1 hode —1. Chitng mink rang

lim (:(51 + <+ ..+ En.)ﬂ-ﬂ =

n—mx

{Xem 3.2.35.)

oo
3.4.35. Gid sit rdng chudi . by héi tu va {py} It diy don diéu ting sao cho
n=1
50 Ti ‘
}111121(0 Pp = +0X vé pi“ = +oc. Ching minh riang
s n=1

limy mby + pabe + ..+ pabn o< E mby + b+ .+ pnbn_

NG T 00 n
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34.36. Chitng minh ring chubi nhin duge tit chudi diéu hod Y ﬁ bilng cdch
n=1
cho p 56 hang dau mang déu © + 7, q 56 hgng Liép theo mang ddu * — ", p sd’

hang Hép theo mang dau ©+ 7 ..., héi tu khi va chi khi n = (.

3.4.37. Chitng minh dinh Iy Toeplitz tong qudt (xem 2.3.1 va 2.3.36).

Cho {¢y, 4 1 n k € N} la bdng cde sé’thie. Khi do vdi méi day hét tu {a,, },
day {, } xdc dinkh bdi

=0

by, = E Cn . 12 1,

k=1

sé héi tu vi €6 cting gidi han khi va chi khi ba diéu kién sau thod man:

{i) Cuj — U wdi méi k€ N.

n—oa
oo

{ii) Z Cp k= ]-.!
k=1

(1LE) ton tai (' > 0 sao cho vdi moi 6 nguvén duong n déu c6

o0

> leasl < C.

k=1

3.5 Tiéu chudn Dirichlet va tiéu chudn Abel

3.5.1. 8w dung tidu chudn Dirichlet va tidu chudn Abel, hiy nghién cifu su hoi

a - .
tu cia ctic chudi sau:

(@) Z(_l)” sin” n?

=1 it
o) . .
siinm 1 1

b 1+-—=+...+—1.
(b) Zl i) ( 2 * 'n.)

= 1 n
) —cos | \
( Z In“n ( 1+ 1)

n—2

X sin’E
d 1 a0
(d) Z 7% 4 sin 22 “

n=1 1
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. 2 sin(n4 1)
33.2. Chudi > ———— ¢6 hoi tu khong?
aze Inlnn

3.53. Vi € R, hay nghién cdu su héi tu ctia cde chudi

(@) i: sin(n-a.).?sl'in[n-za) :
n—I
. = sin(ae) cos ??2!’}.
(b) Z (maz) cos{ )‘

n
n=1

3.354. Chitng minh rang chubi

[
Z CoS 711 8in na}

n=1
héi tu vdi moi o € R.
L g )
3.5.5. Tim a € R sao cho chudi » g hoi tu tuyét doi
n=l1 n
3.5.6. Chitng minh rang véi a € Rve n € N thi

I3 . ; 4
Z sin{ak
g < 2 .
![‘.,
k=1
3.5.7. Ching minh rding chudi

arctan n
e
>y

n=1

héi tu.

3.35.8. Vai x > 1, nghién cttu su hoi tu cia chudi

n
n=1

3.5.9. Ching minh b8 dé Kronecker.
= o &
Cho chubi Z 1y ROL fu va {bn} la div don diéu tdng thod man lln b, =

=1 TL—e

‘o, Khi do

oc ax B 1 - n B
(a) Z_: a =0 (bﬂ) . (b) Z arby = o(by),

k=1

trong dé o(b, ) la vé cing bé cla by, tie le lim “’(J’n,' = 1.
n—oc Un
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o]

3.5.10. Gid sit chudt Y ne, hoi tu. Ching minh rdng véi moi n € N, chudi
o 1

Z (F. + 1)epys ciing hoi tu. Hon nita, néu t, = Z (ﬁ\ +1 Corak: LHE hm f,, = 0.
k=0 E=10)

a0
3.5.11. Gid st chudi > «, c6 ddy téng riéng bji chgn. Ching minh ring néu
n=1
- CX: - -
chubi Y by — boy1| Adi tu va lim by, = O thi vdi moi 56"ty nhién k, chudi
=2

n=1
~c

57w, bE ciing héi tu.

n=I

ke al
3.5.12. Chitng minh rang néu chudi > (b, — by 1) héi tu tuyét doi ve chudi

n=1

>ty ROty thi chubi D b, cing Rl tu.

n=1 =1
.5' 5.13. Si¢ dung tiéu chudn Abe.—f chitng minh rdang ti sw hoi tu ctia chudi

Z (tn SUY ro s h6i ty cua chudi Z (X" vdi |I| < 1.

n=1 =1
3.5.14. Cho day s6 {a,}. Chitng minh ring néu chuéi Dirichlet
e
LE

7
n—1

hot tu vdl &+ = X thi no sé héi tu vol moi 7 = 1.

oo
3.5.15. Ching minh rang sy héi tu ctia chudi Dirichlet > :’;—,, cho ta su héi tu

n=1

i .H!U-n T % 0. —1. =2
IT(I'+1),"($_|_.?I_)T - * T Sy

n=1

el chubi

o
3.5.16. Chitng minh ring néu chubi > a,u™ hii ty véi x| < 1 thi E an]
=1 =1
ciing hoi tu.
- m -
3.5.17. Su héi tu cia chubi Y 0y, ¢6 la tuyét déi khong néu moi chudi con cia
=1
no co dang

D awn k21122,
n=1
déu hoi tu?
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3.6 Tich Cauchy cua cdac chudi vo han

3.6./. Chitng minh dinh Iy Mertens.

o [ w3
Néu it nhal mét trong hai chudi héi ty > a, va Y by, hii Lu tuyét doi thi
r=l} 1={}

.:x;.
tich Cauchy ctic chiing ( tdc i chudi > ¢y ma ¢y = aoby +@1by_1+. . -+atnbo)

=0
s} " sl o)
hii tu. Hon nita néu E an = Ava E b, = B thi Z ¢, = AB.
=0 =0 =1
3.6.2. Tim tdng cic chudi sau:
[a: 4
(ct) Z L
t1—1
[ T
(h) ch., vdi oy = Z:}:ky” Yol < 1Ly < L
n=1 h=0
e T l
¢ Cn, DOL Oy = .
f€) Z " ! Z klk+ L){n—k+4+ 1)
n=1 h—1

3.6.3. Lap tich Cauchy cia cdc chudi di cho va tinh cde tdng cua ching:

gyl =1
(a) ZF va ZQ’”N!"

=I] 1=I]

b) S —.

( ) g( } t - fh=1 3”‘

(c) dln+ Dt v D) (—1)(n+ 1"
n—i) n—I0

o0
3.64. Gid sz rdng chubi > w, héituvadigt A, = ag+a+...+«,. Ching

n=r(}

)
minh ring vdi | x| < 1 chudi > Anr" héi tu va

n=l}
o) oo
Zu” {L—ux) Z A,
n—0 n—0
3.6.5. Tink tich Cauchy clia chubi Z {.j;z, r € R vdi chinh ne.

n=0

Goi ¥. St dung dang thite f (7 = ().
n=0
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3.6.6. Choa > Ova |x| < L hdy chitng to cdc khang dinh sau:

1 1 « 1.3 x* L3....(2n—1) o
a §_+ +.ot —+ ...

.-+2 ‘)4(r+4 24.....(2n) «+2n
L3.... (20— l) .
( I+_r+ T o) T
_1 - a+1 +{a+1)(a+3)mg
a a+ 2 {a + 2)}{a + 1)

g+ .. . (a+2n—1) .
+...+( ). ):;.-”+...).

(e +2)... (a+2n)

3.6.7. Chitng minh dinh ly Abel.

e )
Néu tich Cauchy Z Cn clic hai chudi héi tu Z a, = Ave > b, =B
n={ =0

ciing hoi tu t61 C thi (-* = A/,

3.6.8. Chitng minh rang chudi

i(—r“—] : 1+£+ +l
=1 n+1 2 n

e o)
la tich Cauchy cta chudi »_ {—1)" ll vdi chinh nd. Hdy tim téng do.

n—lI

3.6.9. Nghién ciu tinh hi tu cua tich Cauchy cia chudt Z (=1~ l—!ﬁ vdi

=l
chinh né.

3.6.10. Chitng minh rdng néu it nhdt mét trong hai chudi duong phén ky thi
tich Cauchy cia chung sé phan k3.

3.6.11. Tich Cauchy ciia hai chudi phin ky ¢o nhét thist phan ky khong ?

o s}
3.6.12. Chitng minh rdang tich Cauchy ctia hai chudi héi ty >, a, va > b,

} 1i=1 n=1
hot tu khi va chi ki

lim Zr:u;(_b-,,_ +by, 14+ ..o+ k1) =0
k=1
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3.6.13. Cho hai day duong {a,} va {b,) gidm don diéu vé 0. Chitng minh
réng tich Cauchy ctia cdc chudi Y (—1)"a, va > (—1)h, héi tu khi vé chi

. =0 n=0
khi

lm ay(by + by +... 4+ b)) =0 wve  lim bylag+ o) +...+ap) =0

N0 =20

3.6.14. Chitng minh rdng tich Cauchy cita hai chudi

- (_1)?1 . = (_1);:. )
Z ne ve Z n:’:? S e \j) > U'._,

n=1 =1

héi tu khi va ehi khi o+ 3 > 1.

3.6.15. Gid st cde diy dudng {uy} va {0, } don diéu gidm vé 0. Chitng minh
_'x:

rdng suw hoi tu clia chudi Y anby la didu kién di dé chudi tich Cauchy eiia
n—0
ke )

ke 4
chudi > {—1)"a, va > {—1)"b, héi tu, va ching minh réng su hgi tu ciia

n—I) n—I

(a4
chudi S (@b, )17 vdi moi o > 0 la mt didu kién cén cho sut héi ty cia chudi
n=I}

Cauchy nday.

3.7 Sap xép lai chudi. Chudi kép
3.7.1. Cho {m} la mét day tdng thuc su cdc s6 nguyén duong va dit

h=w+ux+.. . +aum. br=tu+1 + Q2+ Fpy ...

Chitng minh rdng néu chudi » | ayn hoi tu thi chudi Y by, cing hii tu va hai
n—I I

chubi o6 t6ng béng nhau.

3.72. Xét chubi

5 . . - e TN RS TR .
nhén duge bang cdch thay doi thic ty ciia chuoi > + bang cdch ddt hai

n=1
phdn ti2 ém sau moi mot phan tie duong, Héay tim téng ctia chudi do.
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1
sao0 cho kKoL ox

3.7.3. Ta thay doi thit ty cdc s6" hang ctia chudi > =t
n=1
thank phan duong ctia chudi dwde xen k€ véi khéi 3 thanh phén am cia chudi,

tite la

TR UL I SR S
3 20—1 2 4 277 2004+ 1 20+ 3
1 1 1 1
"1 2312 23+4 1

Haéy tim téng chudi vida nhdin duoe.

3.74. Ching minh riang

3.7.5. Hay thay d6i thit ti cdc s6 hang cia chudi Z ENT 38 chudi nhdn

=1

duge téng lon gép doi chudi ban déu.

]n |

3.7.6. Hay thay déi thit tu cde s6 hang cia chubi z Ll PR 7 nhdin dide mot

n—I

chudi phdn k.
3.7.7. Nghién citu tinh héi tu ciia chudi
RSN U U S
V3 V2 VB VT V4
nhdn d’uo’c bang cdch dat lién tiep hai phdn ti duong va mot phdn i dm ciia
chudi Z ”” :

n=1

3.7.8. Chitng minh rdng moi chudi nhin duoc bing cdch doi ché cde phén ti
ctie mot chudi hoi tu tuyét doi sé hoi tu va ¢6 chung téng.

3.7.9. Gid st xét ham [ : (0, +oc) — (0. ), g;am tdi 0 khi v — 5 sao cho

day {nf(n)} tdng tdi oc. Dt S la tong eta chudi Z( )" f{n). Cho trude
=1

[, tim mot cdch doi thit i chudi trén dé chudi nhéan dioe héi tu vé S + 1.

3.7.10. Gig st ham f @ (0,4o¢) — {(0.00), gidm té 0 ki x — > thod
man didu kign I nf(n) = g. ¢ € (0. +x). Dit S la téng cia chudi

0
o0
ST (=11 f{n). Cho trude L, tim mét cdch doi thit ty chudi trén dé chudi nhdn
n=1

duoe hii tu vé S+ [,
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x p . 4
3.7.11. Hay d6i ché cde phén tit ctia chuéi ), (—1)"~' = p € (0. 1) dé ting
n=1
gid tri cia tong chudi do Ién !.

3.7.12. Cho trude sé oo > 0, héy st dung két qud bai 3.7.10, tim mdt cdch do:

[
thit ti clic chudi Y | (—l)"# 48 dat dioe mét chudi ¢6 tong bdng In2 + % Lt .

n—l

3.7.13. Bdng cdch doi ché cde s6 hang, ¢6 thé lam nhanh d6 phin ky ctia mot
chudi phén ky vdi cde s6 hang duong va gidm don disu duoe hhong?

[
3.7.14. Gid st chudi > ay, vdi cde s6" hang duong phén ky va lim @, = (.
n=1 TN

Chitng minh rang cé thé lam chém téc dé phan ky mot cdach tuy ¥ béng cach doi
ché cdc phan (i tie o vdl moi dy {Qn} thoa min

D<@ <Qo<...<Qn<.... lim@Q,=+x.
n— o0
o - ~ e
tén tai mét su doi chdé Y iy, sao cho
=1

Gy, iy + ooty & Q. vdim € N

3.7.15. Cho {r,} va {5,} l& hai ddy 6 nguyén duong ting thuc sy khong cé
phdn ti chung. Gié st rang moi s6 nguyén duong déu xudt hién & mot trong hai

sl ol
day néy. Khi d6 hai chudi con E ty, v Z s, dude goi la hai chudi con b

=1 n=1
o

ciiee chudi Z . Ta noi rang su sip xép lai dich chuyén hai chudi con bit nhau,
=1

néu vdi mrr_.;i s6 nguyén duong i va 1t sqo cho . <\ 1 s6 hang o, xudt hién

trde dp, ve s6 hang (s, xudt hién trude a,, . Chitng minh rdng, cde s6 hang
o0

ctia chudi hoi ty c6 didu kién > a, cd thé sip xép lai bang cdch dich chuyén
n=1

hai chudi con bl nhau ciia tét cdc cde s6 hang dm va s6 hang dwong clia né dé

nhdn ditoe moét chudi hoi tu cé téng la mot s6 dinh ddu tuy y.

jow] =]
3.7.16. Cho Y au, la mét sy déi ché clia mét chubi héi tu c6 didu kién > .
=1 n=1

[ ju. v

Chitng minh rcing néu {??.;,_- — !’.T} la mét day bi chén, thi Z Iy, = Z . Pidu
k=1 =1

gi sé xdy ra néu day {ny — k} khong bi chin?
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s al o]
3.7.17. Cho Y au, la mét sy déi ché clia mét chubi hii o6 didu kign tu > .
=1 n=1

i jn )

Chitng minh ring Y 1, = 3. th, khi va chi khi ton tgi mot s6' nguyén duong
L=l n=1

N sao cho moi tap {ry, - | € k € m} déu la hop clia nhidu nhdt N khéi roi

nhau cua cde 86 nguydn diong lién tiép nhau.

3.7.18. Tz mét ma trgn vo han {5}, ¢= 1.2, ... k = 1.2.... eia cdec
jn )
§6 thute, ta thiét lgp mot chudi kép > ;5. Ta néi rang chubi kép hoi tuy ti
fhe=1
S € B néu vdi £ = 0 cho trude, ton tai mét s6 g € N sao cho

<& wd ML > T

Sm B S

trong do

TEL il

S-m,n = Z E HFNE

i=1 k=1
Khi do ta viét
[ o8
S= lim S,, = E @ jo-
1, N— D )
k=1

o a] ks o

Noi rang diy > iy héi tu tuyét doi néu > |uig| hoi tu. Chi ¥ rang cic 56
ih=1 k=1

¢6 thé dude x6p thit ty thanh mit

ddy {C,; }, va khi do chudi > ¢, dude goi la sw xép thit ty cha Y @,k thank
n=1 i k=1

moét chubi don. Chitng minh rdng néu mét trong cde cdch sdp x6p thit tu cia

chudi kép hoi ty tuyét 4ot thi chudi kép hoi tu (tuyétdol) t6i cing tong.

e
3.7.19. Chitng minh réng néu mét chudi kép 3 ;i hoi tu tuyét ddi, thi moi
ih=1
o0
edch x8p thit ty cia né Y . ¢ AT tu va
=1

E ik = E O

ih=I n—I

3.7.20. Ching minh rang moi chudi kép héi tu luyél doi la hoi tu.
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[ N
3.721. Ta goi mot chudi lgp > (Z a-j‘k) la héi tu tuyét doi néu chudi

i—l1
R -l
Z (Z |2, ;\|) héi tu; dinh nghia tuong tu cho chudi ) (E ”f,_#c.) . Chitng
" —1

i—1 k=1
minh rdéng mot chudi ldp héi tu tuyét doi la héi tu.

[
3.7.22. Chiing minh rdng néu chudi kép > a;; héi tu tuyét d6i thi hai chudi
ih=1
lap
0 ] e8]
i=1 = =1

héi tu tuvét dot va
E E (i k = E Z ik = E G'?;,ft"
i=1 \k=1 k=1 \i=1 k=1

3.7.23. Chitng minh ring néu mot trong bén chudi

oo o] s al
DTN of 0 31} Bb of O 3%
P =1 \k™ =1 =l

[oe
Z(|ﬂ-fn,|| + ot o] + Jan—onl + .o+ s}

=1
héi tu thi mot chudi

£ £E) £E)

i=1 =1 =1

o
E ﬂn:l + 1,2 + ay 2.3 +...+ f-’al,_-n}

déu hoi tu tdi cling mét tong.

3.7.24. Tink

o0

L
Z nlktn+k+1)

. fe=0

3.7.25. Tinh

o'

1
Z nkin . 27
= nhin+k+2)
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3.7.26. Chitng minh rdng

i nlkl B T2
(n+k+2)) 6

n k=)

3.727. Cho 0 < x < 1, xét ma trén vd han

" 2 2

;'1.?(1I; v)  —xH(l - 27 :r"’(l. o B A

(1l —a)? —r(1—a?P? 21— &?)? -2 —a®)? 21— 2%

Chitng minh rdng chi ¢6 mét chudi ldp tuong ing vdi ma trin nay hoi tu (Rhéng

hoi fu tuyét dot).

3.7.28. Nghién citu tinh hoi tu cia cdc chudi kép sau:

0
(a) Z dyto we |y < L

ik=0}

— 1
(b) Z 5 Vo 3 = .

>~ 1
(li") Z m} ol 0 = {.

(ct) ”‘Z:Zm vdi p = —1.
(b) > ﬁ

i=2.k=1 ’
(¢) Y (44 _11)2;.

=1

3.7.30. Cho mét ma trgn vé han (big)ip=1
B0

nhdt mét chubi kép > ;4 sao cho
ih=1
T T

S‘m.n = E E ik = b'n.r..n: whno=

i=1 k=1
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3.7.31. Lay

B = (—1)1F (% + 2%) L b k=12,

e
trong bai todn trén hdy nghién citu tinh héi tu ctia chudi kép tuong iing Z {y f.
i k=1

.
3.7.32. Chitng minh ring vii |z| < 1, chudi kép > x** hoi ty tuyét doi Sw

i k=1
dung diéu do hdy chitng minh réng
X e _I'i‘ o] o ‘Ln".. g
ik t n?
't = = g(n)z" =2 + ",
2T =Y T 20t =2y s )
ih=1 k=1 n=1 =1 n=1

trong do 9(??) It ede woe tuw nhién cia n.

l:"‘x;, -
3.7.33. Chitng minh ring vdi || < 1 chudi kép > i0™* hoi tu tuyét doi. Hon
i k=1
nite, hdy chitng minh ring

o ok
Z it = E T E a(n)ar",

i,k=1 i.h=1 i.h=1

trong dé o(n) la tong cde ude tu nhién cia n.

ke

3.7.34. Cho {(p) = >_ 1

. p = 1, la ham zeta Riemann. Pdt

R =
prZﬁ:(.(p)_ls p> 1

Chiing minh ring

3.7.35. Chitng minh dinh iy Goldbach.
Newu A={k" ; mk=23,. .} thi ¥ =1

O |
neA
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3.7.36. Gid s  la ham zeta Riemann. Chitng minh rdng vdi moi s6 nguyén
n = 2

CI2)C(2n — 2)+ (4 (20 —4)+ ...+ C(2n — 2)((2) = (-n + %) C(2m).

3.7.37. St dung k6t qud caa béi 26p trén héy tim tong cua cde chudl

n=l1 F . ; ”_8
3.8 Tich v han
3.8.1. Tinh:
¢ 1-=}, b) ‘
(a} I_J; ( ng) : o) nl__[ SR
3 I m {7 ]
fc) H('.()SQ?, X 7£ 2 (5 + JL?T) = N._, g‘ e Z._
1=l
= \ II: . st .‘21?. "
(d} E(:OSh ot 7 e R, fe) ?TH:“ (1 4oy ) L olrl <1
& ﬁ TR o ﬁﬁﬂ e
' - mn+2)/)’ g 17 -
1=l "
o 1 c }
o Op?
th — ( _ ‘
} E:H‘# & ?THIQNZ—I'

3.8.2. Nghién ciu tinh héi tu cia tich vé han saw:

(a) ﬁ (1 + [_ﬂl_)ﬂ) . (b) ﬁ (1 + %)

=2 =1
= 1
¢ 1——],
o T(-3)
3.83. Gid sit a,, > 0. n € N. Chiing mink rang tich vé han [[ {1+ a,) i
=1

fa"a
ti khi vi chi khi chudi > oy héi tu.

n=1
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384. Gidsway, > 0va ay # 1 vdi n € N. Chitng minh rdng tich vé han

[1(1 — a,) kéi tu khi va chi khi chudi . , héi ty.

n=] n=1

3835, Cho ! : .
tyy = ——=. n € N.

ton1 = —— + —,

~ o
Chung minh r&ng tich H (1 + ay) héi tu mdc du chuoi Z tt, phin ky.

=1 =1

3.8.0. Nghién cilu tinh hoi tu cua tich sau:

[ 1 ok ‘ J_
(a) Ccos —, {h) 7RI —.
i H
n=1 n=|1
(c) ﬁt ?T+1 (d) ﬁ 1(1+])
C an{ — + — nln —
n=1 4 " n=1 .\ &
[ o
(e) H v T (f) H ‘\z/ﬁ
=1 =1

o) XD
3.8.7. Gid str rang chudi Y _ a, hoi tu. Chitng minh rang tich [[ (1+a,,) héi

n—1 r—1

s ) o
tu khi va chi khi chudi Y o hi tu. Chitng minh ring néu chubi > a2 phan

n—I1 n—I
"
ky thi tich vo han [] (1 + a,,) phén ky £6i 0.
n=1

3.8.8. Gia s rang déy {an} don di¢u gidm vé 0. Ching minh rang tich vo
[ [
han [] (14 (—=1)"a,) héi tu khi va chi khi chudi > 2 hoi tu.

n—1 il |

3.8.9. Chitng minh réng tich vé han

» e 1
11 (1 +(—1) “ﬁ)

=1
= +1_1
- - P T S g s
phin ky, nhung chudl nil( —1) win lai hot fie .

3.8.10. Chitng minh ring néu hai chubi

(o -l
. Ly . 3
(= 5, vé |t

n=1 - n=1



3.8. Tich vd han 113

[
hoi tu thi tich [[ (1 + a,) héi tu.
n=1
P . o) .
3.8.11. 8w hi tu cda tich [] (1 + ay) c6 suy ra sw hi tu clia cde chudi > «?
=1 =1

o
va Y iy duge khong?
=1

Goi y. X6t tich

I_Q_a |+2—a+2,z |—3? 1+3?+320 cee

trong di % < v = é

3.8.12. Chitng minh kél qua téng qudl hod cia bai 3.8.10. Cho k > 2, néu hai

chudbi
A0

1 (_1)1.:—] o .
Z (l’)'.n - gfti + ...+ TU‘:‘I) . vé Z |U-n htl

n=1 n=1

hoi tu thi tich [ {1+ ) kot twe.

=1

e [n
3.8.13. Chitng minh ring tic si héi ty cia tich [] (14, ) va eda chubi ) | n,;“’:
n=1 n=1
o0

suy ra su hi tu cia chudi Y . a,,.
n—1
. =" fa's
3.8.14. Chitng minh rang néu tich [] (14 w,}va tich [[ (L — a,) héi tu thi

1=1 n=1

. A . 2 ~r
o cAudE Z iy, va Z i, cung hl?l tu.

=1 =1
3.8.15. Gid s diy {o,} gidm don diéu vé 1. Tich vé han
1 1
by » — = fdg ~— 5. ..
az a4

co ludn hoi Ly khong?

=2 sl

3.8.16. Cho cde tich v6 han hoi tu || @, ve [ ba vdi cde thita 6 duong. Hay
n=1 n=1

nghién ctiu tinh héi tu cua cde tich sau:

fa's)

(a) H{(-‘,u + by,). {h) ﬁ o,

n—| n—|
sl

{c) H by, (d) H zi

n=1 n=1
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3.8.17. Chitng minh ring véi i, € (0, 3 e N, tich

20 =V

. Sl &5,
I I COS8 Xy o | I
- - A
n—I et |

.
héi tu khi va chi khi chubi > 12 héi tu
n=l1

3.8.18. Cho >, la chudi dwong héi tu, dit S, la téng riéng thit n eba chudi
n=1

Chitng minh ring
-
iy
o] () - T
n=2

n=1

D
3.8.19. Chitng minh rang néu tich vé han [] (1 + a,). a,

) Uy = —1 hoity vé P
n=1
thi chudi
]
27 -
— (L4 e} (L+ag) ..o (14 a,)
ciing héi tu. Hon nite néu S lé téng cita né thi § =1 — P
3.8.20. Gia su tich vo han
o
H(l +ay). vd ooy >0, neN,
n=l

phan ky. Chitng minh rang

[ ]
Z fly _ 1
e (l4a)-(L+as) .- (

) (J- + (E-:i]
3.821. Chitng minh riang

oz

z
2.7

n=1 l+r)(l+]‘2)

=1. di x> 1.
{l—{—;;r”) v ¥

3822, Cho a, # 0 vdi n € N. Chitng minh rdng tich vé han H tty hOL tu
n=I1
khi va chi khi né thod mdn tiéu chuin Cauchy sau: Vdi moi ¢ > 0 #6n tai s6
nguyén duong 1y sao cho
|‘("--n."}-n—l ’

= Ty va b = N,

. G"?I-I-n!\‘ — ].| <5
v niol 11
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3.8.23. Cho |r| < 1, hay kiém tra ding thitc sau:

20

[Mosr =o't
n—l [T(1—w? 1)

n=I

R o
3.8.24. Tich [[(1+ ay) duge goi la héi tu tuyét doi néwe [[ (14 |ay|) hoi tae.

=1 n=1_

o] -l
Ching minh rang tich [[ (1 + a,,) héi tu tuyét doi khi vé chi khi chubi Y a,
n=1 =1

hot tu tuyét dot.

T
3.8.25. Chitng minh rang moi tich [| (1 + ) hoi tu tuyét doi la hoi tu.

n=l1

e 8
3.8.26. Chitng minh rang néu tich [[ (1 + a.) hoi tu tuyét doi thi

n=1
o o0 20
H(l + an) =1+ § Uy t+ E gy By T
n=1 =1 iy ne=1
iy e
o0

+...+ 2 Qo Qg oo By, o0

. H=1
RS s DRt s

o
3.827. Gid sit tich vo han [ [ (1 + «y) kéi tu tuyét dbi, chiing mink ring tich
n=1
[ ey

v han [] (14 a,x) héi tu tuyét dot vdi moi © € R va c6 thé khai trién thanh
n=1
mot chubi hdi tu tuyét doi theo hé thife

xR

H(l + ﬂ”_;l') =1+ i fi;.dl"ltc.

=1 h=1

trong db

A, = E gy Uy - - - Uy -

np.dtz... =1
FIA I AP ) ¥

3.828. Thict lap dang thite sau:

=]

= q 5
I | 1 ey =1 E . — " . 1.
) =1+ T—q—¢) (- il =<

n=1 n=1

sefee | 1)
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3.8.29. Kiém tra ding thite sau:

) 3
D 312

e g
L+ e =1+ —a", gl < 1.
H( q Z (1—g2(1 =gl (L= lq|

n=1 n=1

3.8.30. Gid siz chubi Y ay, hoi tu tuyét doi. Chitng minh riang néu & # 0 thi
=1

~ e s 1
H(l + ) (1 + _n) = By + Z B, (:{.n 4 _) ‘
n=1 x " el

v H?l = "1?1 + ’41"1‘?1+l + —|-_-"113_-"11n_+2 . n = ﬂ_, 1. 2._ . v

o0 oo

[T+ @z = Ao+ > A (xem 3.8.27).

n=1 =1

3831, Cho |g| < 1 va & # (0 hdy chitng minh déing thite sau:

H Zth— qzn ) J— . —
H(l s Hl-l—rf 1. )(1+ - ) 1+Zq (,I, :r”)'

n—I n—I n—I

3.8.32. Cho |g| < 1, hdy kiém tra cdc dang thite sau:

(a) erl o qi‘n) H(]- . q'zu—l)Q _ 14+ ZZ n n-
n;l u.:l =1 |

”JJ H(l _ q2'rr.) HU— + qzn 1)2 — 1 + 9 Z g”j_
n=l n=1 n=I
t—1 n—1 n_1

3.8.33. Cho x > 0, xét day {ay} rhw saw:

n—I
1 T i —k
e ) = . e ]
o 1+ “ i?—l—ﬂEi:—i—k' "

=0

-, . X . ] - . a2 o -

Chitng minh ring chuoi Z ity hGi ty, tim tong cua no.
n=1
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o0

3.8.34. Chitng minh rdng néu tich vé han [[ (1 + cw,) héi tu véi hai gid tri
n=1

khie nhau ctia hdng s6'c € R\ {0} thi né héi tu véi moi c.

3.8.35. Chitng minh ring néu chudi

i @, ﬁ[f — k4
=0

n=1

3.8.36. Cho {p,} la mot diy cde s6 nguyén t6'lién tiép lon hon 1.
{a} Chitng minh c¢ong thie tich Euler

e 1 —1 oG 1

.-}J_‘
n=1 2 =1

o)
(b} Chitng minh rdng chudi > p‘— phin ki (hay so sdnh vdi bai tdp 3.2.72).

n=1

3.8.37. Hay ding quy tde DeMoivre dé chitng minh cde khéng dinh sau:

K 42
() sinxy = x H 1——— ],
( n?m?

t—1
42
/ 0S5 E = l - — .
(H) COS ”1:[1( (2??_1)2?{_2)

3.8.38. Su dung k8t qua cau trén hidy chitng minh céng thic Wallis

_ {(2n)!
lim —————— = +/7.
e (20— D)la v

3.8.39. Nghién citu su héi tu clia cde tich sau:

(a) H(1+£) c_f, r > —1,
T
n=I1
= (J_—Fi)r
(h) —R r>-—1
H ]+r_1.

n=I

oA

3.840. Chitng minh rdng tich vé han [[ (L + ay,) héi tu tuyét déi khi va chi
n—I

khi mot su doi ché cde thita s6 eita noé khong lam thay dot gid tri cio no.
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3.841. Tink

(HE) (Hl)...(Hi)

2 4 20y

x('l—£>“.('l— ! (-1+ ! )
3 23 +1 200 + 2

00 Al -
tich nay la sw doi chd cde nhdn ti cia tich || (1 + %) bang cdch ddt cdc

n="=2

khéi gém v thita s6 ldn hon 1 va khéi gém 3 thita s6'lon hon 1 xen ké nhau.

o0
3.842. Chitng minh rang tir tich [[ (1 + @), an > —1 hoi tu nhung khing
n=1
héi tu tuyél doi ta c6 thé d6i chd dé nhdn duoe mot tich ¢6 gid tri la mét s6
duong bat ky cho triide, hode mot tHeh phén by vé (0 hodic vé ciimg. (8o sdnh vdi

bai tap 3.7.15).
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Chuong 1

So thuc

1.1 Can trén diing va cdn dudi dung cua tdp cdc
sO thyc. Lién phdn sé

11 Pa A={rcQ :r>0, 22 <2}vas=supA, déthiy s > 1. Ta
$& chi ra réng voi s6'n nguyén duong bét ky thi

N2 2
1 1

i!) (s——) §2§(s+—> .
. n

Théat véy, vi § — + khong la cén trén cia A nén tdn tai z¥ € A sac cho

I n
N2
(3 — _;) < {xt) < 2
"

¥ — o <&, suyra
s : 2 - N . 5
Gia suw rang (s + %) < 2. Néu s la 6 hotu t1 thi s + i e Awva s+ i = 8,
P PO s g et g [(n=1]4] 1 . 1.,« -
trai voi gia thidt s = sup A. Néu s la 86 vé ¢ thi w = o oo e sd huu

K o n - y 2 -, " -
ty thoa mén s < & < 5 + %, do dé u? < (‘5 —+ :—J) < 2tde law € A, méu
z - Py 2 & 3 b o o *
thuan. Viy ta dd ching minh duge ring (s + :—1) > 2. 8¢ dung vé trdi cua
e - N iy . 4.
(Dtacs s — 2 < g2 — f—l—i—ﬂ% < 2, tid dd suy ra £ —2 % Cho n — 23,

1 ) 2w

ta nhin duge s° — 2 < 0. Twong tu, tic bat dang thic ¢ vé phdt cia (1} suy ra
2 v : P ¢

—"’982 > L suyras®—2>0 Dods s> =2,

2 n’

112 Gig sit A bi chdn dwdi va dat @ = inf A, khi dé

121
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{1} vz avdimoi v €A,
{2) vii £ > (), ton tai % € A sao cho 2t < a + &
Nhan hai bdt dang thire trong (1) va (2) véi —1, ta <6
{1 < —avdi moix € (—A),
{2 vgi £ > (0 bat kv , tén tai 7 € {—A) sao cho 2* > —a — =

T d6 suy ra —i = sup{—A). Néu A khéng bi chin dudi thi —A khéng bi
chiin trén va do do sup(—A) = —inf(A) = +0. Cde ding thic con lgi duoe
chitng minh tuong tu.

1.1.3. Gia st A va B bi chdn trén va dit 0 = sup A ve b = supB, khi
do a la mét edn trén cua A, b la mét cén trén cia B, suy ra a + b la mét eén
trén cia A + B. Hon nita, vdi moi = > 0, tén tai 2 € A va = € B sao cho
> a—svay >b—g dodo .t +y >atb—c Vizt=2"+y "€ A+ B
suy ra o + b = sup(A + B). Néu A hodge B khong bi chin trén, thi A+ B
khong bi chin trén, tiv dinh nghia ctia cdn trén ding te suy ra sup(A + B) =
sup A + sup B = 400,

Béing thic thit hai la mét hé qud tric tiép cha ding thite thit nhdt vé cia
bai todn triide. Thae vy,

sup{A — B} = sup{A 4+ (—B}) = sup A + sup{—B) = sup A — inf B.
Lép ludn titong tu trén of the suy ra cdc ding thite

inflA+DB)=inf A+ int DB,
inf(A —B)=infA —sup B.

1.14. Gid sit ed hai tap bi chdn trén, ddt « = sup A va b = supB. Vi cde
phdn tif cne A vé ctia B la cde s6 dwong nén zy < abuvdi xr € Avay € B.
Ta 8¢ ching minh rang ab la cdn trén bé nhdt cia A - B. Cho trude ¢ > (,
ton tai ¥ € Avey* € Bsaocho v > a—cwva y* > b — 2 Khido
a*y* > ab—cla+b— e} Vicla+ b — <) co thé nhé tuy y vot = di nhd, ta
théy ring bat kv s6 nao nhé hon ab khing thé la cdn trén cia A - B. Do dé
ab = sup A - B. Néu A hoge B khong bi chin trén thi A - B cing khéng bi
chen. Do dé sup(A - B) =zup A -supB = + 2.

Céng viée bay givr la chitng minh sup (§) = — > Onéu o’ = inf A > 0.

Thét vdy, véi moi © € A, bat ding thite x > o twong duong voi % < % nén
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% la can trén cua i Hon nita, voi = > O bdt k¥, ton tai v* € A sao cho
r*< a4z dods
1 1 1 £

> = —_—.
e d+e o d{a+2)

Vi m nho tuy ¥ nén % & edn trén nho nhdt cia i Xét trugng hop o' = 0,
théy ring tép i Ia bi chdn (thét véy, vdi = > (), ton tai x* € i sao cho £* > %)

Do do, sup i =+

Bay gio gid sit rang A, B la cdc tdp bi chdn cdc s6 thue bdt kv va ddt
e =supA.b=supB,« = inf AV = 1f B. Néu o va ¥ la khong am thi
s dung két qud & trén ta suy ra ding thitc cdn chitng minh. Néu ¢ < 0 va
a b > 0thixy < abodi bit ky © € Avay € B, Chon = > 0 dit nhé dé
a—z > 0. Khi dé tén tai ©* € A saocho 2* > @ — 2. Hon nita, t6n tai y* € B
sao cho " > b — 2. Do dé

et =y > (a—s)bh—2s)=ab—(b+ b - 2).

Véy trong truomg hop nay a6 sup(A - B) = ab.
Xéttruong hop o' b < Ovaa,b>0. Véibitkyr = Avay < Brlaco

ry < max{ab.a'b'}.

Bdu tién xét trgng hop max {ab. o'’} = o'V, Theo dinh nghia clia cgn dudi
diing, vdi £ > 0V dit nhé ton tai +* € Avay* € Bsaocho 1% < o' +2 < 0 va
yr< b 42 <0, suy ra

'yt sV ) s (o ) ) =a't +e(d +V 4+ (d + 6+ 2).

Ti nhdn xét rang o' + U + = la s6 am suy ra o'V la cdn trén bé nhét cua
A - B. Trong truong hgp max {ab. &'V} = ab lgp lugn tuong tw ta suy ra
sup(A - B) = ab. Cdc trugng hap con lai ducc chitng minh tuong (.

1.1.5. Trude hét gia st A va B bi chdn trén, ddt « = sup A va b = sup B,
khong giam téng qudl ta coi @ < b, thé' thivdi moix € AUDB taeé z < b
Hon nita, véi £ > (), ton tai ©* € B sao cho 2* > b — 2. Hién nhién x* thuge
vao A U B. Do dé déng thite thir nhét la ding. Néu A hoge B khong bi chdn
trén thi A U B ciing khong bi chan trén. Vi vday sup(A U B} = +2¢, vé ta
qui wic rang wax{+oc, ¢} = max{+0, +o0} = o< mei 56 thie . Ching
minh ding thuc thit hai tuong ty.
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P16, Taco
. 11
N
3 3 3 3
ud— - - 4 L keNb.
{4#* Py s AR T I }

A

k-1 3k-2 3k -3

3= - .= L= ke Ny,
341 6k 2(3k — 1)

Dods in[ A, = —% sup Ay =breainf Ay = =2, supA, = 1.

2

1.17. supA = é inf A = % supB = é inf B3 = 0.

1.1.8. €6 thé chi ra béng quy nap rang véin > 11,2 > {n + 1)%. Do ds

(mn+1)? (n+1)? 1
(< - — < - = G n > 11,
2m (n+1¥ n+1l v =2t

do do 0 la cdn duwdi dung cua tdp hop dang xét.' Bén}cgnh dé ta dé dang ching
minh rang 2" > (n+ 12 vdin = 6, do dé l”j—l) < ludgin > 6. Cdec sé
5 0 25

T % {lon hon 1) ciing ndm trong tap dang xét, suy ra cén trén ding cta

1.1.9. Tirbai todn trude suy ra eqn dudi diing cua tap nay bang 0. S dung
bit ding thic dé néu trong loi gici bai trude ta dwge 2V > (nm 4 1) vii
wnz 0 Vinm—+1>=n+muedin.meEN, ta cé

(7 4 mm)? - {n + m)? < (n+m)?

néu nm > 6.

2nm (nm+1)2 — (n+m)?
Vai nn < 6, cde phdn tu 1,2, QI, %. % ciing thudce tap dang xét, do dé cdn trén

bé nhit la 2.

1110,

fa} Hién nhién 2 la cén trén cia tdp A, ta s€ chi ra réng né la cén trén ding
cua A, Thdt vdy, néu = > 01 mdt s6 cd dinh bdt ky , thi vdi sé nguyén
dwong bat ky n* > [%], ta thu dugc w = 2 — . Cdn trén ding
cltia Alao vi & > 0vdi m.one N Cho trudge ¢ > 0, ton tai 1t sao cho
= < £,
n



1.1. Cén trén ding va cin diudi ding. Lién phdn sd 125

(hy Hién nhién 0 < y/n — [\/n] < L. Chon n = k*. & € N, ta thdy ring
(0 € B, dodo inf B = 0. D¢ chuing minh rang supB = 1 trude hét ta c6
[\H n? + 2?3.] = ti vdi moéi ti nguyén duong, xét () << £ < 1, thuc hién mét
s6 tinh todn ta duge bar déng thic

Vn? 4+ 2n — {\/‘NQ + ‘2':’1} = =1 —=

1—=}

thoa man vdi bat ky n > 5=

111r

@isup{r € R:x?+r+1 >0} = 4oc.
winflz=x+4+z ':rx>0}=2

fe) int {3 =2 42> U} =4

Hai déng thite déu tién dé kiém tra. D& chimg minh ddng thite thit ba, chit ¥
rang “—4;’ Zvab ovd a.h =0, dodd

Py
Q—tQ > V2t > /22 =2,

ddu déng thite khi va chi khi ¥ = 1. Ta dide didu phdi chitng minh.

LIz,

faj St dung bdt ding thife “,J_,’b > vabodia,b =0, ta co

mo dn
—+ — =14,
T 1.

déu ddng thite xdy ra khi m = 2n. Do dé inf A = 4. Lay m = 1, c6 thé
chi ra rang Hip A khéng bi chén trén. Piéu niy cé nghia sup A = +oc,

(b} Twong tu ta co

1 rn 1
—— L — £ -,
4 7 dnt+n* T 4
cde bét deing thite tré thanh ding thite khi lén gt m = —2n ve m = 2n.

Két qua la inf B = —i, supB = %
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fet Ta c6 inf C = ) va sup C = 1. Thuc vay, [} < mT_n < 1, va vii bét ky

g > (), tdn tai cde $6 nguyén duong n) va M, sao cho

1 . 171
— << wva ——>1-=¢
1 n 41

td)infD=—-1evasmpD = 1.
e} Chon m = n thi tap khong bi chan trén. Do dé supE = +2¢. Trdi lgi, vét

bat ky m.n € Ntacé lJr":_::L_n > l% déu déng thite xéy ra khim = n = 1,
te la inf B = %

TH13, Bats=uy +as+...+a, tacs

1 1 _ (Rl (g
— < a oo Gl dh2
& Gg + 0p 1 T 0.2 5 s
suy ra
" a
k v
1< g < —2.
Pl Tl G S B SO

Béy gio ta cdn chitng minh rang

n H
s g
infz i =1 va sup Z i =n-2
il U RS B T BS P Y SR GRS
Chon a, = tF .4 > 0 thi
i fhe B {
1 ap +app + aggs t 412 4 £f
r’-” 2 ],:'n. 1 &?L
Tt =2 4 =11 T pn—Ll ot T [AL T §
1 !:??—‘2 If-n.—l
={n—2 -+ - + ' .
( )l—I-t—l-tZ trlpm 241 o It 41l
. 11
Cho { — 0F, ta thdy rang sup >, ———%—— =n — 2, va cho  — +x,

e ety | g0

i
ta thu duge inf 5, ——% =]
=1

g L g2
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1.1.14. Cé'dinh n € Nva xét n + 1 86 thue thuée khodng [0}, 1)
0. a —[a], 2 — [2q], ... na — [na].

Vin khoang [;”; %1) cj=01on— 1, phi [U, 1) nén tén tai khodng chiia
it nhdt hai trong s6 nhitng diém nay, gid st nhw v — [na] va ngo — [noa]
vt 0 < ny < ny < a. T ds suy ra

1
[nan — [nea] — nia + [mea]| < —
"

Béy gid ta %6t ¢, = Ny — M 0GPy = [Na20] — [ma), t& nhdn xét trén suy ra
qn < m, tite 1& bat déing thite thi hai ding.

1.1.15. Tasé chi ra ring trong bét ky khodng (p, q) ton tai it nhét mot phan
tir cia A. Goi ) < = = ¢ — p. Tit bai todn truide suy ra ton tai cde s6 P, va ¢,
sao cho

P 1
a——| < .
dn 4y,
Vi v la vé ty nén lim ¢, = +oc. Do dé

T — X

1
g — | < — < .
ird
vdi hdu hét n. Dt @ = |qaa — p,| thi it nhdt mét trong cde s6 ma, m € Z,
thudce khodng (p. ¢); tite I hodic Mitfy e — 1Py, hode —tig, -+, thude khodng

nay.

1.1.16. Chot € [—1,1], khi do ton tai & sao cho | = cosx. T két qud
ctie béi todn trude, ton tai cde day s6 nguyén {m,} va {k,} sao cho r =

lim (7,27 + my, ). Tiz nhdn xéf néy va tinh lén tuc ctia him cos  ta suy ra
H—2

t = cosx = cos{ lim (A, 27 +m,)) = lim cosr, = lin cos [m,|.
TPl T D

Vi véy, mdi s6' trong [—1. 1| la gidi han cia tdp {cosn : n € N} . Ta duwoc didu
phai chitng minkh.

1.1.17. Hién nhién, néu tén tai 0 sao cho &, & mot s& nguvén, thi x lé hitu

ty. Bay gid gid s & = g voip € Zvaqg e N Néwr—[x] £ 0thi 5 — [;—)] = %
vdi | la mét s6 nguyén duong nho hon . Do do méu s6 cia ) = % nho hon

mau s6 cua x. Piéu nay c6 nghia xq. 1. ... la diy tdng chit Lién tiép va khong
thé tao thanh mdt déy vé han.
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1.1.18. Ta sé chitng minh biang quy nap . Dé kiém tra rdng
}k e 1
Re=2 vt k=012
&
Giad s vdi e = 2 bdt ky chan trude,

i — 10 T =2

R i Pin—1n + P2
e — T =

Chii v lé néu bay giv thay a,, trong R, bang ., + ﬁ thi ta thu dide phéin
tit hot tu 1,01, Do do

Pm—1 ({Lm + a—) + Pin—2

1
e |1

Rony1 = )
‘fm—1 (”'m + O-m+1> + -2
(pm—la?r! + pm—?)am+l + -1 o Pr+l

(Q‘ m—1m T 2 )"-"'-"m.+ 1+ fm—1 Fm+1

1.1.19. Ki hiéu
Ap=pr_vgy — e voi k=12 .. n.
Khi dé véi k > 1,
Ap = (gearae + gu_s) — G (Pror s + Pr—s)
= —(pr_2p1 — Gr2pra) = =Dy,

Vi Al = Pot — o = Aol — ((&1'](&1 + 1) = —1, ta thu dlfg)’(? ._\Ii, = (\—]_)k, 474
d6 suy ra Py vé g nguyén té cieng nhau.

1.1.20. Theolvi gidgicua 1.1.18tacovdi n > 1

. :nl P 10 +Pu o2

Ay = .
fn Ufn—10n + gn—2
Twdng ti
Paduel T Paoa ..
r = SLALE L vdt 1t = 1, 21 Cais
TR | + -1
Do do

Pulturl + 0 1 ™
D
g1 + t—1 Y
Pn—14n — n-1Pn (_1)?1

(Gnntl T no1 )'??1 (qn Ent1l t a1 )qn ‘
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trong dé, ding thic cudi ciing suy ra tit két qud trong 1.1.19. Do do

>0 wvdin chdn,
:{ - !ﬁn .
<) vdinle.

Do vay @ ndm giita hai day hoi tu lién tiép.

1.1.21. Trusc hét ta chitng minh rdng néu « I mot s6 vé & duong, thi tdp
{1 —ma: nom e N} la tric mat trong Ry, Dé lam didu do, ldy mot khodng
(a,b), 0 < a < b Ta sé chi ra rang khodng nay chie it nhdt mét phin £ eda
tép dé cho. Pdt = = b — a > 0, tir két qua bai todn trude, ton tai mét diy hoi
tu K, sao cho

1

(1) () < R.n—n-<—2.
4

Thuc viy, ldy mét sé n 1é va chi ¥ riang

(q”,ir-n+1 + q”,—l_}q;fr. = qﬁ

Vi lim ¢, = +oc, vdi n di lon ta o 1« ¢ T didu nay va (1} suy ra

H— G ffn
0 < pp — oy < 1/gy < 2 vdi 1t du lon, do do ton tai ny € N sao cho
nolpy — gy ) € (@, b). Cho & € [—1.1), tén tal 56 nguyén  sao chot = sinr.
Tir nhdn xét & trén suy ra ton tai mot ddy cdc sé nguyén duong {"H'i-n} v {Rn}
vdi = liw (s, — 27k, ) = +ox. Si dung tinh lign tuc cia ham sinr ta duge

T2

t = sinz = sin{ lim (2, — 27k, )) = lim sinm,).
N3G P
Do vdy, te di chitng mink duge ring moi s6 thuéc khodng [—l._ 1] déu la diém
gidi han cia tdp {sinn : n € N}

1.1.22. Goi py, va ¢y, lé cde s6 nguyén dude dinh nghia trong 1.1.20. Vix, 1 =
1 i :
] + > flng]. taco [qn?f--n+l +qn—l)q?1 = (ffn”-n+l + {}-n—l)qﬂ = ffu+ln-

oY

Do dé, theo 1.1.20,

|.'1'? - Rn| <
o bt

Vinil = Gullngt + Go| = Qntlng) = Gn. kéo theo bt d(%ng thite mong mudn.
Ta ¢ chi ra rdng diy {g,, } chita vé han cde s6'1é. Thite véy, theo két qud trong
1.1.19, ¢, va (uy1 Rhong thé cing chan.

1.123. Sit dung bai 1.1.19.
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1.1.24. Trude hét ta c6 nhin xét rdng day {q,} tdng ngdt va g, = n. Hon
ntza ti bai 1.1.20 suy ra

1
(f}?l.mT?.+l + @ﬂ.—l )q;rr. .

két hop voi bét ding thite Ty < Ung) + 1 ta suy ra

. 1 1
v — R, > . = )
| | (g (ngr + DY+ Goot g (Goa1 + Gu)tn

Vitpo = Liaco

1 1
< .
(q'rr+'l tyy2 + Q-n)qrz-i—l ('ff?r-i—'l + 'ff?r)q'u.

|l — Rpp| <

T cdc bat dang thire nay suy ra diéu cdn ching minh.

1.1.25. Gia sz ‘.-r. — %‘ < o — Ry| < |# — Ry-1| Vix ndm gitta I, va
BR,._| (xem bai todn 1.1.20), suv ra

< |H?L—1 - Rn| .

r
- H?L—l
5

Do dé, theo két qua ctia 1.1.23,

|.'r‘r1,H—|. B 3pn—l| P 1
= .
Sn—1 In—1n

1 1
3G —1 < Guldi— 1

Hon nita, ta cé vi [rgn-1 — spa—1| = 1. Do dé s = q,.

1.1.26. Theo thudt todn cho trong 1.1.20, ta co

flg = [v@} =1, ml:ﬁ:ﬂ—k].

Do dé, ay = |ry| = 2. Twong tu,
1

Iy = ———————— vl gy =) =

(Va+1)-2

Bing quy nap ,
1 1
2=1+=+=+..
VZ=1+o+ 2

Trong tif
v5—-1 1| 1 1
— =ttt
SRR TITIRAT
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f—

1127 Vik<VE+k<k+1la = [ ]1‘2—1—.":] =k nénx = %
Vay, 2 <y < 24 % ud ity = 2, Hon niva,

1
= o= E+vES+ k.
VERE—E

Do do 2k < a0 < 28 + L v aq = 2L, Tuwong tu ta thu duoe o3 = 2. 8¢ dung
quy nap ta suy ra

. o1 1
Vv +hk=hk+ -+ —+ —
TR e T TR TR T

1128 Vi< < lLsuyraag =0vax) = 1/ Dodsa = nsuyra
[L/r]=nTel/lz—1l<n<l/zsuyral/i(n+ 1} <z <l/n

1.2 Mot so bdt dang thire so cdp
1.2.1. Ta sé sit dung quy nap sau. Véi n = 1, bét ding thic la hién nhién.
Ldy n nguyén duong bat ky ve gia su la
(I+a) - {(1+ay)-.-(14+a,)>14+ar+a+ ..+ a,.
Thi

(I+a f{l+as)- .. -{1+a,{l+ an)

> (14 + o+ .o+ ) (1 + Gyqr)

=1l4ay+az+ o+ +dppy +p{l+a Fas+ o+ ay)
>(l4ay+ a4 ..+ 0y + g )-

Ta suy ra didu phdi chitng minh.

1.2.2. Ta sir dung quy nap. Vi n = 1, diu khdng dink la hién nhién. Ta
gid i rang khing dinh ding véi 1t bdt ky chon trude. Khong mdt tinh ting

qudt, gic s@ a|, €s, ..., i, thod mdn diéu kién a| - ag - ... - ayy| = 1 duge
sap theo thit tw a1 < ao < ... < @y < g1, thE thi 1 < 1 va app1 =
L Vidag-ag- .-ty -ty - 1) = L, s dung gid thiét quy nep suy ra

s+ g+ ...+t + (dny @) = 0, do do

aytayt+ .t a,tay 2Rt ag e — 2y @
=n+an-{(l—a)+a —1+1
=n+1+{opy—1Hl —a)) > n+1
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1.2.3. S dung két qud trong bai 1.2.2. suy ra bdt ding thic cén chitng minh.
Thue vy, thay ¢; bing L taco A, > (), thay a; bing nghich ddo ciu

i
Yo

né % trong bat ddng thic nay ta suy ra bét ding thire G, > .
J

124. Swdung bdt ding thite lién hé gitta trung binh céng va trung bink nhan
cua b sé aq. ..., 4, ta ¢

Y +ae) 1oL 1< 1+x (nnhan ).
125

faj Stz dung bat diing thite lién hé giia trung binh céng va trung binh didu

hoa''.

(b} St dung bdt dang thic lién hé gita trung bink cdng va trung binh didu
hod.

fe) B&t dang thite v& trai ditge chitng minh nhe trong (a) vé (b). PE chitng minh
bél dang thite vé phdi, ta chii ¥ ring
1 1 1 1 1 21

2
. + + ...+ + < - + < =
In+1 3n+1 b bn+1 I+l In+2 3

{aj St dung bt ding thitc lién hé gifta trung hinh céng va trung binh nhén'’

ta dioc 5 s 4 1
‘ : E n
S T >nvn+1,
do d5 : . :
1+1+1+§+1+§+-.‘—I—1+—>n\”/-n-—|—1
: 1.
v

1 1 1
1+ 3 + 3 + .o+ —=n(vn+1-1)
) n

B¢ chitng minh bdt ding thic con lgi, ta cing ding bdt ding thitc lién hé
gita trung binh cong va trung bink nhdn, c6

1 2 3 " i

e

= .
2 3 4 n+1 vn+1

suy ra

1 1 1 _ 1 1
l+—-—4+-+..4+—-—<nl1l- = + .
2 3 11 vn+1 n+1

iCan goi I bl dang tuie trung binht dicy hod.
CiCHn gol la bar ding thnie Cauclry téng gudt.
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1.2.6. Tibat ding thie (G, < A, suy ra

L+ ...+ 2%
I 41

cxLeEin <

1.2.7. Bdt dang thic & vé phai la hé qud truc tiép cua (7, < A,. C6 thé
chitng minh bdt déng thize con lai béng quy nap. R6 rang bdt dang thic ding
vii o= 1, gid st né ding véi n, ta di ching minh bt ding thite dung vdi
n+ L. Tic lo ta cdn chitng mink rdang (@) - @pe1 )" < () o tpting ) bict
{a) - a;)” < (0,1 - (.*.n_)g. Qud viy, ta co

a ri+1

41 ‘ ] "m+1

(11 )" < ap - aplar oo} ( p ) .
1

Suy ro ta chi con phdi chiing minh ring

U?H_l
_ 1141 < 2
al_ﬂn- i (L”__H.

‘1

Nhung bt déng thite cudi cing 6 thé viél dudi dang

d n—1 |
Lt — <a n— 1)d,
@) ( + i+ (n — 'I)d) <ap+ (n ),

trong d6 a, = a) + (n+ 1)d, nén sz dung quy nap ta cé thé chidng minh bét
ding thite nay dé dang, (i d6 suy ra didu phdi chitng minh.

1.2.8. DPay la mét hé qud truc tiép cua két qud trude.
1.2.9. S dung bét ding thite gisia trung bink cong vé didu hoo.
1.2.10.

{a} Sir dung bdt aft%ng thite gitta trung binh cong va diéu hoda ta duve

-1

cu thé, ta cé

0§
—
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Tuong tw nhit véy, te bt ding thic

-1

ta suy ra

i 1 n?
Yol
s —a  sln—1)

E=1 "
Stz dung bét ding thite trén cing cde déng thie

b1l 1 n T

E = & E - n uva E = & E — — n
S — g e 5 — fiy, e £y

k=1 k=1 k=1 "

suy ro difu phdi ching minh.
(b} Xem Idi gidi phan ().
{e) Chitng minh tudng tu cdu (a).
1.2.11. 8t dung bét ding thivc H% >
1212, Taco

Z a; Zb& Zakbk = ah Z arhiah;

k=l k=l k=1 Ej=1

p--

222 akb —b;\a)

1.2.13. Bét ding thie nay tuong duong vdi

| =

n T
Z (g + brpby) < Z ((Li + bi)% (()‘ + by )%
k=1 k=1

day la mot hé qué trie tiép chia bdr ding thic "hién nhién apy + bpb; <
3 AT N 21
{ag + bg) 2 (af + bj)2.

1.2.14. Suy ra tit bat ding thire Cauchy.

irq goi dav §d bat ddng thife Buniakovskii - Canchy - Schwarz.
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1.2.15.

faj Theo bdt ding thite Cauchy ,

(b Tt (a) suy ra

H H

l—u;. 1
PR D —ZMZ——H
i
=1 k=1 k=1 =1 =1
—'HE (:k—?JE 1 —a).
=1

fc) Theo gid thi€l cue {e thi log, a +1og, as+ ... +log, ¢, = 1. Didu nay két
hop vdi bat ding thite Cauchy (bai 1.2.12) suy ra diéu phdi chitng minh.

1.2.16. Bdt ding thiic cin chitng minh tuong duong vdi

0 < —4o Zaﬁ;; +4Zn&+n st

k=1 h=1
bét dang thite nay diing véi mdi a thue, boi vi

i

A=16> aby | —16 Z o’ Z b <
=1

k=1

1.2.17. 8w dung bdt dang thite Cauchy ta co

bl
=

i3 n i

Z x| = z | < /1 Zuﬁ < \/HZ |etg].

E—1 E—1 =1 E—1

1.2.18.

fa) Stt dung bt déng thite Cauchy ta c6

i

NN
S (Zf ] < rad ST

h=1
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{hi Twong tir

n n 3 : T 23
58 k2 238 3.3 1
E — | = = < K ay, —.
A Lz k-
k=1 k=1 ) k=1 h=1
1.2.19. Tir bal ding thire Cauchy suy ra
T 2 Tk P 2 T T
E P — E : z 2 Py p—q
t: - "y S ity -
h=1 k=1 k=1 f=1

1.2.20. 8z dung bét ding thitc Cauchy ta diige

s s -

i i
3 .
E ap -n = E af.E 1> E @ =1.
=1 =1

h=1 h=

T
Vi Y~ aj > L. ding thitc vdi oy = .k = 1,2, ...,n. Do dd gid tri bé nhal cn
—1
tim la %
1.221. Hoan toan tuong tu nhu 9 gidi ciia bai todn irén ta o6
2 2

1 Tt | 1 < ) A 1
= ay, = Priy—— = Proy, -

2 2 N 2 k2
k=1 k=1 k=1 k=1

Do vay,

-1
ddu dang thic xdy ra khi ), = pL (Z i) , suy ra gic tri nho nhat cén tim

la —= ;
(F.‘.:] p&-)

1222 Tiloi gidi eia bai todn 1.2.20 suy ra
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Da ds
(Z ﬂk) = ((r::.. + as) + Z“‘"‘) <f{n-1) ((m +as)’ + Z”i)
h=1 k=3 k=3
= (n—1)(>_ af +2mas).
k=1
1.2.23.

{e) Siz dung bét ding thite Cauchy,

L
n 2
(Z(“"" + E}A,)z) = ( (e + ey + bf))

L~

A
Fa
+
)
P
o~
—
\\""i—-—l"'/
|
i
e
L3l
+
S

(b} Suz dung céu {a) ta duoe

k=1 k=1 k=1

Tir bat ding thife trén cung vl bt ding thitc néu trong bai 1.2.17 ta suy

(=)
(%)

vé ta 6 didu phdi chitng minh.

bl

ra

Lo|—
|
N
S
b=
AR
=
=
|
=

Twong ty

Lal—
|
T
=
B
e
3=
AN
=
b
|
o
=
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n ™

T T
1224, Vid prap = lnénl =3 po = > (pp — adog + Y ay vdi
f=1 L=1 B=1 b=
moi 86 thue . Stz dung bdt dang thite Cauchy ta ¢6

f=1

t Tt T 2
1< (Z(m —a)? + 052) Zui -+ (Z ak)
k=1 =1
do do

T bt 2 13 -1
Zai + (Z ak) > (Z(pk —a) + r_}-g) :
k=1

f=1 E=1

B{It = vi+1

T
. ta thu dude edn dudi dung. Do do
Do P
P=1

ik " ? i+ 1

2 |
§ - ar + ( § . G‘;() = N n 2
= = (n+uzn@—(ng

=1

bat ding thie tré thanh déng thie khi

(n+Lpe — D o
=1

@ = n_ n 2"
m+nzm—(zm)
k=1

=1

1.2.25. Swdung quy nap. Vdi n = 1 ta 6 ding thic arby = a1br. Hon nira,
néu bat dang thie ding véi n, thi

n+1 n—1 n+l
Z 2ys Z by — ('H. + l) Z iyl
k=1 k=l k=1
123 n T
< py Z by, =+ by Zu.;,-_ = ity byl — z et
-1 1 E—1

- Z(bn+1 - bk:_}(“‘k - a'n.——l) =<0
k=1

Theo gia thiét quy nap suy ra dicu phdi chitng minh.
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1.2.26. Sit dung quy nap theo p. Vi p = 1, ddng thic o} = af luon ding.
Gia s bit dang thite ding vii p, ta $é chitng minh né ding véi p + 1. Ré ring,
khong mét tink téng qudt, ta cé thé gid si2 ring cde s6 . duoe sip xép theo thit
ti sao cho ) < (s = ... < dy. theo gid thiét quy nop va két qud cua bai todn
trude ta suy ra

1
ST R S FU PR Pt
k=1 k=1 fr=1 k=1
1227, Tacé
1 1 \*
{1+ (3)(}.2 + ((.‘r. + —) P=al+ b+ (\/Fn — 73}) +2ab > (a + :’})2.
C C

1228 Riorang Vo> + W2+ Va2+E = bl +¢| > |b+¢|l Do dota suy ra
bdt dang thic |b* — | < |b — ¢ (\/f::.2 + 02 Va2 + (:‘.2) va né tuong duong
vdi bt ding thic cén chitng minh.

1229

faj Vi cde sé thue a. b, ta ¢é a® + b2 + ¢ > ab + be + ca. Do d6 b*c® +
a*c* + a’h* > abc(a + b + ¢). tuong duong vdi két luén cia ta.

(bj Pidu phdi chitng minh duge suy ra tie bt dang thie o> + 0 + % > ab +
be + ca theo cdach hoan toan twong tu nhy trong (al.

(¢} Pay la két qua cua bat dang thic lién hé gida trung binh cong v trung
binh diéu hod.

{d) Ta co ) ,
b —a® bt . b+a,
= b—a)= b4+ ¢) — (e +a)).
ct+a c:+a() 4) C+al() ) —(e+a))

Patu=a+bov=b+4+cvez=c+atathu duge

—a? 20 -
+ +
¢+ a a+ b b+«
wto? + 0?2t 4 2t — (wPez + vtuz + 2Pun)
uvs
w{o? + 22 + 02w + 22+ 22w + 2 = 206 es + vtue + 2Pww)
2uvz

y Lo -
=—{v—z)+—{z—u)+—(u—-w)
Z i iz

> 0.
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fe) Vai ¢ = b, bt dang thite la kién nhién. Gia st 0 < b < a, thé thi

a—b (\/E - ‘/6) (\/E—I— “/E)

1 —1
<\/a__\/5<r.- )

2v/a 2/a 2v/h
v do di
— ) 2 2 — B2
(a—) (\/_ \/ﬂ) < (\/ﬁ — \/E) = n+h—2vabh < u
du 4b
1230, Batm= b—‘ Thé thi
a;

, ey
by + .. —I—hﬂ) = byt b+ b)) = b+ b) + ...+ f
b, D by Iy,
@
< r,—lbl + O+t o ; Oy = 1+ (1 oor i < M (b1 4 by + oo+ D).
2 i
1.2.3]. Bét dang thitc suy ra ti2 két qud trong bai todn tride va i tink don

diéu ctia ham lanz trén khodng (0.7 /2).

1.2.32. Ap dung bt dang thite cho trong 1.2.30 vdi a; = lnc;va by = by, ¢ =
1.2, ..., n.

1233, Chi ¥ rang

i’ a; [

LM, = < M, — <M
b= MBS M

va si dung bat ding thite duge chimg minh trong 1.2.30 suy ra didu phdi chitng
minh.

1.2.34. 8 dung bt dang thic lién hé gitia trung binh cong va trung binh
diéu hod (xem vi du 1.2.3) ta diioe

n (r—a)+(r—@)+.. + (- a)
'| —
a—f] + = n‘; +. + A =iy &
e — {a1+as+ ... + a,
" '

tir do suy ra két qua cdn chitng minh rét df dang.
1.235. Taco
l+e+e+...+e,=(01+1D)"=2"

dp dung bat déng thie Cauchy (xem 1.2.12) véi ap = L va by, = Jop. kb =
1.2, ... n
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7 n—1 n—|
n . 1 X o o T
(1) =11(;) « »—2=3(})

=

stz dung bat ding thite lién hé gitta trung binh cdng va trung binh didu hod ta
suy ra diéu phdi chitng minh (xem 1.2.3).

1.2.37. St dung bét ding thite lién hé gita trung binh ¢éng va trung binh
didu hod (xem 1.2.3) ta dude

(p—1)AY + A7 |

-’.1;: 1-"-11.!—I S
Ig

k=12 ..n

trong dé Ay = 0. T do suy ra

o 'y ap—1 _ 1 4 —L1:q, . A
—’1‘;\ — — 1_'—1‘;", () = Ai_ — p_— 1Af, (Ady — (B —1)A4;_1)
Ap 1 (k—1)p . kp
— AP _ A=t M0 TP - / '”. _
E—1

p—1

+ ((p _ 1)_{11;: + flia—'l) = F ((!2 - ]_)_’1';_.1 - Jii_f_{‘li,) .

Céng cde bit ddzn.g thiie ta duge diéu cén chiing minh.
1.2.38. Gid sw 1; = 1ax {f.f..] Sl uﬂ_}, khi do ta o
n— | n—I

i—1 i—1 n—|
E Uiyl = § Uplpt1 + E Uil = @ E tg + o E k+1
k=1 k=1 k=i k=1 k=i

@’ a 2 g2
=aila—a;) = T (5 — a,—) < —.
1.2.39. Ap dung két qud trong 1.2.2
1.240. Bél ding thite vé trdai suy ra tiz 1.2.1
{a) Rd rang
l—af 1
1 - [F4 1 - (1.;.-

H(l + ap) < (H(l - a.k)) .

k=1 k=1

1+(F.k =
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Viap+ay+ ...+ 0y < 1, dp dung mét lan nite két qud trong 1.2.1 ta c6

N . -1
H[l + ) < (l — Z”"“) .

=1 =1
(h} Lap ludn nhw cdu (a).
1.241. Ap dung bét ding thite cho trong 1.2.15 (b}, thay aj, biang 1 — .

1242, ViO<a, < lowdi k =1,2.....n bal ddng thite

T

il T
1
} E by = T -
(1) e = A[[lw‘ ; ”

fr=1 =1

ding vdi n > 2. Bay gid ta st dung bdt ding thite 1.2.15 (b), trong do ta thay

@y boi ]i‘;k,k = 1.2, .... n duoc

o 1

_I_ o _I_ 1
Z a (n — Z} T t'tk) > né T+ o

=1

"
Nhén ¢d hai vé ciia bat dang thite nay vdi || ay va siz dung (1), te duve két qud
h=1
cdn chitng minh.

1.243.

{a} Su dung bt déng thite lién hé gida trung binh cong va trung binh didu hoa
ta ditge

I3

]___[ (1 + (tk)

Pl B 2ot o+ 200+ iy
(n+ 1" n+1 n+1
a;+as+...+ 20 &
S ! & _ " = H(.I.;,-_.
n4 1 P
{h} Chitng minh ciia phdn nay giong nhu trong (a).
R I3 H .
1244, Chii y rang néu Y H—Ia- =1 — 1 thi liﬁr-u = 1. Pé rhdn duge
h=1 " = =

két qué cén chitng minh, ta stz dung bdt ding thite trong 1.2.43 (b) véi (. duge
thay bai li_iu
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1245 [M. S Klamkin, Amer. Math. Monthly 82 (1975), 741-742] Ta co
thé gid si rdng a1, 0o. ..., 4, dude sdp xép sav cho @ = min {r;.., (L, ..,,{.I.n}
va 4y = Wax {ay, 4, ..., Gn ), va gid st A, = 1/n la trung binh coéng cia
(A1, ..., (hy Xét mot ddy {r.‘:..;.,_} bang cdch dit a1 = A,. a.; =a) +as—A,. r}.':- =

a; vdi 3 < i < n. Ta sé chitng minh rang

T + ’
1+ ay I+ e,
(1) ; -z .
Hl—a.k Hl—ak

k=1 k=1

Tit cdch xde dinh cia day {r.-.;‘,} ta suy ra (1) titong duong vdi

(14 ay)(1 + as) o 1+ A1 +a +a:— A4,)
(I1—a)(l—ay) = (1= A0 —ay —as+ A,)

tite la tuong dudng védi
(«’111 — {.I-|)(f1n_ — G,g) << 0.

BGt ding thite cudi ciung lic mot hé qud truc tiép ciia gid thiét trén. Giv ra lip
lai cdc thu tuc d trén cho daiy {(.:.-:i} dé cé ddy {f.‘:.; }; Co it nhat hai hang iz cia
day {ﬂ;} bang A,. Hon thé, ddv db thod man bét dd?n.g thiie (1), Néu ta ldp lai
th tuc nay ¢ nhidu nhdt n — 1 ldn, ta c6 ddy hang ma cée phdn te déu béng
A,.. Sir dung bdt ddng thifc (1) trong truong hop nay te dudc

Hl—l—ak>H1+An: n+1 ‘
1—ap — 1 -4, n—1

k=1 =1

1.246. Goiay, = max{ay,au. ... @y} . Ton tai mét phan 66 vé' trdi cia bdt
ddng thite c6 ti s6 bang «y,,. Mau s6 ctia phdn s6 ndy ¢ hai hang tw. Ki hidu
hgng tw lon hon la ay,. Lay phan s6c6 t 56 la uy, va ki hidu ¢ la hang i ldn
hun trong hai hang i trong mdu s6 clia né , ... Chi ¥ ring

) . 1, .
(1) . E . =12
Qri-1 T+ Qpgz 20k,
Tit cdch xdy dung trén suy ra ton tai mét s6 1 sao cho Ok, = (i TR

theo, ro rang cdc s6 ay, va dy,,, xudt hién trong bat dang thite nha la tir s6 cda
hodc la hai phan s6 lan cdn hodc li cua hai phan s6 cach nhau boi mot hang
t (ta gid s o day rang hai phdn sé” diu va cudt da ede phin $6'ldn cén). Hon
nite, @y, , xudt hién nhu la ti 6 ciia phan s6'bén phai phin s6'c6 tit s6'ay,. Dé
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chuyén tic phin s6"co chi s6 g, dén phén s6 6 chi s6 ) cdn 1 bude, trong
ds ! > % Do dé, tir (1) va bdt deing thite lién hé gita trung binh cdng va trung
bink diéu hoa ta dude

(i e, L,

- o 1 [T .
2a;, 2:‘?.;,73 20, v 2= 4

1247, Taco

' Ia-;\;—t|> 1, 1 1 _ lay — ¢
ZZ—!— 2_3+2—3++2—n |u.|—f.|—}—2—2

k=1
ety — €] 1 1
+.“+T22—2(\/|a1—t|+\/|a2—t|)—|—2—3( |ﬂ-1—f|
1
+ +/ |as — T|) +o o (\/|al — 4 /an — 1‘|)

suy ra bat dang thie ¢dn chitng minh.

1.248. Si dung bat dang thite lién hé gitta trung binh nhén ve trung binh
céng la dioc

[oby by i,

m s ™ .
Vear+b at+bs 7w, +b \/u,l-i—b] ay+ T w by

1 451 2y b] b-n
< = + ... + +..+— =1
o (a.l + I u, +b, o+ ty + by,

1.249. [V. Ptak, Amer. Math. Monthly 102 (1995), 820-821] Trudc hét chu v
rang khi thay méi ag bing cay véi ¢ > U thi cd hai vé trdi va vé phdi ciia bat
diing thitc khéng thay doi, do do ta c6 thé gic thiét rang (= L, suy ra a,, = i
Hon nite née 41 < & < i thi « + T] <o+ i Do do

" "
1 1
Zp;‘.a;\, + Zpk— <+ — =24,
=1 Tk &1

k=1

D& thu duge didu phdi ehitng minh ta dp dung bét ding thie lin hé giiia trung
binh cong va trung binh nhdn.

1.2.50. Ta hay sap xép cde wde nguyén dicong cita 1 thanh cde cap (k. 1) theo
cdch sao cho Ml = n. Sz dung bét ding thitc lién hé giita trung binh céng va
trung binh nhan™ suy ra % > ki Cong cde bét dd:ng thiic lai ta duoe

oln) _ 7(

)
PN

=

G dav 1 bdt ddng thite Cauchy doi véi k va L.



Chuwong 2

Day 56 thuc

2.1 Day don diéu

211
{aj Cho {«, } la dity don digu ting, bi chin trén thi
sup{a, 1 n € N} = A < .
suyravdimoi n € N, a, < A Vivdi moi £ > (), 86 A — = khéng phdi la edn

trén ctia tgp {a, : 1 € N} nén ¢on tai s6'ay, sao cho a,,, > A —=. Do tink don
diéu cua day sétaco: A > 4, > A— vl n > o Dovdy, lim o, = A

H— 00
Bay gi¢ ta gia si rang a, khong bi chan trén, khi dé vdi moi M, tén tai a,,
sao cho iy, > M, theo tinh don diéu cua ddy 6 ta oo, t, > M vdi n > ny, vi
vay, liin a, = 4oc.
fi— 3K

(b} Hé qua cua {a).
212, Taco

8 8
T T i n > 2.
Fp—1 In
Thitc vdy, theol 218,
.2 ) .
(1) S < S Sn—1-

2
. P P
Ta s¢ ching minh rang {r,} la déy ting. That véy, te (E a-;;) <p> aﬁ,
i=| i=1
suy ra 1 < ¥y (hé gud cua 1.2.200. Gid st riing 1 < Iy thi
n—1
Sn-1 S Sﬁ” :

145
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do db, thea {1} va (2),

213, Tacoiny = ﬂ.-j: (0, << (n. 1 > 1. Dodo {{'.f..n} la day giam ngat. Tie

tinh chat déy bi chan duwdi, chdng han boi 0, do dé tén tai lim «, = g. Ta thdy

T

g thod man dieu kién ¢ = %g. Do dé, g = ().

214, Chob, =ay— 57 Ta ¢ b1 —by = tnp1 — i + 3 2 0. Do ds
déy {b,} héi tu, kéo theo day {a, } héi tu.

215

(@) Ta phdi chitng minh rdng day {a,} la day don diéu giam vé bi chdn dudi.
Thue vdy,

—1
= < ()
Vi+1(vVn+1+ \/ﬁ)z

Ngodi ra, theo b4t dang thite duge cho trong phdn hwdng dan fehing minh
bang quy nap) ta cé ay > 2(v/n+ 1 — /n—1} > =2

{hj Chitng minh tuong tu cau (a).

Uyl — Uy =

2.1.6. Ddu tién, theo quy nap, ching te chitng minh dude ring % Ly =2
voi it € N va day {an} la téng ngdt, suy ra no héi tu. Pat g = lim a,. Do

Fl— 02
Iy = Vollp_) —2tacd g =3y — 2, suyra g=2.

2.17. Chitng mink duoe bang phuong phdp qui nap rang a, > 2¢. Ta 6,
1 < s Ngodl ra néu (i, > (y 1, thi

Uyl = (ty — €)% > (an_1 — ) = a,.

[
—
T
3
o]

Bdt dang thitc con lai dude suy ra tit tinh don didu ctia hem 56 f(x)
Ry.

2.1.8. Theo bdt diang thite Cauchy va gid thiét ta co
fiy, + (1 — Iy l)
2
Suy ra d,,— 41 > U, do do day {a,, } hoi tu tdi g. T dicu kién ¢, (1 —dy41) >
% suyra ¢g(1 —g) > % Bét ding thite cubi citng tuong diong véi bét deing thite
(29 — 1)* <0, tir do suy re g = %

1
Z Vtn(l = ting1) > 5.
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2.1.9. Hién nhitn O < a,, < 3udin > L. Hon nite, a2 — a2 = —a2 +

th
ty +6 = 00di 0 < a, < 3, dodo {a,} la ddy tdng bi chén trén nén no hoi tu
. Theo dinh nghia cia déay ta co lin u,, = 3.

T

2110, Tacs ) <@, < 1evdin= 1 Déchitng minh tinh don didu cua ddy,
ta lam nhu sau!

Wn) ding vdi moi 56 tw nhién n néu hai didu kién sau thod man:
(i) W (1) ding.

(i) Néu W (k) ding vdil < k < n kéo theo W (n + 1) diing.

Gid st rdng (p_1 = Gp_y UQ Qy = tiy_1, thi
1
3 3
tpyr — Uy = —(ty — @1 tap_ | — a-_n_2) = o}

3

Suy ra day hoi tu. Ky hiéu gidi han lé g thitacd g = é(l + g+ 93 1, Véy

~1+/5 o —1-+/5
T — 0 e ——

=1 hodc = de =
] L 5 ac 5
Chi y rdng cde phdn ti cua déy la kBhong ém ve nho hon _1+JS do vdy
. - &
lim a, = %
T =

2111 Tacoany = 3tlha, <, 12> 1 Theophin 2.1.3tacd g = 0.

. oy g 4 e - o .y -
21012, Twany = ﬁan < iy, N = 1la day don didu gidm , no bi chin

dudi bai 1), do dé né héi tu.
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2.1.13.

faj Ré rang {ay} la day dan digu ting. Ta cdn ching minh rdang né bi chin

trén. Thic vdy,
1

1 1 1 1

'n_l 7 =y — <1 ra— — —_—
. +2’+3)+ +nl +l-2+ 3 +(ﬂ—l)n
e e oy =
B 2 2 3 n—1 n

L
—2- - <2

"

(b Hién nhién {a,} la ddy don diéu téing. Hon niia,
1 1 | 1 1
=t E et gttt
Nénr theo cGu (o) diy nay bi chén trén.

2114, Voin > 1, taco

1 1
fin — {5y = ;
H \/n{n+1 \/211{2n+1) V2n+ 1)(2n + 2)

suy ra né la day don diéu gidm bi chan dudi, do d6 no héi fu.

< 0,

2.1.15. T bat ding thitc Cauchy chiing ta c6

1 )
(g1 = § ak 71 = {/E n > 1.

i1

Do do .
iy e ab —a
yop—ay=——+ —5=———7 <0, n=2
P P, Pn

suy ra dady {n.n} hot tu va livn a,, = \/E
=

2.1.16. Dé dang théy rang, 0 < a, < 2vdi n > 1. Hon nita, néu a, > tiy_1

thi
an+] — a,: = ity — Jln—1 =0, RRE w4y > .
Do dé day hoi tu tdi g nao dé thoa mdn phuong trinh g = /2 + /9.
Chit y. Su dung céng thie Cardano vé nghiém thut cie do thife béc ba, ¢6 thé

chi ra réng

1
3

(w UW+h@I}+V mg—ﬂfﬁm—l).
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2.1.17. Chiy ring tpp — 2 (2 - - 'i'_g) . n = 1. Bdng phuong phdp qui

nap ta cé the chi ra rang 0 < a,, < 2véi n > 1. Hon nie,

1 Lo, — 2
Uyl — Oy = — (ot + LHa ) > (),

2% + 3

Do dé day héi tu va lim a, = 2.
n—=00
2.1.18. Bdang qui nap ¢6 thé chi ra rang ddy {«,,} tang ngdt. Néu né bi chdn
trén thi sé ton tai s g thod man g = W a,, hay ¢° —2g+¢ = (. Phuong trink
K E L o)
néy cd nghiém thuc khi va chi khi ¢ < 1, vi vdy néu gid st rang 0 < ¢ < L
Suy ra déy {ay} bi chan trén d6i 1 — /1 —c,va lim a, =1 - 1 — ¢

Tr—

Truong hop ¢ > 1 thi ddy tdng ngit, va do dé phdn ky vé +2x.

2
. —
i1 =an [ 1 —2 ), n > 1,
' daz +a ) '
t 1 g

2.1.19. T

te o

Néu a, > o thi a1 < o,
Néu a, < \Ja thi p_y > n,

Néu , = \Ja thi @p_1 = ty.
Ta nhin théy ring
P
a’ + 3 3 )
i > \a khivachikhi  (a, — Va) > 0.
30z 4+

tize b ay, > /. Do dé ta cé ede két ludgn

Néw ) <y < +Ja thi {ay} la ddy tding va bi chdn trén bdi \/a,
Néw ay > /o thi {a,} la didy gidm va b chin dudi bdi \/a,

Neéu av = \Ja thi {a,} la ddy hang.

Trong mot tridng hdp trén day déu hoi tu tdi \/a.
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2.1.20. Theo qui nap ta cod

(31— 1) — (3! = Bay
(3 — 1} — (3% — 3}y

iy = vdi n=12,3....

Do do déy khong xdc dinh vdi @) = 3=t voin € N. Khi a) = 1 thi a, = 1

voi 0 = 1,2.3.... Vdi cdc gid tri khdc ciba . diy hoi tu tdi 3.

2121 Tac6 ouy = {an —a¥ +ay = ayvéin = 1,2.3.... Do dd

day la don diéu tang. Hon nite, néu ddy hoi tu thi lim a,, = a. Do dé néu
N—0

@1 > o, thi ddy dd cho phan ky. Trong truong hop 0 — 1 < oy < q, ta ciing

cin—1<a, <a véi n=1223..., dodsoddy héi tu. Cudi cing, néu

@1 << ot — 1, thi «s > o, suy ra ddy phdn ky.

2.1.22. Ré rang nhan thay rang diy chi co thé héi tuy tdi a hodc b, xét cdc
triong hop sa.

0 - P o L . - . ; -
1 c > b Khi do oy = e o=y, s dung qui rap ta ¢o g 2 Q.

Do do, lim @, = +ox.

oo
2V c=0b Hifnnhién, a, =b véi n=1.2.3....

3w < ¢ < b Tac6thé chitng minh theo qui nap ring diy {u_..n} la don
ditu giam va bi chén dwdi Boi a, do dé lim «,, = «.
N—0

4" ¢ = a. Dé dang thdy rdng, ¢, =a vd n=123. ...

0 < ¢ < @ Sit dung qui nap ta cé thé chi ra rang {a, } la don didu ting

vé bi chdn trén bdi . Do dé lim a,, = «.
H—DC

2.1.23. Chi ¥ rang typ =6 (l — =2 ) vii € N, Do d6 theo qui nap ta

fin+7T
co
Néu o, <2 thi a, <2 necl
Néu a1 >2 thi a,>2, nehl
Hon nua

(an + 3Ha, — 2)
ty + 7 '

Uyt — Uy = —

Do do
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1Y New 0 < a; < 2 thi {a,} la ddy tdng va bi chin trén bot 2 va
lim a, = 2.
0l

20 New a) > 2 thi {ay} la day gidm v bi chdn duwdi bdi 2 ve lim o, = 2.

N0

30 Newar=2thia, =2 véinc N,

2124, Te 0 =a; < ay va aiﬂ - aﬁ = @, — Gy_1, do do theo qui nap la
thidy rdng np1 > a, voi n € N. Mat khde day bi chan trén bi \/1 + 4. Dé
dang tinh dugc r&ng lin a,, = L}l—‘lt

H— 4

2125 Vias= v 2\/: T \/j = a; va ﬂi+1 — {Ii = 2(ay, — 1), theo qui

nap ta nhén théy réng , 1 > @, véi n € N, déng thoi day bi chan trén béi 2,

do do lim a,, = 2,
H—+3D

2126, Voik=1tacéa,=>5"vdin¢€N, dodsddy {a,} phan kj.
Voi k> 1,

ok K . : : -
fty = 5vh > V5 = t  va ':"":‘1+l — a.i = 3{ay — th—1)-

Theo qui nap {aﬂ} tang ngdt, Hon ntta a,, < J“_\1/5._ n & M, tir d6 suy ra
lim o, = /5.

T—0G

2.127. Theo gui nap, ta thiy 1 < o, < 2, n € N Tinh don di¢u cia day
s6 suy ra tit déng thic aﬁ_+] — a-ﬁ = 3(a, —ay, 1} dods, vdi 1 < a; < 2 déy
don didu tdng va gidi han céa no bang 2, ngodi ra, néu o) = 1 hode .y = 2 thi
né la diy hang.

2.1.28.

{a) Te ¢6 a4 < a» vd a;"l“ — a:i = a,, — tty,_1 theo qui nap ta rhan théy rang
{a,} la day don diéu tang va bj chdn trén bdi c. R rang lim a, = ¢
MDD
(bi Tic b = vJo/o > o = b va e’)iH — 2 = e(by = 1) theo qui nap
ta nhin thdy rang day la don dibe tang va bi chan trén bdi ¢, suy ra
lim a, = ¢
FI .
2.1.29. S dung qui ngp chitng minh duce rang 0 < «,, < b, va la déy tang
ngdt: Gidi han ctia né bing b.
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2.1.30. Day la téng ngdt va bi chdn trén boi mot s6¢ hitu han, vi du 3, chiing
3+v15

minh dugc gidi han cia né la ==
2131 Ching ta ¢o a1 < 0y < 3. Hon nia, ta nhén thdy ring vdi bat ky
n e N,

néu  fhy < Oyl < flyao R i < s,

do do theo phuong phdp qui nep trong cdch gidi bai todn 2.1.10 ta nhdn thdy

rang ddy {c, } tdng chdt, mgt khdc né bi chan trén bdi 4 suy ra lim o, = 4.
TG

2.1.32. Theo cdch gidi ciia nhitng bai todn trude, ching ta co thé chi ra ring

diy {a,} don diéu gidm, bj chin dwdi béi 4, va lim a,, = 4.

TG

2.1.33. Theo bdt ding thite Cauchy, ¢y > b, Ta ¢6

e + Iy,
Up41 = —2 =< . TEE IR

Do dé day {a, } don diéu giam. Mgt khae, day {b, } ting vi

b1 = Vbo, = /b2 =b,, neN

Ngodai ra, by < ,, b, < a), do dé cd hai diy déu hoi tu. Dat oo = lim a, va
N—20

L . J
3= lm by,. Ta o6 ) = 23 cho 11 — 50 ta duige (v = “er suy ra o = 3.

T

2134, Te2(o2 + b)) > (an + by )  tacé ay, = by, n € NDods

2 2 2
Q1 = G+ by <% + by _ a, nelN
s - = -

ity + by, iy + by,

Piéu do o6 nghia o dav {0, } don didu gidm
Hoéan toan tiong ty ta o6 ddy {b, } don disu ting. Ngodi ra, by < . b, <
@|. Do d6 ed hai day déu héi tu.

Bt v = lim o, va 3= lim by. Tacod by = a”“’” cho 1 — 20 ta diuge
n—oc T

, suy ra o = 3,

o on4d
j -2
2.1.35. Theo bdt dang thite lién hé gifta trung bink céng va trung binh nhén
(titc L bGt ding thite Cauchy) ta ¢6 o, = b,,. Ta cb

tn + by

Bl = T g Gy 1€ N
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Do dé day {a.,} don di¢u gidm. Mdt khde, diy {b,} don di¢u téng béi vi

20D
Dpp) = ——>bh,. neN
ty + By,

Hon nita, b < . by < ) do dé cd hai diy déu hoi tu.

Bat oo = lim @, va F = lim b, Tacé ayy) = ”+h” , ¢ho 1 — o0 ta duve
NM—D0 n—0
3
= “.+ do véy o = 3.

Vi nhin xét ring (n1bni1 = apby ta suy ra tét cd cde phén ti cia diy
{anby} déu bing a by, dodé v = 3 = Vb

2.1.36. Tacda, B = (n+1 (e, +1) n €N Suyra

—n, + (1 + 2)
2(n+1)

gy — Uy, =

81z dung bdt ding thic nay, > n+ 2 véi n > 1 (c6 the chiing minh bding qui
nap) ta théy rang day la don didu giam, va do dé né hoi tu. it ov = lim a,,

n—nc
w42
2(n+1]

it phuong trinh i, = (ty + 1) eho 1 — o ta duge 0. = 1.
21137 Ti bit fié'ng thite (2 < %an 1 %a'u ta co Qy 2+ %aﬂ = anqt
éu...,!‘ Do dé day b, = 4, + éﬂ_n o day giam, bt chan, va do do hoi tu. Pat b
la gidi han ctia né, ching ta sé chi ra rang{a, } héi tu téi a = %b. Voi £ = ()
tuy y, ton tai no € N sao cho :J = |b, — b vdi n = ng. Do dd,

2 ]
flypo1 T =€ty — (L

>
3 3

2
> ey — o — §|a.” —a| vdi n = ng.

fi

- 3 T - -
Do vay |t’.f.-”_|_] - f}.| < %;|(.I..N_ - (.'I..| + 5 Theo gui nap ta co

2 3 9 F—1 9
|@ngsr — af < o, —al+ [ {5)  +.. 4541
3 3 3

9 k 1 k
< § |an0 a|-|—

Tie (%)A |ty — @] <

2.1.38.

S|

ok

< —
3

il

1 in

|a'rr-o al + -

\-J|l\-
far N4

vdi h di lon suy ra |0, — a| < = vdi 0 di lon.

[ LY

faj by, = ( + )”H (14 = )afn > .
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thi Theo bét ding thitc Cauchy (lnpy < Apy) (xem Bai tap 1.2.3) véi ) =
1._. fla =13 = ... =fp_| = 1+ ].1_, ta co

"'\‘/(1+1)1 <14 - ! —.
T o+

1 ] 1 n+1
(1+—) <(1+ ) ., nenN.
ri it+ 1

(¢} St dung bt dang thite lién hé gitta trung binh nhin va trung binh didu hoa
Hyor < Gagron = 1 (xem Bai tap 1.2.3), trong dé o) = 1,0 = ag =
cie=app =1+ ﬁ ta duve

Do do

1,
1+ - <
Tt

suyra by, < by_y n > 1.Nhén thdy rang a1 < a, < by, < b;,n € Ndo
do hai day {a,} ve {b,} héi tu. Ngodi re, lim b, = lim (1 + i) Uy =
H—0 T "

linn ¢y,
Tz

2.1.39.

(@} Theo bt ding thie Cauchy ta c6 Gi1 < Ayl (xem Bai tép 1.2.3), vdi
up =1 ay=a3=... =0y =1+ 7. n&Nianrhin thdy diy
ling ngal

Neéu () < » << 1. thi theo bai trude,

T 1y
(1+9) S(H_) <
TL ki

Néw x > | thi tén tai 56 nguyén dudng ny sao cho * < 1. Do db, theo
tinh don diéu cia day {(1 + %?) n} va két qud cua bai tap trideta co

T Flgy * 1o non
(]_"’—) < (1—|‘—) < (1+_) « ot
i1 T N

th) Hodn toan tuong ti edu (a) va chi ¥ rang v < 0, day bi chdn trén, vi du
bai 1.
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2.140. S dung bat ding thitc Hypie1 < Cogiern > 1 (xem Bii tép 1.2.3),
vdi ) =1, a0 =a3=... =dpyy =1+ % ta 6

patal ] oy z{n+1) r(n+1)

1/ (1 + —) > 14+ — —_—.
y " 2+ nl+a+n (n+ 1}n+1)

Dodd, b, = b, 1.n e N,

2.4.41. Theo bt ding thite diige cho trong phén hudng dén,

1 -+ 1
Uyl — Up = — — log nt > (),
n T
1 : 1
b'n. 1 b'n. = - ].OE‘._,' nt < (L
7+ 1 1.

Dé dang thdy ring a1 < w, << by, < by n €N, suy ra c¢d hat day hoi tu tdi
cung gidt han.

Chit ¥. Ky hiéu log trong bai chinh la léga uvéi co s6 tu nhién ma ta thiong ky
hisu la

2.142. Dé dang nhan thdy tinh don diéu va tinh bi chagn ciia day {a, }. Tu
ding thiee 4| = a, ta thdy réng gidi han cia né béng 1. Tiép theo ta kiém
tra tink don dieu ciia day {c,}. Ddu lién gid st rang © > 1 thi

Cn = Qn(“n. - 1) = 2?1(”’1za+] -1)= 2n(”-‘11+1 - 1)(("--n+l + 1)

=2 a0, — 1)

Héu do o nghia la vl & > 1 day {(’ — n} tiang ngdl, hoan toan Long L cho
truomg hap 0 < < 1. Véi x = 1, ddy ke héing s6. Tink don didu cia déy {d,}
chitng minh hodn todn fiiong ti.

Vai x> 1day {c,} héi tu (bdi vi né don diéu gidm, bi chdn dudgi bdi (). Mt
khie, v8i 0 < x < 1, ddy {d,} la don diéu tdng va bi chein trén bdi (. Tir bt
déng thite

¥
ty = =
U,--,;
kéo theo ca hai diy tién tdi ciing gidi han vdl moi s6 duong * # 1. Néu x = 1,
thic,=d, =0
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2.2 Gioi han. Tinh chadt cua ddy hoi tu

)
ing
oy

fay 1.
(b} 1.
{e}-1.

{d) Ta co

0< (\/_— &5) (\/f— \/5) (\/5— 2”*{/5) < (V2-1)"

Do vdy gidi han ciia diy bdng (.

» . 2 - . 5 - 2., . - .
fe) Dau tién ta can ching minh rang day o, = = Aot tu 26i ). Ta o

Lin+ 1)2
hatl = nm 5 < g,
2 n?
vdi it = 3, do do day Ia don diéu giam. Ri rang nd b chan dudi boi ),
nén no hoi tu va gidi han g cia no thod man phuong trinh g = %g, suy
ra g = (. Béy gio ta di xdc dinh gici han cia day. Dit k, = [\/n], thé
thih, < n<b,+1 dodé

n (ko + 1)°
0 < VG < 2 Sl

Do do gidi han ciia déy di cho bang ().

{H Pt a, = )% Uy ra p_q = (:..,-,é(".;,l:' < ty. M € N, theo cdch gidi cua
bai 2.1.3 ta duge ¢ = (.
{g) Dt
1 ( 1 N 1 R 1 )
gy = — e .
TVnAVI+ V3 V345 V2R —1+2n+1
. 1 _ VI—1-vZntl DR - TS ) R P _
Taco Ty ey P dodb g, = ?;\fiﬁ Viy n]ﬂ&(r.ﬂ_ =
V2

5 -
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th) Tir bdt ddng thitc

1 - 1 n 2 n N 1
P T nt+1l 0 wE+2 T ni4n
<{(14+24...4n)

(L+24+...4n)

n?+1
si dung nguvén ly kep ta thiy nd cé gidi han bang %

(i) Nhu phén trén gidi han bing %

2.2.2. :Bf}-rf iy = (l‘tﬁ’ ta co
I n+ 1NV 1
a, n p+1
Ngodai ra, lilm (”:] )3 p]? = p]? Suy ra ddy {a,} la don diéu gidm bat ddu
G .

tir chi 86 no nao ddy, né cing bi chan dudi vi du béi 0. Goi gidi han ciia né bang
e . - 1 .
§ ¢ thod min tink chdt § = —=g. Do dé g = 0.

l k
0< (n+ 1)"‘: —pt=pn° ((1 4 _) _ 1)
n
1 1
< it ((1+—) — 1) = —.
T2 pl-n

Do vdy gidi han ciia day bang 0.

223 Taco

224, Ddaro = %, vdi p € Zva g € N Vdi n > g sé nlaw la béi ciia w, didu
dé ¢6 nghia la dén mot lie néo do ede phédn ti cha ddy déu béng )

225, Gia sit gidi han ctia ddy ton tai, ta o

0 = lim {sin{» + 2) —sinn) = 2sinl lim cos(n + 1).

Tk s

suy ra lim cosn = 0. Tuong tu,
N—7

0 = lim (cos(n + 2} — cosn) = —2sinl lim sin{n + 1),

(¥ St [ St ¥
Vo 1y bdi vi sin” n + cos® n = 1. Do d6 gidi han cta {sinn} khéng ton tai.

22.06. Theo cich chitng minh cia bai trude.
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158

o (( 1)2 ( 2)2 ( -n.._-l)f)
lhim — a+—) +|la+—] +...+|a+
F—0C T 1 T 1!

_ n—1, nn—=1 14224 . . 4 (n—172
= lim ( a? — ) + 3 ( )
—xC 1 k1) Ta
., 1
=q +u+ E

1

., — 1
lim = =] vei I=12 ...k
NI (L, —

do do gidi han bang 1 + 2+ ...+ k= =5
229, Sidung ding thic
1 11 1 1
F.:(R:+l)(f+:+?)_2 A OE+1 2 B+

Do do gidi han bing %‘

2210, Te |
=1 (k=D((k+12—(k+1)+1)
k1 (k+ 1)(k2 —k+ 1)
ta co
i | B 2nf 4+ 41 9
Pl | 3 n2 +1n  n—ce 3
2.2.11. %

" 5 =11(k+2) .
2212, Tiel — RRED — o nhdn duoe

B L+ 3

2 2 2
I — — I——]...]11-— . = — Y
( 2.3) ( : .4) ( (n+1){n+ 2)) In+1a—

1
3
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2213, Tacé

Do do

46k + 11k +5 3
JE&Z r ) —JE&Z(‘ daa)
2.2.]4. Ta nhdn thdy riang

2F=1
T 1 1
e A e o R m— E=1.2....,n.

Do ds

n =L ; -
I x? = néu |z| <1
in1 E _ — = ¥ ,
n—oo £ | — 2 - néu |z| > 1.

1

2215, Vaix £ 1.

(1 —a) (L4 ) (14 22) . (L + %) 11— p2m

l1—x l—=x
suy ra,
1 1— 2”"’l -
: néu i 1
R ICEE SRR f ?
‘?”“L' né r=1
E=0
Do ds
—o¢ néu ox < —1
. )] néuy = -—1
lim a, = . ) _
n—oo —— néu |."I.-‘| < 1.

2216, Voix#1 taco

1 T ol o
2 (r® 4+ 1)°
i = H(H?) =1l =7

=0 k=0
e+ DE-DE+DED @ )
) (‘L—l)( )"+l +1)

a+1 227 -1

r—1 2l +1
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Daq d%
—:4_'} néu x| < 1.
. ii} néu x| = 1.
lim a, = )
n—>50 0 néu 1= —1.

2217 Véiz# 1. thi

s o ok A A - A4
14+ 23 4 2% = - _
¥ — 1 £ — 1
Do vay
i . 3h+l .
. ok o ouk, T -1
[T+ oo =2 =1
i —1
k=1
Goi ¢ la gidi han cua day, ta co
1_11:3 néu || <1
+oc néu |z >1

2218 Taec k- B =(k+1DI-k, keN Dodo

oL+ 220+ 4w . o (n+ 1) =1
litn = lim —— =
n—o0 (n+1}! n—oc  (n+ L}

2.2.19. Ta chii ¥ rang bai todn chi ¢6 nghia vdi x # 0. Theo 2.2.3, mdu thiic
n® — (n — 1)* dan dén 0 néu (V < x < 1. Ngodi ra, néu x < () thi mdu 6 cing
din dén 0. Voi ¥ = 1 thi mdu 6 bang 1. Do do day phdn ky dén vé cue {(+00
hoge —>0) vdix < 1. aw#0. Vdi o > 1 néudat k=[x, thik > 1va

k i3 k41
Y (Y e ()
Fi n T

T bdt ding thite trén ta nhén théy ton tai hai s o va )3 sao cho

. 1 i .
o< n (l — (l — —) ) < {3,
n
, 1\" ,
an®*~t < n” (1 — (l — —) ) < @t
.

Do do
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Do vay néu x — 1 < 1999 thi day phdan ky ¢ +oc Néw v — 1 > 1999 thi day
héi tu toi 0. Tiép theo ldy r = 2000, ta 6
1999 1

R (7 13200 2000

el 1 kit 1
nn—ft

%a néu o =2>a.

néw > b,
Un =

Do dé lim a, = «.

H—2

2221, Theo qui nap ta ¢6 a,, = {(n — 1)°. Do véy lim‘ (y = 0.

H—OC

. . _ inh o : —
2.222. Theo qui nap ta c6 a, = T Do véy I}Lnr;lc a,, = (L

- 5 _1 .
2223 Tanhan thdy rang a, = 1 — (%)n Do véay lim a, = 1.

DG

2.2.24. Dé dang nhin théy rang typq = 1 + b+ ... + 5L + D% Do vdy

e L B

g1 = .
[, vei h=1.

Do vay néub = 1, a € R, diy phdn ky téi +x. Néu b £ lva o = ﬁ, diy
hét tu toi ﬁ Trong trong hop a % ﬁ va |b| < 1 thi day ciing héi tu tdi

ﬁ. Trong cdec trudmng hop con lai diy la phdn kY, c6 nghia o néu b < —1 va

a # ﬁ, thi déy Ehéng cé gidi han hode gidi han hhong hitu han, néu b > 1 va
a > [, thi ddy phan ky toi +oc. Cudi cing néu b > 1 va a < 75, thi ddy

phin ky tdi —ox.

2225 Theo qui nup dé dang thdy céng thite ciia cde phdn ti ciae diy thod

14+v5 . 1—+5 ..
l+,)“'° va 3 = 122 Ngodi re,

mén. Ta gid st rang o« > 3. Thi o =

{ ﬂ 7
ot — G <oy \/ 1+

i

]

o1 3|7 -
Tir lim |;‘ =0, {aco lim o, = .

n—0a =0
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2.2.26. Bdu tién chi ¥ rang by = %, suy ra iy — bpg) = %((Lﬂ_ —by)

diéu do ¢6 nghia lo diy {a, — by} la cdp s6 nhan odi cong béi la %, do dd day
hot tu téi 0. Vivdy ta ehi cén chi ra diy {a, } héi ty . Gid sz o < b, thi day
{a?,} don diéu ting va 0, < b, < b.Do dé né kéi tu, theo trén suy ra day {f)n}
héi tu ve lim a,, = lim b,. Hodn togn tuong ti cho trucng hop o > b.

— X TE—2

2227 Taeo

-

71 - 80 -850
f.‘:.—l—r;r.rr..—l—...—I—fmza,(l—l— 11 —|——|—,1TA_1\)
=a(10"" +2- 10" 2 4. 4 - 10Y)
=a({(14+10+... + 10"+ (14+10+...+ 10"%)
+ ...+ (14 10) + 1)

B 10‘“—1Jr 10“_1_1+ +109—110—1
= 9 9 e 9 9
L0(L0" — 1) — 9n
= .
¥1
Do d5, gidi han bing 2.

2228 Chiy rang day { ¢/n} véi n > 2 don didu gidm, ve gidi han cia no
bang 1. Dé dang kiém tra ring

1

n
(vn—-1)" < (5) vii nelN

Dovgy lim{¢n—1)"=0

N0

2.2.29. Do lim ay, = O nén bdt ddu tir chi sé ny nao ds,

. T— 20
ds, lim a)f = Q.
TLoowDC

| < (%)n Do

2.2.30. Pgt max{ay, ag. ... .} = . Chia cd tir va mdu cho «ff ta duge

n+l 1 1
y mayt +paaltt + L+ el
im : = 1ty.
n—oo  prafl +ma +. .+ prag
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2231
fa) Cho £ > () dit nhd sav cho g+ = < L. Thi tn tai ng € N sao cho

Iy 41
fin

< g+ wdon = ng.

Do do

|GH.| < {G + "_'H\Jn_nn|a'n_0 4 ?? 2 n.-(}.

Suy ra, lim |a,| = 0, tde la, lim @, = 0.
T

T— 0

th} Cho £ > 0 di nho sao cho ¢ — £ > | Do do bdt ddu tie mét chi s6' n| néo
do |ay| > (g — )" " an, |, te loi ¢6 lim (¢ — =) = 4o, Do do,
n— g

iy, o || = +0c.

2.232.

{a) Chon = > 0 du nho sao cho ¢ + = << 1, thé thi ton tai 1y € N sao cho

lag| < (g + )7, n 2 ng, suy ra lim a, = 0.
T — 0

(b) Te co |a..,,,| o (q — &t udi > . Néw £ > O dii nhé thi g — = > 1 va suy
ra lim (g — £} = 400, do &6 lim |a,| = +oc.
; H— o0

H—D0

2.233. Ddt a, =n"x", ta b

L, . n4+ 1\ _
line 2L — Tl ( ) x=wx U<ux<l

N—x {Iy, Tr—a "

Suy ro day héi tu vé 0 theo hai 2.2.31.
2.2.34. Xét phin tw thit «,, cia diyv , ta 6

m—n
—
n+1

Lt

— |l
Fi it o

a‘ﬂ

Theo bai 2.2.31 ta két ludn rdng déy héi tu vé 0.

2235, Giasuw|b,| < Muvdin e N Vi lim a, = U nén vdi moi £ > (ton
H—22
tai ny € N sao cho |ﬂ-,,_| < % vdi n > ng. Tir dé suy ra
lapbyn| < = wvéi  n > ny.

Do dé lim a,b, = ().

n—o0
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2.2.36. Khéng gidm tong qudt ta gid thiét ring ¢ < b Xét a < b, chon
£ > 0 did nho sao cho 0 + & < b — &, theo dinh nghin gidi han ctio ddy suy ra
ay < o+ &< b—s < b, vdi ndildn. Do dé max{e,. b,} = b, va tir dé suy

ra
lim max{ea,, b,} = lim b, = b= max{a, b}.
n—o N—al
Néuw a = b thi vdi moi © > () t6n tai ng sao cho vdi moi 0 > ng ta déu o6
ey — al < sova |by — 0] < <, tue la
| max{a,, b} —a| < «.

Tic la ta da ching minh duge ring

lim max{a,, b,} = max{a, b}.
—00

2237, Vi lim a, =0 vdimoi = € (U, 1) nén

—x

V1—c< P 14a,< ¥1+= véindiliom

Ti¢ dé suy ra lim 1 +a, = L

TE—D

2238 Bét w, = 1+ u,, tie 1ot gidi bai trén ta duoe 1hn &, = 1. Tie dé

T — N
suy ra
Al + Iy 1 . Tn — 1
lim = lim —
P Ty, ol Ty 1
: I — 1 |
= lim T = —
nee [y — 1}(Jn +...+ 1) P

2239, Theo bai 1.2.1 ta co

ol 2 /l " ) +ax+ ...+,

fl.

W s ) () )

= (/(n. +oeag){(nHas) oo (0 Fay) —
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Hon nita theo bai 1.2.4 ta co

(ST B

(2)
. Z ety
=nl|\1l+ t +az+ ..+, + = > t...F - dp 1
i n b
S ay
_a1+a-g+.¢.+a-p+-;<,,a n A1 G2ty

P p o prp—l

Tie (1) v (2) cing vdi két qua bai tép trén ta suy ra gidi hen cdan tim la
gtz +. Fap

p

2240. Chiy riang

n+1 1 1 N N 1 < 4+ 1
Vil 4+ n+1 \/r12—|—1 Vie+2 VRt n+1l T VPl

Sz dung nguyén Iy kep ta suy ra gidi han cén tim la 1.

2.241. Ky hiéu o la gid tri lon nhGt cua cde 60y, (o, ... .y, thé thi

o +u ot all
f \/ | =t

S dung nguyén Iy kep ta suy ra

T - T -y Th
i N (z,-l—u..g-l-..‘-l—u.p_ B ) .
L = { = SR A5 TN ¥ P i
lim a4 = max{a, a, (y}
" {)

2242, Vi

, 1199 711999

; ny s P - E . "

L < 4/2sin — + cog? _ < 2.
n+1 n+1

Suy ra

lfJ L 71 165949

+(05~ = 1.

lim - 2 sin’
O

i+ 1
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2.243. Su dung nguvén Iy kep dot vdi edc day dige
1 1
1 < (1 + ??(1 + cos ﬂ-)) ntusinn &7 (l + 2?1)'2]?.-{-?&-.‘1'“[ ",
Ta cdn chi ra rang

(%) lim (1 + 2) T = 1,

D0
didu nay duoe suy ra ti cde bdt dang thite kep
1 L
L < (14 n{l+cosn))sFamne < (14 2n).
Do dé gidi han cén tim la 1.

2.2.44. Sirdung bdt ding thic lién hé gitta trung binh cong, nhan va didu hod
{xem 1.2.3} vdi x > —1 ta duge

i 2 l4+7r+1 s
1+ = — <yVil+el=vV1i+or < ——=1+—.
24z e+l (L+2) -2 2

Batx =& k= 1,2,....1uvethay vio bdt ding thiic réi cong vé vdi vé cia

1)

cde bat déng thite duge

it 3 n [
o / k k
Z 12 Z ; -
+) 24 4 = ( ' 1 I) = . 22

k=1 =1

Hon nita

Z B onin+1) 1
- = — —
217 dn? n—ac 4

va

it k it

E n? § k 1 n{n —+ 1) 1
n= — - po et v

b1 2+ ﬂ% nt4+ kT 2n°4n Z 2(2n% 4 n) n—oc 4

T dé citng vdi (%) 0d nguvén Iy kep suy ra

L« k 1
Jl%&z(\/lw—l) s
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2.245 Ching ta li ludn tuong tie nhi 190 gidi trong bai tricde. Loy o« > —1.
Theo bdt ddzng thiic lién hé giita trung binh cing, nhdan ve diéu hoo ta o6

x 3 l+z+1+1 T
1+ = 142311l ——mM =14 —.
34 2 1+r+1+1_ Vi ) 3 3
Véi £ = %7 ta e
5 % H ) /7;{‘2 _ ) ;ILZ
(5 o= D KRR ED Pr
k=1 3+ 2,,—3 k=1 " 1
Hon nita
i: K a4+ D2 +1) 1
— Ind 1803 n—oc
Vi
W2 m ;I{Q 1 .
e _ : = Illz
; 3+ 2”; Z:]: 3n? 4+ 2k — 3n? 4+ 2k° ;
_aln+1)(2n+1) 1

— —_— —,
6[:5‘-’.’;3 + 22) n—ae 9

nén £ két qud trén cang vdi (+) va dinh li gidi han cia cde day bi kep, ta o6

nlj_l,n i (Vl + i:—i — 1) = i
. m.ﬂ:=1

9

2.246. Rorang, lim o, =1lvdih=1,2..., p Vivédy, ta cé

H—2

p
_lﬂn_( > x/f_)

}
1[.F.l

2.247. Voing di 1on va vdi 0 > g, tacd 0 <o+ 1 <o+ % < 1. Vi vdy
1

n—1 k Ly™
) o T (e+g)
N O e

2.248. Bdt dang thiic hién nhién ding vdi v = 1. Gid stz x > L. D tinh gidi
han, chiing ta dp dung qui tde kep cde day.
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Chiing ta co

0<(¢r—12=Ve2—237+1.

Vi véy
(+) @07 — 1) < (VY = o2,

Hon nita

) i 2 1 1 , Q ]_ n
2 — 1Y =2 | — — =241+ == - -1 .

St dung bat ding thite Bernoulli, ta ¢6

| e e 21
(#%) LQ\/:J_: )" > (l—l—n(.% Tas 1))

nie 112
_ (1_?1_(\/371)),

an ;

o

Ciing stz dung bét dang thic Berrnoulli, ta 6
r= (Yo -1+ 1" = 1+n(yor—1) >z -1).

Hé qua la

Vi vdy, theo (3%) ta co

(% % *) (23— 1" > 2? (1— )

T
n 12 ’1’,‘2

K&t hop (%) va (* % *) vdi qui tde kep cde day, ta thdy

lim (22 — )" = 22

T
2.2.49. Tuong ty nhu lii gidi chia ede bai trude , ching ta ob thé thiét lap cde
bét ding thitc sau
28 — 1) v — 1)2
1 > (‘/_7) >1— .h,(\/_i]_
n? n?

Tir do suy ra ,
ey  — 1 P
lim -?1m—) = (.

ot ¥ ni!
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D& két thic, chit ¥ rdng vdi n > 3.

(n—1Hn—2)

n=(Im—1+1)">" (Vm—1)°

3
Vi véy
2
0 < n(3 1) < 3! ’
n(Yn—17 <n -] .
- - (n—1)(n—2)
Da da,
lim n({/n—1)>=0.
2.2.50.
{aj Ta c6

arctaw(n + 1) arctan(rn + &)
211—1—] i i)n+.f.:

T 1 1 T
< E 2t +oee 2?7.-1-1.1 = gn+1 '

Vai ¢ > 0 bdt ky ldy ng = [log, T — 1]. Khi do vdi bit ky k € N uva
T Ny ta e6 |anpn — u,n_| < 2. Vay {u_.n} la mdt day Cauchy.

Cpt+h — a‘n| =

(b} C6 thé chi ra béng qui nap rang 1" = 1! vdi moi 1 = 5. Vi vdy

1 1 1
3 c Ay < : v + : 3 + e + 2°
(@t = (n+1)2  (n+2)? (n+ k)

Hé qua lg,

|tk — i

1 1 1
< - |
nin+1) * {rn+1)(n+2) T (n4+k—1)n+ &)
1 L + 1 1 T 1 1
T w4+l 41 n 4+ 2 n+k—1 n+ &
1 1 1
==- < - <s

nooon+k T
vdibat ky k € Muvan > [ﬂ )
(e} Ta o
1 1 1 1

— + R >n—=
2n 231—1+ n+1~— 2n

|”‘2-n. - U-n| =

by | —

Pidu nay chitng t6 a,, khong la day Cauchy.
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{d) Ta co
|au+k - au|
(_1)n+k—1 (_l)u-—k—? N N (_1);1
(n+ki(n+h+1) (n+k—-Lin+k) (n+ L}{n+2)
1 1 1
“(n+kn+k+1) + (n+k—1)n+k) * (n+1)(n—+2)
1 1 N 1 1 N N 1 1
Cn+4+k o on+k+1 n4+k—-1 n+k n+1l n+2
1 1 1

— < < g
n+1 n+k+1 n+1
vdi bdt ky k € Nvan > [1 —1].
{ej Ta co

|t — tn] < ;'U(|q|”+k + |q|”+!"_1 + -+ |q|“+1)

ek Mo
= A (|q| (. |f1’| )) g |q|u+l < =
1 —|q] 1—|q|

i \ ('J—r{]?
vdi bat ky h € Nevan >ny = [n—“— — 1] )

Lu [
{f} Ta ¢o
2n N 2n —1 N N n+1
(g — fly = : : o ————
T T On 1) (2n)? (n+ 2)2
n 2n? 2
> - > =2

(Zn+1)2 = (Bn)?2 9
Do d6 {a, } khong la ddy Cauchy.
2251, Tidiéu kién di cho ta c6

|ttt — nl = [Fnin — Gnphot F Ggtmt — Qnghes + -+ Gt — o
< M@t — tngra| F |@nt2 — @nanos| T+ |0 — Gn1])
< (AP N e A M) e —
< A T A O ey —
AT — 3F) PR

T e al<yTy

ety — a1]



2.2, (7idi han. Tinh chdtl cuo day hdi tu 171

i I EH=2Ey
Do do, vdt bét ky = = () cho trude, voi n > [l + —l{é;—”ll— vé voi mot b € N

ta €6 |iypp — | < 2.

2.2.52. Vi {.f)'.,; } hoi tu nén né la déy Cauchy. Chiing ta sé chitng minh {11‘1 Un}
cing la day Cauchy. Ti bt dang thitc trong 2.1.4,1 ta cé

1 1
lnc:rmk—lnm,_:ln(l—k )—F---—Hn(l—i— )
(hntk 4

< +oo+
Ltk Hutl

vdi k€ N va n di lon.
2.2.53. T két quad trong 1.1.23, la co

R:!-Hc - R:i
- (Hﬂ+k - h)-n.+k—1) + (-Hﬂ.—l—.i.t—l - H-n+lc—2) +---4 (Hfr?.+| - h)-n.)

. — 1)1 —1)k2 1 1
:(_1)?1( ( ) + ( ) +.___ + )‘

nrh—10n+k k=24 n+kh—1 P+ 1tz fnfint1

Do dé, vi diy {q.} don diéu nén ¢, > 1 (xem 05 gidi cia bai 1.1.24), ta ¢

1 1
< —.

|JH'N.—|J¢ - -H'n.| < = 3
Yn+1tn 1

2.2.54. Goi dla cong sai cua cdp 86 cong di cho . Trude hét ching ta gid su

d =+ 0. Khi do
I 1 1
Qi T \ay Qo /

. 1 1 1 1
lim + 4+ = —.
—=os N {11ty tpii (el ot ld

Voi d = 0, ¢dp s6 cong la mél day hing, vi véy

: 1 1 1
lim + + -+ = 4.
w—oo \ g4 ily  tholla oyt 1

2.2.55. Goi d i e6ng sai cua edp 6 céng da cho . Truide hét chung te gia si

d+#0.Vi
1 ERRVAL TH R VAL
L T s T d

Do do

.
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ta co

1 1 1 1 1
lim — + 4+t —
o0 ﬁ (\HI] + N VLT VALY + \Jﬂn+I> ‘

Vdi d = 0, ¢dp s6 cong lo mét diy hing, vi véy gidi han biang +x.

o

2.2.56.

{a) Theo bai 2.1.38, ta c6

Vi véy

1 1+4
(*) 1<n(%—1)<n((l+;) —l).

81z dung bét deing thite Berrnoulli (xem 1.2.4) chiing ta c6 thé chitng minh

1
| 1
(1 + —) <1+ —
fi Ti=.
A 1
1 no nd

Vi véy, tie (%) va qui tdc kep cde ddy, ta ed

Do do

lim n(v/e—1) = 1.

KT w3
{h) Vdi i bt ky cho trudc |, ta cb

o% fon -t 3 (c—l)ci

n nlen — 1)

Do do, dp dung cdu (a) , ta co

1 2 n

. &n + £ + LRI —|— £n

lim =e— 1.
H— 0 T
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2257 Tacéany) — tty = —plan — ay_y). Vivdy

ap=a—+h—a)+ (o3 —az)+ -+ (g —n_1)
a+ (b—all—p +p 4+ (=1)" 2

Néw b = « thi o, } la déy hdng héi tu dén a. Néw a # b thi diy héi ty vdi didu
b—a

kién |p| < 1. va gidi han ctia né la o + 222 Tip-

2.2.58. Tathdy
tn + Qbﬂ - Cp T+ 2

ay, + bn N Cp T+ 1

Cntl =

Vi vdy

2—-1 , 1
|(-"n.+| - \/§| = \;/__I_ |(--'n. - \/§| < (\/5 - 1)|(:?1 - \/§| < 5|(--'n. - \/§|

Tir do, gui nap ta co

_ 1
|Cn+'| - \/El < 2ﬁ|‘31 - \/5|~

Didu nay suy ra gidi han ctia {cy,} la V2.

2.3 DBinh Iy Toeplitz, dinh li Stolz va ung dung

2.3.1. Néu tat cd cde s6 hang cria ddy {«,, } bdng a thi ti (i) ta ¢c6 lim b, =

TE—D2d

i lim ¢, = a. Vivdy, chi edn xét trudng hop dév héi tu dén (. Khi db, vdi bét
N—0
kvm > lva n>miaco

.
§ Okt
E—1

Te sy hoi tu dén 0 e {0, } ddn dén vdi = > O cho trude, ton tai 1 thod mén

(*) )n _O|

nr—
Z|t’ﬂ-ﬁ| |”k|+Z|fnL| |UI.|
E—

h—m

| < T vdt 1> ong
Di nhién déy {a.} bi chin bdi D > 0 nao dé. Tit (i) ching ta suy ra ton tai 1

sao cho vdi 1 2> 1s,
ty—1
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Tiép theo, ldy m = 1y trong (%} ta cd

1y — |

31:|<DZ|(¢aL|+2( Z|ful|< é

h—m

vdi mei 1t = max{ny. g} Vivgy lin b, = 0.
0

2.3.2. Su dung dinh li Toeplitz véi cpy. = i, =12 .. n
2.3.3.

{aj Néu ¢, khong dm thi (iti) dude suy ra i (ii).

n
by Tir didu kién (i) trong bai 2.3.1 ta suy ra Z Cnk = 1) vdi e diz lon, 1> ng.
k=1
Tiz siz phan ky eta {ay } dén 450 suy ra véi M > 0 cho trude, ton tai n)
sao cho ., = 2M vdi moi 1t > Ny
Khong mét tinh téng qudt chiing ta cé thé gid s tdt ed s6 hang (1, déu
duong. Dgt ny, = max{ng, n1}. Khi do
T Ha

chﬂaﬂ _Z‘?nf\a& + Z Co, b Ll = zfnkak‘l‘ M= lf

h=ny+1

va do dé lim b, = 4-0c.

o
2.34. Déy la truong hop dac biét cua 2.3.3 vdi ¢, 3 = %: k=1.2....n

2.3.5. Sidung dinh li Toeplitz (2.3.1) véi ¢y = 20EHL

2.3.6. Si dung bét ding thire lién hé giita trung binh céng, nhdn vi diéu hod
{xem 1.2.3), dinh li cdc day bi kep va két qua trong 2.3.2.

2.3.7. ap dung bai trude cho diy {a:—:“ 1.

238, Néwb # 0 thi ching ta ldy ¢y = 23 ta thiy ¢, thod man
diéu kién (i) trong 2.3.1. Tir 2.3.2 ta suy ra didu kién (i} ciing thoi mén.Trong

truong hop nay két qud dige suy ra tw dinh Ii Toeplitz. Néu b = U thi dgt
Oy = KA gy g tha duge

lim a1+ b))+ as(l +byoy) + - +an(l+ )

H—C ke

Do dé, theo 2.3.2 ta ¢o

= (.

. (-"-'lbn + (..f.-zbn_l + ety bl
lim =0.
n—Io ir
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2.3.9. Swdung dinh li Toeplitz cho day {‘;—:} vl Cpp = ﬁ

2.3.10. Su dung dinh li Toeplitz véi cpy = b1+b71+b

2311 Véin > 1, ching ta dat

Ty — Ty b — .
ey = ] ] \ My = Yn — Yn—1
UYn — Un—1

vae dp dung két qua trong bal triddc.
2.3.12.
{a) Trong 2.3.10 chiing ta dét v, = 1 + % + -4+ \% Y = /7 v chitng
minh gidi han bdng 2.
{hi Dt

2 at alttl
+-rt—, =
7

L

Ip =00+ -
2

T
Bét dau ti mét gic tri ndo do cia chi sé' n day {y,} tdng thue su. Ti
2.2.31 (8 ta thay lim y, = +0o.

T

Vi udy

X T N a? T a’ 1
11 - a - e — = .
n—oc g tl 2 4] a—1
fe} Chiing ta c6 thé dp dung dinh li Stolz (xem 2.8.11) cho cde ddy

k+1)! Gt

- — L ) I
He = K1+ 1 7”! . =T .
Ta ca
s . n+Dn+2 - (n+k
lim 7 Qim ( A)E ) (k )
n—=0C U — a1 =0 prtl — ('H.- - ]_) an
(e yy 1+ Ly (1+ %)
= lim : 2 = lim i it

n—oc ni{1 — (1 — %)A-H) nooe | 4+ (1 — %) +-+ (L - %)a
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(d) Dt ity = o+ + A=y = /0. Khi d

n

T — Lyp—1 .

1 1 1
lim NG + W 2— Win—1
= Uy — U =00 \/_ n—

. 1 1 1
= lir r+ v — 1 -
N-E{}C(\/ﬁ-’_ n= 1) (\/ 2n + Va2n—1 +/n-— l)

_ g 1 N H, i N \/-n.. 7 / m—1 _q
% V2 2n—1 n—1"V 2n V 2n—1
=2(v2-1).

Tir do , ap dung dinh I Stolz ta cé gidi han la 2(\/§ —1).

() Bt wq = 15 428 4 4 nfva gy, = 0P ta thay
Ty — Ty n* 1
Yo — t—t DR — (= DAL s k4 1

Tir déy, ta c6 edc diéu kién can dé dp dung dinh i Stolz.
{f) S dung dinh li Stolz, ta co

I 14+1l-a+2-a>+ ... +n-a® 1
1111 - = .
Fr—s 00 1 - {I_Ta-f—l a—1

{g) Sw dung dinh li Stolz cho cdc diy
tp = h+ DY+ 2%+ b =M v oy, = (k+ 10"

Khi do

Ty = Tp] (k+ Un® — pftl 4 (n = 1)FH I
o — Hn-1 B (1!: =+ l)['ﬁ.k - ('I".‘.- - ]_J'E'] H— o 2

2.3.13. Su dung dinh li Stolz trong truong hop
£1- 1%
h=al =t = va = VT

NN

Ta thdy ring

I 1 N (1 N N iy 5
im —{ « — 4+ = 2a.
A\
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2.3.14. Trong dinh li Stolz chiing ta ddt vy, = (yy) va Uy = M.

2.3.15. 8i dung phép bién doi Toeplitz doi vdi triong hop {an} vdi cpp =
zrz—]—kll! ta thdy

. by Gy o1 (i1
lim (— ) = 24.
Jmol + 5 + 1

2.3.106.

faj St dung phép bién déi Toeplitz cho {a,,} vdi

1
n+1—kin+2-—k)

ol = (

ta ¢6 thé chitng minh rding

iy Iy 1A
lim [ — 4+ — =
H—00 ( 2.3 E'?('r'? + ].}
{h) Tutong tiy nhu cdu (o), ching ta dp dung phép bién doi Toeplitz cho {r,.',.;-,}

o =13k . . M ‘e L
UL (e = % - Qn”_;- va chung minh rdng gidi han ld 30

2317, Dt a, = (':‘) PE dp dung két qud ciia bat 2.3.7 , ching ta cdn tinh
lim &1 Tg cé

—r i
(5 (nk + 1)(nk +2)...0nk + &)
(’;f‘) i+ Dk —n+Dnk—n+2)..nk—n+k—-1)
Do dé, gidi han béng #

2.3.18. Ly a, Ia cip 56 cong voi cong sat « > 0. Dt

nta .. )

T = = —.
(@1 + -+ (1--;;_)”
Khi do
T
: ..o
Cogl {4 1)a, S
O a1 4y + .. 4 gt %"—‘

2(1._n_+] 2{{.1 + (ﬂ- — ].)flr " -1
= — 2¢7°.
@y + gt 20 4+ nd n—20

Si dung bai 2.3.7, suy re gidi han bing 2¢7" Néu d = 0 thi gidi han la 1.
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. Fir— €y — . B — ity — .
2309, T by, = 20y + ape). ay = 25 06 o) = 2202 g 06
L I J

tty = 5 . Thue hién qud trink nay 1 — 1 lan ching ta thu duge

2Ly = 22y o+ (=122 + (= 1) Ny
L ’

iy =

Khi d6, theo 3.3.16 (b) ta ¢6 lim @, = ib.

1 —x 3

2.3.20. Bt ¢y = (wyag...a,)*. Khi do

(] ;. 1 : IR
n+ _ ll + _)ﬂ-.}.(?l + ].)J{Lr]+| e f’f(u':
Cn L T

. 1
Vi vdy, theo 2.3.7, lim n™(ayay...0,)%
nN—00

= 7.
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2.3.21.

{aj Chiing ta ap dung dinh li Stolz cho day #,, = 1 + % 4.+ % va yy = lnrn.
Piéu nay ddn dén

Ty — Fy—l 1
—— = — — 1.
Yo — UYn— In (1 + ) n—

r—1

Béi vi lim In{1+ 2)" = 1, diéu néy dén dén bt ding thie (1+ )" <

n—0

e < (14 2)"! (xem 2.1.41),
(b} Gidi han la % (xem IOL giai cdu o).

2.3.22. Ching la dp dung dinh Ii Stolz cho

8| {2 iy .
Tp=—+t_-+t..+— va Un = Inn.
1 2 " '
Heé qua la
T | Ly
. ) = - 1 T — (}
tn = ¥n—1 In{l + 'n—'lJ =30

2323 St dung két qud trong bai 2.3.7.

(e 1,
thj ¢ 72,
fe) e72,
{d) 3,

fe} Ta co

lim ¥ _)e voi k=1
Y 0 edi b>1.

n—0 /]

2.3.24. St dung dinh I Stolz (xem 2.3.11),

IS
> FE
&
. L=1 . Tnt1
lim = lim —
n—oc  |ILTI H—o 111(]_ + ;)n |1

= {i.
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2.3.25. Dé dang chi ra rang
m=4, w=24—-4., a=n4,—n-14,,, n>2

Vi thé

1.
ﬂf\'
T 1 1, {
= . oAt At o+ A+ A,
lim = lim
n—oa 11T o0 Inn

= A

& day ding thite cudi cing dude suy tic bai trude.

2.3.26. [O. Toeplitz, Prace Matematvczno-Fizyczne, 22(1991), 113-119] Lav
{an} la day ¢6 cde s6 hang clia né déu bing 1. Khidé lim a, = L va b, =

N—D0
T 1

k13
S aatty = ¥ Cup-Dodo 1 = lim b, = lim > ¢y Véy (i) duoce ching
k=1 k=1 e Sy =
. a (A L oao L . 5 U s e s N Lol
minh. Lay {(r.f;l "} la day ma 56 hang thit k bang 1 v cde 6 hang con lai bang
e 1 k . . . e .
0. Bhi d6 lim &' = 0va 0 = lim by = lim ¢, 1. Véy (i) cing dudc ching
'u.—‘?c ) -n‘—‘oc- o n::oo e . )
minh. Gia s (i) khong dung, hic d6 vdi bdat ky (' > 0 (6n iai ¢ sao cho
e
ST e nl = (L Thuce té; véi € > O cho trude ton tai vo s6 1. Ly n| la s6°
k=1
Ll K -
duong nho nhdt thod man > |, 5| > L0?. Chiung ta ddt 11 s6 hang déu tién
=1
et day {ay,} nhe sau

1
SgUL Oy, g = SEN 0y, va |op] = o
Khi do
Ty ny 1
f)m = AZ_; Cny helty = ; 1—0|(Z.’m1k| = 10,

Theo (i) tén tai 11y thod mdan

T
E |, x] <1 wvdi n> .

k=1

Hé qua la

il

1
E Coup k0| < 7= VA 12wy,
P 10
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7
Léy 56 nguyén nhd nhdt ng thod mdn ny = max{na,n} va > |0 >
=1
10" 4 1 + 10, cde s6" hang ti€p theo ciia day {an} duge xde dinh bang cdch dgt
\ 1 . _
SEN Cpyp =SSN Gy, v |ap| = TE vdi g+ 1 <k < no.
Khi do
na 51 i
bl?.-_g = E Cos kfll = E Cpy Bty T E Oy kO
=1 k=1 k=n1+1
L3 . 1 Na |
= E {3??3,1.‘.”.1..-+ W E |(3'.Ir-3,ﬁ.-.|-
=1 h=n1+1

T dé suy ra
by > —— + L (10" +14+10-1) = 10°
10 102 o
Ching ta xdy dung qui nap day {a.,,} vdt cde 56 hang c6 chi sé tieng, 1+ 1 td1

ddy bién déi b, thod mdn

1y bang ﬁ hodc ﬁ

b, =10 wi k=1.223..

My

Khi do, diy a,, héi ty dén O trong khi ddy bién doi b, c6 mét day con by, phin
kv. Didu nay mdu thudn vdi gic thiét. Vi vay (i) ding.

24 Diém gidi han. Gidi han trén va gidi han
duoi
24.1.

(o) Trude héi, ching ta sé chidng minh cde day con ¢6 cung gid tri gidi han.
Gid stz i wop = o, i aapp; = bva L agy = ¢ Khidé lim ag, =

T T—Tx H— H—Tx

w=cova lim tgeys =b=c. Twdédsuyraa=5b=1c¢ Vdic > Ucho
— X0

tricde ton tai cde s6 nguyén duong ky va kz sao cho

laop —a| <2, wdimoi k >k,

|a-3;,-__1 — (L| < eo vdimoi ko= k.

Vivay |a, — a| < = vdi moi n > 1y = max{2hk. 2k, + 1}.
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(bj Khong. Lay {ny,} la day dicge xde dinh bdi a, = (—1)". Khi dé lim ay, =
=0
1. lim agpy = —1. Nhung lim a, khéng tén tai.
T [} S0

Béy gio, ldy {a.,} la dév duge xde dinh nhu sau

0 néun=2Lk=012 ..

oy = - .
1 néu nguoe lai.
Khi do, hl’l];':_.x az = luva lil‘[l;':_,x. A3yl = 1, nhing ]imk_..x agp = 0
khong ton tai. Hién nhién, ddy {u.-“ } phdn k.

Cudi cing, xét day sau:

0 néu n lasé nguyén 6,
an = 3. . . .
1 néu n  lasd hop t6.

Vi diy nay ching ta co litn gy, = 1 va liin as, = 1. rhung 1l ayp
H—00 Th—e N Tr—Tu0

khong ton tai, boi vi ddy {aap.1 ) chia mot diy con gém cde 86°¢o chi s6¢
nguyén té va mét day con gém cdc s6 ¢6 ehi 6 1o hop s6. (Chii ¥ rang
c6 v6 56 nguyén (6. Nguoe lai, néu pi.ps......pPn & cde 56 nguyén (6,
Pl < pa < ... < p, va khing ton tai mot s6 nguyén t6 ndo Ion hon p,
thi pr1.p2...om + 1 = Py, cling la 56 nguyén (6, bdi vi né khéng cé ude s
nguyén té nao ngoi né va 1. Vay, didu nay mau thudn vdi gid thiét.)

24.2. Khéng. Goi {n,} ia day duwoc xde dink béi

0 néu n li nguyén (o,
Iy = . .
1 néux n la hap s6.

Khi do, moi day con {ag,}.8 > 1,n > 2, la day hdng, do dé né héi tu. Diy
{a,} phdn ky (xem l5i gidi cta bai 2.4.1 (B)).

2.4.3. Rérang, S,US,\U...US, C 8. D¢ chitng minh bao ham thite nguge
lai, ta gid s x & S, US, U ... US,. Khi dd, t6n tai edc 86 dudng 5,24, ..., 5
va cde sé nguyén duong 1y, 11, ... 15 sao cho

| — @y, | > 25 vdimoi 1>y,

| — g, | > £4. v moi n > 1y,

| — ags,| > 25, vdEimoi > n,.
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Dt ¢ = min{sy, gq, .. 6o va M = MAX{ Py, Gy, o S, ). ta thdy |8 — ay
vdi 1 > m, diéu nay din dén v khong lo diém tu cia day {a,}. Viy

ScS,US,U...US,

Néu moi déy con {ay, } {ay | o, {as f Rditu dén athite S = S,US,U...US,
ta suy ra {u, } héi tu dén o.

244. Khong. Lay {a,} la diy duoe xde dinh béi cong thite

0 néun=2% k=012

Iy = . .
1 ede trudng hdp con lai.

Moi déy con

{G'Ek—l}a {ﬂ-‘z(zk—l)}f {ﬂ-z?(‘zk—l}}s {0-2???(2:.-—1)}«
héi tu dén 1. trong khi ddy {u,, } phdn k3.

2.4.5. Gid st day {u, } khong hoi tu dén «. Khi d6, tén tgi £ > 0 sao cho vdi
moi 56 nguyén duong k tén tai ny, > k thod man |a,, — a| > £. Néu ching ta
gid sit Ty la 56" nho nhdl cia nhitng sé trén thi day {ny} don diéu téng. Hon
nita, 1111:')10 ny, = +oc. Ta théy diy {a,, } khéng chita diy con héi tu dén «. didu

1 —

néy mdu thuGn voi gid thidt cia ching ta. Vi vdy {a, | hoi tu dén a.
24.06.
faj Ro rang 1 la diém tu duv nhdt cia diy. Vi vay S chi gém mdt diem,
S ={1}.

b Tacé gy = 0,051 = 1, 03400 = 0. Vivdy, theo bii 2.4.3, tdp S cde diem
tu ctia cde diy nay c6 hai phan t, S = {0. 1}.

fe} Ta co
1 \ 2‘2ﬁ.r+‘2 +l
YT om g VP LT omaT Ty
Vivgy S = {0.2}.
{d) Ta ¢o
B 2In(6k) + In(2k) B In(2k + 1)
2k = In{4%) ve k1= In(2(2k + 1))

Vivgy 8 = {1,3}.
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fe)
don = 1, ip—1 = (U, 5)(-51.‘.-!—1 i Qgrrs = {—U. 5)(51.‘.-!—2
rQ LI Y,
Uor+s = L agp-a = (_(] 5}] * LT {U 5) .
Vivgy 8 ={-10,1}.
{f
2 1 4
ame =0, ane =2 Onp = o0 0Tk = o
d i

Vivgy S = {0. L. 2,
247,

—JIrs
EIES
[—p—

{a} Lay x = %,p € Z,q € N, gday p, ¢ nguyén té cung nhau. Khi dé

a}'\:q - 0 va a.;l-q_H = kq —|— ﬁ — |:}ij _|_ |:£:| _|_ TI,,.:| — ﬁ _ |:ﬁ:| ..
q g q q

&dfzyI:l,?,..,q—lvdTZ%— [%’]'Dodd

. {0 v F] 2 {%} (g=Dp {(q— 1)'{!“
) g lal g g g q '

(b} Chiing ta s& ching minh moi gid tri thue v € [0, 1] la diém tu cia ddy

{na — [nal}. Theo bai 1.1.20, tén tai p, € Z va ¢, € N sao cho (} <

a—2 < L Ty lim ¢, = +o¢ suy re lim (ag, — p,) = 0. Lay
i FE P = L

G
r € (0,1} valay ¢ => 0l s6'nhé nhét thoa man ) <z —z < x4z < 1.
Gid s 1) la 86" ldm nhdt thod mdn

L

U< agy —pn, < — <&,
T
Khi do ton tai g € N thod mdn
{+) Nolevy, — Pu, ) ElL —c, 0+ &)

{xem I gidi cua bai 1.1.21), T (1) suy ra [?'rg(.l-'qm — rz.op.,“] = 0, hay
tuong duong vdi nopy, = [Notgy, | Nhw vdy noaig,, — [roovgy, | la mot
s6 hang cia diy dd cho thude khodng (x — =, x + 2), diéu nay cé nghia x
I mét diem tu caa diy dé che.
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fe) Trudde hét , chiing ta gid sit ov la mét s6 hitu ty trong khodng (0. 1). Ldy o« =
E. & ddy p, ¢ nguyén 6 ciing nhau vé p < . Khi d6 tapg = Gopgrg = 0,
Ui

{pw

(hofg—t = Si1 vai I=1,2....g—1,g+ 1. ...2¢— L

Do do

! i 2o y — 1
i {” sin 2= _gin =L ‘:...,sil'lm}.
g q q

Néw o € 7 thi day la mét diy héang. Khi o € Q\7Z. ta 6 thé viét
a=o]+{ax—[a]) va o —[a] € (0.1}

Vi vdy, sinnwoe = (— ) sin(ev — [a]ynmr, va truong hop co thé rit ra
ter trifeing hop nat trén.

(dy Lay t € [1. —1] la 6 cho trzde bdt ky. Khi do, ton tai » € R_ soo cho
sine = —{. Chung ta chi can xét truong hop « > (), bdi vi sine la ham
é. Vi ex la 6 v6 ty nén tén tai cde diy cde s6 nguyén duong {py } ve {q,}
sa0 cho

. O
— = lim (pn — !’{fng)‘
T H—

(Xem loi gidi cia bai 1.1.21). Vivgy © = lm (27p, — amyg,). Do do, tit
ki e 41
tink lién tuc va tudn hodn cua ham sile, ta o6

—t =sinx = lim sin(27p, — ang,) = — lim sinawxg,.

H—ac R
Tie d suy ra moi s6 thue trong doan [—1, 1] déu la diém tu etia dity.

24.8. Ching ta sé ching minh rang trong bdt ky khodng (., 1) déu ton tai it

nhit mét $6 hang cia day. T lim (¥ + 1 — n) = 0 suy ra ton tai ny € N
T — 0

saa cho

Vin+l—{n<b—a n>ng.

Léy g I 6 nguyén duong thod méan Ymg > g —evaldy A = {n €
N : ¥n— ymg < a}. Tap hop A khong trong (chéng han ng € AJ v bi
chin trén. Dat ny = maxA wvanz = m + 1. ta 6 Fny — Fimg = ava

N > a+ gy > g Vivdy no > ng. Dodd 3ns < 3y +b—a <

Ymo+ a4+ b — a, hay twong duong voi a < Vng — g < b,
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2.4.9. Sw bi chin cuc tdp t6t cd cde didm tu cia déy la hién nhién. Goi S la
tdp cdc diém tu cia diy {a,}. Néu S hitu han thi né déng. Gid sit S la tdp vo
han vé ldy s lo mot phdn tit ciia n6. Goi {sy} la ddy gom cde thanh phén ciia
S duve xde dinh nhu sau: voi 5| la mét s6'ciia S khde 5. Chon s, thude S khde
5 va thod man diéu kién sau |.5'2 — .S'| < %|S] — 5
< $|.51-: — 5| 8511 # 5.

Déy {ax} nhi thé thoi mén didu kién sau

. v& qui nap theo X, ta 6

S Bl

1
2L‘.—1

ls1 — s, kel

|sr — 8| <

Ti sy, la digm tu etia déy {a,, } suy ra tén tai a, x sao cho |a,, — s3] < 2%1 51—
s|. Do ds

1
lan, — 8| < |aw, — se| + |56 — 8| < %—_2|sl — 3,

didu nay ddn dén s la mot diém (u ciia day con {a,,, }. Vivéy s € S.

2.4.10. Goi S la tap tdt cd cde diém tu eida diy {d, |

{aj Day {a,} bi chan. Theo 2. 4. 6, S5 = {0, % % %} Vivdgy lim a, = Owa
EEE s =
lilm ¢, = %
N0

(b Taco S = {—1. é

(6 [

.1}, eting voi tinh bi chén cia day ta suy ra lim @, =
11— 20

—

—1vée lim o, =
D

{e} Day khong bi chin va tdp cdc diém tu la rong . Vi vdy

lim ¢, = —ox0 wve  lim @, = +2c.
0 N

{d) Diy khong bi chin trén bdi vi ddv con (, = {2?»‘)2;" tién dén vé cing., Day
con vdi cde chi s6'1¢ tidn dén (). Dicu nay ching to

lini e0, =0 wva lim a, = +x.

P i
fe) Day khong bi chin boi vi aqyy = 4k + 2 — +00 vd qqpy = —4h —
TG
2 — —20. Hé qua la il ay, = —20 va lim o, = 4.

T T—o

=20
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{f} R6 rang day bi chdn. Hon nia,
V2 V2
S={-¢— —,—¢+—, 20— 1lie,e+1;,.
()
Suy ra

lime, = —e—— wva lima,=e+1.
00 2 n—=0e

4

tg) ima, =1 ve lima, =2
oo 1 —

th) Déy khong bi chén trén vi asx = 2% — +oc. Hon nita, S = {—1._ 1}.

ELs =]

Viegy lim a, = —1 ve lim a, =+

H—a2c f—ea

i) TruGe hét, chung ta sé ching minh rang lim 2= = +oc. ThGt vy, dp

e 1T
dung dinh I Stolz (xem 2.3.11), ta cd
Inn Inn—In(n—1
lim — = lim ( ) = lim In(1 + ] =0
n—a o0 Ho— 1+ 1 T— 20 i —1

Pidu nay chiing t6 rang

lim « lim In(2k) — 1k
I, = _—
H—rC 2k n—ao 12 —+ 111(2:{}

Do do, diy {ay} khong bi chin dudi. Hon nita,

. I In(2k + 1) .
im agppr = lim =
wmme T e In2 {2k + 1)
Véy lim @, = —no va lim a, = 1.

1—0 R

2411 Ap dung bai 2.4.7

fp lim at,, = minS = O va lim q, = max 8, g day

H—x0 =0

g_JlgP_|r 2p [2p (g — L)p (g —Lp
Ty el g g ¢ q

thy Iy, = Ova lim ¢y, = 1.
1—00 n—c
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fe} im @, = minS va lim ¢, = max8S. ¢ déy S la tdp 4t cd didm tu cio
el n—oc

diy duve mé td trong bai 2.4.7 (c).

(@ lim @, = —1va lim g, = 1.
H—0G e
2.4.12.
(a} Néu tap hop S cde diém ¢y cia {a,} réng thi im a, = —> < A. Gid sit
s

S khing rong. Do S ding (vem bai 2.4.9) ta cosupS = lim e, = L € S.

— G
Pidu nay duoc suy ra tit dinh nghia ctua diém tu, titc I t6n tai ddy con
{ay, } héi tu dén L. Vivdy, véi bat ky = > 0 ton tai ko € N sao cho

[ —c<= (. <A s k> JIG'(_].
Do = duve &y bdt ky néntasuy ra L < 4.

(b} Néu day {a.} khong bi chgn dwoi thi lim «,, = —oc < A. Do do, gid
H— D0

s day {a,} bi chan dudi , tic la, ton tai B € R thod mén a,, > B
vdi moi n € N. Hon nifa, theo gid s, tén tgi mot ddy ny. v, > k.
sao cho @y, < A. Viuvgy, theo dinh Ii Bolzano-Weierstrass (xem 2.4.30),
day {w,, } chita mét diy con hii tu. Goi g la gidi han ciie né. Khi do
B < ¢ < A Viuvgy, tép S bao gom tdt cd ede diém ty cia day {u,}
khing rong ve lin a, = inf 8 < ¢ < A,

ki ande &)

{c) Sw dung cdc li ludn trong chitng minh cua edu (o).
{d) Phdn tich tuong tuw nhu trong chitng minh céu (b).

24,13,

(ay Léy L = i ay,. Gid si réng (i) khing thod mén, ngioe lai ta cé didu phdi
T—00

chitng minh. Khi do, ton tai £ > () sao cho voi bat ky k € Nthicon > k
thod man a, = L+ =. Do dé, theo bai 2. 4.12 (d), lim «a,, > L + =, diéu

N—0
nay trdi vdi gid thiét. Gid su (ii) khong thod mdin . Khi d6, ton tai nhiéu
e=0vak € Nsaochoa, < L —svdimorn = k. Theo 2.3.12 (a), ta c6
lil ., < L — =, didu nay trdi vt gic thist. Vi vdy, ta 6 L = lim a,,
Tn—x N— 0

Suy ra (i) va (i)

Bay gio chiing ta sé chitng minh diéy kién (i) va (i) suy ra 1. = N oy,
ki Rk ¥1

Tir (1) suy ra day {{I.n} bi chdn trén. Mdt khde, ti (i) suy ra ton tai day
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con bi chan ditdi. Theo dinh lf Bolzano-Weilerstrass (xem 2. 4. 30), day
chita it nhdt mot day con héi tu. Vi vdy, tdp S gom tét ed cde diém tu
ctice {ti,,} hhong rong. Chiing ta sé ching minh L = supS. Thdt véy,
néu 5 la moét phan tir cua S, theo (1), s < L + . T tinh bdt ky cua &
ta ¢6 s < L. Hon nita, ti diéu kién (i), ta théy rang vdi = > () bdt by
tén tai mét day con clia déy dé cho héi tu dén s thod man bat dang thiic
I.— = < 5 Dinhisn 5 € 5. Trong truomg hop nay sy kéo theo thi hai
ciing dwde chitng minh.

b} Bidu nay dide suy ra tudng tu nhiu cdu o).
Bay gidt ching ta khdo sdl didu kién cdn va du cho gidi han (rén va gidi
han dudi v6 han. Gidi han trén céa {a,.} lo +0C néu va chi néu day
khong bi chan trén. Vi vdy,
(f) lin e, = +50 néu va chi néu véi moi M € R va
G

vdt moi k€ N ton tai ny > K sao cho a,, > M.

Gidi han trén cia {a,} 6 —0C néu va chi néu diy bi chén trén , bdi L,
va tép cde diém tu ctia né la réng . Vi vdy, c6 mét s6 hitu han sé hang
ctia {a, } trong moi khodng bi chin [M, L]. Cho nén a,, < M vdi 6l ed
7 du lon. Bidu nay suy ra
{2) lim a,, = —oc néu va chi néu vdi moi M € R t6n tai

L roC

k€ N sao cho vdi moi n = k.u, < A
Twong ti ta co

(3) lim a,, = —2¢ néu va chi néu vdi moi M € R va
N—aG

vdi moi k€ N tén égi ny >k saocho ,, < M,

{4) lim a,, = +oc néu va chi néu véi moi M € R t6n tai
n— g

ke N swochovdi moi np > ka, > M.

2.4.14. Ta chi chitng minh cho bat ding thite (a), vi (b) chiing minh tuwong

t. (@) hién nhién trong truong hop lim b, = +oc hoge i ¢, = —o . Néu
11— 0 T—
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litn ¢, = +ox, thi, tir viée két hop didu kién (4) trong L gidi cia bai todn
T

2.4.13 véi bt diang thitc o, < by, ta thu duge lim b, = +20. Mot cdch tuong

Wz
te, néu lit b, = —ox, thi tiz viée két hop didu kién (3) trong I gidi clia bai
T— 0 u .
todn 2.4.13 vdi bdt ding thiic (1, << by, fo the dwoe lim g, = — .
n—oc

Béy gid ta gid su ca hal gidi han déu hitu han va dat

hﬂ ty, = 1, v hﬂ b, = L.

= T— DG
Chiing ta muén ching minh [} < . Gid st phdn chitng, {, < . Chon 2 > ()
dii nho dé' 1, + = < 1) — ¢. Khi do sé 6n tai ¢ sao cho [y + ¢ < ¢ < {; — &.
T (i) cua bai todn 2.4.13(b), ta co by, < o + ¢ < ¢. Mgt khde tw (i) ta c6
¢ <y — 2 < (. Do vy, trong tritdng hop riéng, ta ¢é ¢ < ap,, va ti do bt
ditng thite bn, < On, ding vdi moi ny, vé han, diéu néy trai voi gia thict cua
déu bad.
24,15, Dat

lin a, = 1. limb, =1, luna, = /Ly, lun b, = L.
S e ok o

Déu tién ta s¢ chitng minh

(1) lim (@, +&,) > lim a, + lim b,.

TG H—00 F—r N

Gid sz {y va {y hitu han. Khi do, theo bai 2.4.13 (b), vdi moi < > () tén tai k)
sqo cho (, > 1y — s vdi n > ky, va ton tai ky sae chob, > Iy — s vdi n > ky.
Da dé ta co,

g+ by =11+l — 25 véi o> max{k. k).

Két hop voi bai todn 2.4.12 (c), dan dén lim (o, + by) = 1) + 1y — 2. Cho
H—oe

g — 0%, ta thu duoe (1).

Néw 1| hogc 5 bang — oo, thi bit ditng thite (1) la hién nhién. Gio ta sé chiing
minh mét trong cdc gidi han {y hode 1y béng +50, khi dé sé ¢6 lim (a, +by,) =
G
+0C.
Gid s {1 = +oc, didu nay tuong duong vdi didu kién (4) trong I0i gidi cia
bai toan 2.4.13, tic la

(x) wvoimoi mcR tontei AEN saocho ay, > M néu n>k
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Do ly # —o0 nén day {by} bi chin dudi. Do d6, didu kién (x) duge thod mén
boi {y + b, }. Néi cdch khde, te cé lim (i, +b,) = +50. Do do bt dang thie

T30

{1} dude ching minh.

Chitng minh clic cdc bét dang thite con lai tuong tw vé ta sé chi dua ra ching
minh trong truong hop gioi han hitu han. Theo bai 2.4.13, vdi moi = > () 5¢ ton
tai mot diy {uy} sao cho 4y, < 1| + ¢ va ton tai g thod man by, < Lo+ ¢ khi
> ng. Didu do ¢6 nghia la @y, + by, < 1) + Ly + 25 voi k di I6n. Do vy,
theo két qud 2.4.12(b), ta thu duve lim (@, + b,) <L+ Lo+ 25. Dos > 0

. —
bit ky, nén ta co

(2) @ (G’n. + hn.) < @ ly, + m b-n.-
0 H—+ %0 oo
Tugng tu, voi moi € > 0 tén tai mét day {b,, } saocho b, > Lo — ¢ va tén
tai 1y thod mén a, >t —c. khin > ny. Dods a,, +b,, >l + Ly —2:vdi k
dii I6n. Do vy, theo k&t qud 2.4.12(c), thu duoe 1im (o, +b,) = 1)+ L, — 2=,
O

=

Do = 6 thé nhé tuy ¥ nen ta rut ra két lugn

(3) m (ﬂan + bn} > llﬂ a, + hﬂ bn'

e o o
Hon nite, vdi moi = > 0 tén tai k| thod man a, < L+ < khin >k, va ton
tai ko thod man b, < L+ ¢, khi n > ku. Do vay

tn + by < Ly + Lo+ 27 08 0> max{hky, ks }.
K&t hap voi két qua 2.4.12(a), ta c6 lim (an +0n} < Ly+ Lo+ 25 Do 2 c6 the
nho tuy ¥ nén thu dude M

(4) lim (g, + b,) < lim a, + lim b,.

n—o —00 =00
Béy gio chiing ta sé dua vi du vé ede day {H.n_} ve {f}n} sao cho cde bt ddng
thite (1)-(4) thoa mdan. Xét

(0 néun =1k,
B 1 néun=4k+1,
e 2 néun =4k +2,
1 réun=4k+3.

(2 néun = 4k,
b = 1 néun=4k+ 1.
1 néun=4k+ 2.
(0 néun =4k + 3.
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Trong tritong hop nay, bit ding thitc trong bai tedn cé dang 0 < 1 < 2 < 3 < 4.
24.16. Khéng. Chicin xét day {7}, m=1,2,3,..., bdi

L 1 néun=m,
! 0 néun#m.
Khi o ta o
T 2 : Tl T2
Hm (e, +a,+...)=1>0=lima, + lima, +...
H— D0 o oD
Bat
-1 néun=m,
" 0 néun #£n.
Trong truong hop nay th
. 3 : : 2
lim (¢} +a2+...)=—1<0=limal+ lima? +...
T o i ]

24.17. Pt

lima,=1{. lmbk,=10 limea, =1L, limb, = La.

P — —0c n—oc
Chiing ta $é chi chitng minh bét ddng thite

(1) Eng g llﬂ (Gﬂbﬂ) g J]L‘Z-

— X

Cach lam tuong tu co Lhé dp dung cho cde triong hop khdc.

Gid sir iy va Iy duong. Khi do, tic két qud 2.4.13(b}, vdi moi = > (, sé tén tai
thy sao cho
ap >l —2, by =la—zvé n>ng.

Tiép theo, apby > Lils—s(l+1)+22 véi = di nhé dé ly—= > Bvals—c > 0. Do
dé, theo két qud bai 2.4.12(c), lim (a,b,) > 1ils— (1) +13) +22. Cho = — O,

oo

thu dwoe

(") Ilflj-ri’! < hﬁ (a'nbu)-

HN—2
Néu ly = 0 hodc Iy = 0 thi b4t déng thie (i) la hién nhién. Néul, = 400 vé
[, = +20 thi (theo dicu kién (4) cia I0i gidi bai todn 2.4.13), vdi mot sé duong
AT dn dinh trude, ta o6 thé Hm diuge g sao cho

tn > VM, by> VM, véi n>n.
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Da db anby > M, 6 nghia la lim {ayb,) = +0c.
oD

Gid st mét trong hai gici han 1 va ls hitu han, gidi han kia hitu han va diong.
Khi d6 voi moi () << = <0 1y va vdi moi M > 0, luén tén tai s6 nguyén duong g
thoa man vdi n = g la co

M
Eg — -‘

bn = 32 — &, Uy >

Do vy anby, > M véi n > ny. Cudi cing thu duge lim (aydy,) = 400, va bdt
H—

dang thite (i) duge chitng minh.
Béy gid ta can chitng minh

(ii) @ (uﬂ.b-n.) < !"] L.
20
Neéw [y va Ly hitu han, thi theo két qud bai 2.4.13, ta 6 thé tim duge day {ng}
thea man a,, <l +zva b, < Ly+z. Do ds
@y b, < BLy+(ly + Ly) + £°

Do vay lim (a.b,) < 1Ly + =(l1 + Lo) + 2. Cho = — +oc ta thu dugc (ii).
H—0
Néw 1| = +oc hode Ly = 400, thi bét ding thie (i) hién nhién.
Béy giv chiing ta sé dua vi du vé cdc déy {a., | va {b,} sao cho cde bdt déng
thite déu thod man. Xeét

néu n =4k,
2 néun=4k+ 1.
= néu n = 4k 4 2,
2 nréun=4k + 3.

(3 néu n = 4k,
b = 2 néun =4k + 1
2 néun =4k + 2.
1 néun=4k+ 3.

“

Trong truimg hop nay, bal ding thie trong bai todn cédang 1 < 2 < 3 < 6 < 9.

24.18. gid sw lim a,, = L a,, = ¢. Khi dé theo 2.4.13,
P0G

N0

(i) Voi moi ¢ > 0 tén tai k € N thod mdn a, < ¢+ 2 néuen > k; va
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(i) Vii moi £ > 0 ton tai bk € N thod man ¢ — ¢ < «, néu n > k.
Do do g chinh lé gidi han cha diy {0, }.

Mat khde, néu i «,, = g, thi (1} va (i) trong bai todn 2.4.13(a) va (b) duge

H—

thod man véi L = g va l = g. Do véy lim a,, = lim a, = q.
T—x oo
Gid s rang lim a, = +o¢, Khi d6 khang dinh (1) va (4) trong loi gidi bai
n—
todn 2.4.13 la hién nhién. Néu lim a, = lima, = +oc thi didu kién (4)
e =2
tuong duong vor lim a,, = +20. Ly ludn tuong ty dide dp dung cho truong hop
H—2C
litn e, = —2x.
H—Ta0

2419 Do 2415, ta co

lim a, + limb, < lim {a, +b,) < lim a, + limb,.

n—oo n—0 n—os Laes n—oC

Mgt khdc, theo két qud tritde, a = lim a,, = lim a,,. Do véy lim (a, + b,) =
H—s (X = n—

a + lim b,. Chitng minkh cho bat ding thi hai hoan toan tuong ti nhi trén.
TN
2420. Siz dung bt ding thite trong bai 2.4.17, ching ta c6 thé dp dung
phuong phap tudng tie nha trong 100 gial cua bid todn e
2421, Ching ta sé st dung két qud trong 2.4.13. Pg 1im o, = .. Khi do

H—OC
ede didu kibn (i) va (1) trong 2.4. 13 dige thod man. Nhéan ed hai vé ctia bat ding

thite (i} va (i) vdi — |, ta thu duoe:

(i) Vi = > 0 bt ki ludn ton tai k € N sao cho vdi moi . > kitacé —L — 5 <
—(ly; U

{ii) Vai £ > 0 bdt ki va vdi mei i € N ludn tén tai ny, > k sao cho —at,, <
—L+=

T 2.4.13(0) ta ¢b

lim (—ay) = —4L = — lim a,.

B—— =0

Chitng minh ciia bdt dc%ng thitc thit hai gidng nhuw trén. Trong trudng hop gidi
han vé han, cdn phdi dp dung cdc khing dinh (1)-(4) néu trong 1o gidi bai todn
2413

2422, Tasé dp dung bai todn 2.4.13. Pat lim «,, = L. do d6 theo didu kién

T

(i) ver (i) trong 2.4.13(a), ta ¢o
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i) Vdi & > 0 bdt ki ludn tén tai k € N sao cho vdi moi 0 > k ta cé 4, <
L+el?va

B

(ii) Véi ¢ > 0 bdt ki va vdi moi & € Nluén tén tai ny. > k sao cho L — :f? <

Uy, -
Gia s . £ 0. Khi dé theo (i),
1 1

>-—
tty L+ sl?

=17 - i
LL+el?) L

_1_
L

"

Gid si: 0 < £ < . Khi d6 theo (i)

11

1
oy, g L— # {, L(L — E%)

+
|
W
el B
_I_
L

Cdc didu kién trén din dén (do 2.4.13(b))

. 1 1 1
lim — = — = ——.
ety L lim g,

o

Gi gid st lim a,, = 0. Cho A > 0, Theo (i) trong 2.4.13(a), tén tai mét

Fi— 00
86t nhién k sao cho a,, < % vot nn > k. Do d6 UL > M vdi n > k, ma theo

khing dinh (4) céa 10 gigi 2.4.13, thi ¢6 nghia la lim ﬂi = +2¢. Cudt cung
TL—C
gid s lin @, = +00. Do d6 véi moi £ > () va vdi moi k € N, ludn tén tai
T— N
n > K sao cho G, > + {xem khang dinh trong 1o gidi 2.4.13(a)). Bat ding

thitc trén tuong duong véi - < z . Di nhién suy ra —¢ < L. Do vdy cd

TN In
hat didu kién trong 2.4.13(b) déu ditde thod man d6i voi déy {i} voit I =), ¢d
nghia ld lim ai = 0. Chitng minh cho bdt ddng thite thit nhat di hoan thanh,

n—og

bét déing thite thit hai ching minh tudng Hi.

2423, T gid thiet ta rit ra 0 < lim a, < +oc. Két hop ding thire

=

lim ¢, - lim — =1,
X n—00 (I,

vdi cde két qud trude déy ta suy ra

lim a,, = — = lim a,.

=0 1 — n—os
n—soo U

Do véy, theo 2.4.18, day {a,} héi tu.
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24.24. Gid s {an} la mét ddy sao cho vdi moi day {b,} thi ding thize diu
tién ding. Xét b, = —ay,. Tie 2.4.21 ta suy ra dude

0= lim (a, + (—en)) = lima, + lim (—a,) = lim a, — lim a,,.
H—00 G P 0 n—=00

Tir dé, theo két qua trong 2.4.18, ta kél lugn duge day {a., } héi tu.

2425, Gid st {oy,} la didy nhén gia tri duong sao cho vdi moi dity duong {b,,}
thi ddng thite thit nhdt duoe nghiem ding. Léy by, = a%, Do do, thes 2.4.22, ta

. . 1 : _ 1 1
1=lm {a,—)=limau,lim | — | = lim e, —
[TEYe"s] iy DG n oaac \ (i noac lllIl (IN

T d6 suy ra cd hal gidi hann trén va dudi cua day {a,} déu diwong va
lim a,, = lim @,. Do dé day {a, } hdi tu (theo 2.4.18).

n—oo =BG
2426. Hién nhién ta ¢6 3/, < ln . Ta sé chitng minh i 3/, <
N— P1— 00
lim “2tl . Néu lim £2=1 = 4o, thi bat ding thitc hién nhién ding. Do vdy, ta
n—oa b X
gia s lim ;’“ = L < +oc. T dé vdi moi = > (), luén ton tai sé k thod mén
pe—os T
41 .
" s L+sud on >k
fty
Do véy
{1y Ay | GryL 2
— = ) < (L + =)t k
[UF8 y—1 fy—2 (&4
T dé dan dén
Ve < Wagp(l +2)w I—I—)
Do {*fr} :‘ f — 1, nén
T

Yar(L + E)Tk <14z,
vdi 0 di lon. T nhing két gud da biét ta rit ra
an < (1+e)(L+s)=L+ (L + 1)+
vdi 0 dit ldn. Két hop vdi 2.4.12(), ta cé limy 3/ay < L+{L+ 1) +:2% Do

=

fL fL |
c6 thé nhé tuy ¥ nén lim /@, < I = lim a—" Pé chimg minh lim a—" <
—0C n—oaa BN *
G

litn /6, chi cén dp dung 2.4.22 va bét déng thire vica chitng minh trén cho déy

T— 20

{z}
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2.4.27. Péu tién ta chitng minh lim b, < lim a,. Gid s lim a, = . <
N—2 0 N—2

+0¢ (néu L = +00 thi bat ding thite le hién nhién). Khi dé véi 2 > (), tdn tai
k€ Nsaocho ay, < L.+ cvéi n > k. Do vay
A+ dxt+ - Fapt e+ Fay
it
a1+ o+ - +ar KL+ varepsilon
Tz e _ £ ) +L+e

T it

by =

: R K L4e a4 faf L+<) . .
Do a1tay+tax AL+ ) SN U , artas+- 4oy RiL4g) < £ Tir dé ril ra
n Y DG . "

by < 2+ L+2 vdi ndit lon. Theo két qud 2.4.12(a), da = c6 thé nhé tuy ¥, ta thu
duoe lim b, < L = lim a,,. Chang mink cho bét déng thie lim «,, < lim b,

noee e Horoa oG

hoan todan tilong ti.

2428,
fa), (b) Chi vén dp dung két qud 2.4.13.
(¢} Pdng thitc khong dung. DE chitng t6 didu do, chi cdn xét cdc day sau:

0 néun = 2k,
1 néun=2K+1.

i E’"I? =

1 néun =24,
0 néun=2k+1.
Khi do

0= lim min{a,. b,} # min { Lm a,. lim f:-.,,} =1.
—2a H— D H—00a
(d) Pdng thitc nay ciing khong ding, ta ching 16 didu nay bdng cdch xét hai
day rhis trong cdu (ch

24.29. Gid s day {an} thod mdn c6 vé han sé' 1 sao cho
(1) vdi moi k2w, dy <oy,

Cho 1| la hang tit déu tién cia cde 1 thod mdn trén, 1y thi hai, v.v. Khi dé
{ @, } 1 mot déy con don dicu tdéng cia {a, }. Mat khdc, néu déy {a, } khing
6 tinh chdt trén, nghia Lo chi tén tai hitu han n thod man (1), ta chon s6 tw
nhién my sao cho diy {ty, 1.} khong thod main (1), Ldy s la 56'tw nhién ddu
tién lon hon m sao cho Gy, > Gp,. Tiép tuc qud trinh nay, ta thu duge day
con{{i.m”} cite {{In} la don didu tdng.
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2.4.30. 8w dung két qud trén: mét day co chita mét day con don diéu ting va
bi chin thi hoi tu.

24.31. Gid si: lim ™2 = 400 Khi d§ theo 2.4.14(b),

—— Ay iy
lirn = 4.
s hiy

— Oyt1
lirmn

= < +0C.

=0 (ly

Ehi d6, vdi moi & > 0, ton tai & sao cho

- eyl y N
(1) T ca+svsi onzk
fin.
Not cdeh Rhdc,
an, 1

(2) vdi n =k

a1 x+ =
Do vay, vdt b dd lon ta co
(] + v F ap F g > t + -+ Gy + g

gy thy
@y fbp—2 hy—| pt y—z llp—]
PN + RPN

fAr—1 1 g Qfya n_1 fn
Qo2 Uy —1 fln—1 n41
+-- . + — +1+—
ty_] fip fin fin

[/

1 i—k 1 n—k—1 1 .,
( ) + ( ) ot +1+ 22
&+ 2 &+ = A tly

Néu () < o < 1, thi tir bat déng thite trén va 2.4.14(b) dén dén il b, = +oc.

fL—0C
Mgt khde, néu o > 1, thi theo 2.4.14 (b) va 2.4.19 ta rit ra
1 n—k+1
- . I e
(3) lim f, > ar 4+ lim (" +e )1 =04+ —-.
OO H— O Eire a+=c—1

Trong iruomg hop o = 1 (= > 0 cé thé tity ) la thu dude llm b, = +oc. Néu
oo
x > 1 thi tie (3) suy ra

L >4

— 1 , .
limb, =1 +a+ =2+{a—1)+ 12
. v —

H—+2x0 nv—1

4 Ig wde luong €61 wu boi vi két qua nay dat duwoe dét vdi day a,, = 2", n € N.
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2.5 Cdc bai todan hon hop

25.1. Gidsw lim «, = +oc. Bt b, = [a,]. Khi dé b, < w, < b, + 1. Do

T -

- 1 by, _ - 1 i . - 1 fr—1
bu +1 B L bn. .

Do dé theo két qua trong 2.1.38 va dinh ludt kep gitta ddn dén

[£9°9
. _ 1
lim [ 1+ — =¢
n—0G [
. 1 Ml
lim{1—— =t
Fr—oc ay,

Lt ]_
limn (1 — —) = lim —————— =€
e - N—30 (1 + ] )

vdy

Hon nita

Tiz dé ddn dén
(%
lim (l + —) =¢, néu{a,} phén ky tdi —oc.
H— iy

. R ;. . w ~ . it v -~ .
2.52. Tacothé dp dung cde két qua dé biét doi véi day a,, = %, & # (.

253, Do 2.1.39, 2.140 va 252, ta c6 (1 + LY < ¢* < (1 + 2" gy
[ > x> 01¢€ N. Do dévdl moi $6 duong = vé vdi moi 56 nguyén divong n thi
<l +8) <fneul>w Ldyn=1tes In(l +2) <xvdiz >0

Bay gig dit | = [«] + L. Khi d6 ta co

In (l + 3) >
7

i
i

2+

==

Do dé In(1 + ) > 55 vdi x > (.

Xét fx)=In{l +2)— ﬁ—lx x> 0. Ta cé

2
AT

BCE T

i) 0 wvei x>0
Do viy

#
=

fley=In{l+z) — T

> fiy=0 wd z=0.
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2.54.

{a) Gid siz . > 1. Bdt o, = {/a — 1. Theo bit ding thite 2.5.3, ta c6

20, 1 .
— < —Ine = nla,, + 1} < a,,
Uy +2  n (e ) "

Do vay ti dink ¥ kep din dén lim n{/a — 1) = lna vdi ¢ > | Chiing

=0

ta théy ngay khdng dink ding véi ¢ = 1. PE chitng mink cho () < o < 1,

chi edn ap dung lyludn trén cho é = 1.

by Bt o, = ¥n — 1. Khi do (a,, + 1) = n. Do vdy theo 2.5.3 Inn =
nlnfa, + 1} < nay,. Piéu nay dén dén lim na,, = 4oc.

TT—

2.5.5. Sudung dao ham ta chitng minh duge vdi & > —1, ﬁ <Infl+x) <
£. Do lim a, = 1. a, > 0 bat ddu tw chi s6 1 nao dé. Piéu dé din dén
T

li’«;i_i] <lna, = In(l+ (a2, — 1)) < a,, — 1. Chia hai vé bét ding thirc cho

it — 1 vét dp dung dinh Iy kep ta thu duve diéu phdi chiing minh.

25.6. Theo dinh nghia (xem 2.1.38}, ta ¢b ¢ = lim (1 + 71_;)”‘ Hon nita,

fl—xC

4+ I\ 14 A N iy 1 n + Yy 1
1 B 1/ 27 n )t
1 _

+
_|_
|-

P N

—

[ ]
Z =
R
i
= .

|

= |

[a—
—

Do ds

1 W
(i) (l+—) < Oy
n
Mat khdc
PEAC AN VN AV
nt N n 31 n 7
[k
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Cho n tién ra vé citng ta thu diige
(if) £ 2 .
Tz (i) va (ii) ddn dén gidi han cia ddy {ay,} bdng ¢. Hon nita
1 1 1
G mrot T )

fln4m — fln =

_|_

< 1 1 ! + ! + et !
(14 1} n+2  (n+2)° (14 2y 1
- 1 n+2
(n+ 10+
Giit n e dinh va cho m —— 00, ta thu dudc
- 1 n+2
0—a S .
T+ 1ln+1

4
nnl’

Biéu néy két hop vdi (i) dén dén ) < ¢ — a, <

2357 Ta biét rang (xem 2.5.2) ¢ = lim {1 + ﬁ)”, reER VoireRKed

T

dinh, dat o, = (L+ 5+ 5 4+ + ) Ta g

Do 1.2.1,
koL
1 k-1 k-1
(1——) (1——)21— i:1— ( )Udz 2<hk<n
T il 1) 2n
i=1
Do vay
‘ (1+;L‘)” Z:{{L—l | 1 i |1"|R
; — —_— =
i 7 — 2n T — (h — 2)!
mn "
Do lim ﬁ > (flt 0 rdé dang dat duve khi dp dung dinh v Stolz, xem
H— 0 . fe=2 21

2.3.11), ta ¢é lim a, = lim (1 + 2" ="

=20 N
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2548
fa) Tie 2.1.38, —= < In{l+ = ) < - Vain > 1 ta co
n+1 1 1 1 2n
I - 44— < ln )
7 n n+1l 2n n—1

Do vdy két qud can chitng minh thu duge £ tinh lién tuc ciia ham léga
v dp dung dinh ly kep.

(b} Ta co
Lo te = SEDE .
n+1 2n uln+1) v 2n{2n + 1)
<1y by :
noon+1 2n

Do d6 ta thu duwoe két qud tir (o).

2.5.9. Phan tich tuong tu nhi trong chitng minh bai todn 2.5.3, ta thu dwgc

)2
(%) r— % <Iln(l4&) <wvd « =0

Bat b, lna, = Z In ( .'2) . Ti (%) suy ra,

Két hop vdi cde dang thic
nin+ 1}{2n + 1)

(n+1) PO
Za_i - :

fr=

—_—

Cudl ciing t@ tinh lién tue cic ham léga suy ra duge

Bl |

ta sy ra lim b, =
H—2

lim a, = /e
Moy
2.5.10. Ta 6 thé ching minh bing qui nap rang

ap=n+nn—1)++nn-10-24+nn-—-1).--2.1
7! N 1l S n! N !
(m=11" (n=2) oo
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Da vay

ik 1 a+1  a,+1
lim H 1+ — ] = lim L cee—
T— X 1), Fr—ri | L
h=1
Coap+1 . 1 1
= lim =lm({l+—-—4--4+—=]=¢,
n—0 'H_.! Xz 1 ! 1 .ir

vdi dang thite cubi suy ra tie 2.5.6.

25.11. Ti2s58,

1 I
(__::1_1___’_...—'———'——.1265 ()<9n<1'
1! ! !

Do véy [ < nle — [nle] = %L < Tlr’ dén dén didu phai ching minh.

2512, Sir dung bét ding thite trung binh lién hé gifia trung binh cong va
trung binh nhan, tinh don didu cua ham loga va bdt dang thic ching minh
trong 2.5.3, ta thu dide

__1111\/@5111%({'/% V) :ln(%({/ﬂ—l)+%(%—l)+l)

T

<L ((-ﬂ/a_ 1)+ (V- 1)),

1)

=

Bé thu dude ket qud cdn chiing minh, ta chi cdn nhén cdc bét ding thite vdi n
roi sit dung két qud trong 2.5.4(a).

25.13. Luu y rang néu lim o = a > 0, thi lim a, = 1.

TR P
Gid siz {ay} va {by} & ede diy sao cho ede 36 hang déu khde 1. Tic két qud
2.5.5,

i nlna,
* liin ——— =1.
( ) 'n.—--I’JO ?1((}..” — J.)

T gic thiét lim o = a > 0 va 2 tinh lién tuc cia ham léga dén dén
H—00
li nlna, = lne. Do do, tie (),

N0

lim (&, — 1) = lim nlne, =Ina.
O D

Lutu ¥ réng cdc ding thic trén vén ding néu o, = 1. Cuél cing,

lim nln{pa, + ¢b,) = lim a{pla, — 1) + (b, — 1)) = Ina?b%.
TN—

Ti— G
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2514, Tacéang) — iy = —%(an — (p_1 ). Tiép theo ta co

tap=a+{b—a)+ -+ {, —ap_q)
11 ]

Cudi cing ti 2.5.7, lim a,, = b— (b —a)e™\.

H—3C
25.15. Xét day {h.}, voi by, = &, va dp dung phuong phdp gidng nhu l3i
giai cua bai todn trén, ta di dén két lugn a, = .
2.5.16. Theo nhu I gidi bai 2.5.14, 01 — 1y = —%(r}.n — 1 ).
Do vay lim ay, = 2b —a — 2(b — U,)f_'*_'T"

HN—0

25.17.

{a} Ta co

) i 1 1
fhyy = O — - — ;
: —\k k+1/ (k+1)!

=1 ’
( T ;‘_1_ 1 i :{{.’ T 1
=9 ; k(k+ 1) +; (k+ Lk + 1)
EPEE SR INE ST S
o k! {(k+ 1) (k+ Dk +1)!
=1 k=1 k=1
n+1 1 1
=) —+

<kt (n4+1L)n+1}Y

k=i .

Do véy, theo 2.5.6, ta ritd ra lim «,, = €.
DD

{h) Tis (o) ve 2.5.6,
1

O0<a, —¢< :
e L et )

Chi v. Mgt diéu rdt thi vi la ddy noy tién toi ¢ nhanh hon ddy xét trong bal
todn 2.5.6.
2518 Tubai256suyrae =1+ % 4o+ T}—1 + 1y, voi 1 nley, = 0.

T—ol
Hon niza,

. 1
(*) < ﬂ-!r'n_ < —

o+ 1 1)
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Do vay,

lim nesin(2rnte) = lim »sin(2anle,)

H—2 FL— T

_ sin(2wnley,) ]

= lim n2mnlr,——— = lim n2xnlr, = 2r.
" oG 2ty # 2a

Béng thic cudi cing duge suy ra ti {+).

2.3.19. Ta sé chitng minh lim (1 — 22)" = (. Theo gid thiét, voi M > 0 bal

H

H—20
kv, ta ludn o a,, > M véi n di lon. Do vay
@ M
D<l—-"Lal-".
] )

Tiép theo,

o< (1-2)" < (1= 1)

Do véy, theo 2.4.12, 24, 14 va 2.5.2, ta ¢

0 < lim (1—@)"5E (1—@) <M

n—na s H—20 7

Cho M — 20, ta thu dugc
Chyy

0 < lim (1—2) < Tim (1——) <0

N 1 n—oa0 7

Do vy lim (1l — 2= )’” = (), ta duge di¢u phdi chitng minh.

H—x0

3.20. Tasé ching minh lim (1 + fi—’:)”’ = 4+060. Cho M >0, tacé b, > M
n—a0
vdi o du lin. Do vdy, cach lam tuwong tu nhiw bai todn trude, ta thu dude

b'n. " . ’ :1[ " 7
lim (1 + ;) > lim (l + ?) =M

Do M co thé ldn tuy ¥ nén suy ra llm (1 + f’”] = +oc.

Fh—2

2,521, Dé dang fhwng minh duge {a,,} la ddy don diéu gidm L'e 0.

1 1 1 — 1.
tay Taco T T e T T n_—))m 1. Do vdy, theo 2.3.14, nh—l‘I::: e = 1,
{hi Do fa),
L L
Lonll — nay, .oon — 1na, . —n
lim 7( ) = lim —2o = lim v

R—o0 lnn n—x lnn n—oe Inn
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S dung dinh Iy Stolz (2.3.11), ta thu dudc

) 1 1
. on(l —na,) _ “(a”H - -1
lim —— = lim :
w0 lon n—=so {1+ )
1
n{i, — 1) n,

= lim = limn =1

n—oc 111(1 + %)” n—oc 1 — (t,

2.5.22. Dé dang théy rang diy {a, } la don diéu giam ddn vé 0. Hon nita, dp

dung qui tdc [Hépital, ta thu duoe

S b |
].lnl — 3 = -.
=0 pdgin® 3

) 1 L 1
litn — = =3
AN | y 3

Theo két qud bai 2.3.14, suy ra lim na’ = 3.

N0

Do vay

2.5.23. R rang ddy don diéu ting. Ta s€ chitng minh no hoi tu toi +2x. To

e y )
5 1 T 1Y . 4 2
Aoy = { p +————— = | ay + — =a, + =
ay +- -+ a, Ry, i

2 2 2 2In

v

-

9 3
0L — i T —I— - + e + T -
N T n Zn-—1

Do viy {a2} khong phdi la day Cauchy. Do ddy tdng, nén né phdi tién 16i +oc.
Hon niza,

(*) 1 § a1 S 1+L

hy iy,

Theo dinh Iy Stolz

2
@ n.o. .
. i _ L. 2 2
lirn = lim = lim —2(ff-.,;_+| — )

n{ah,, —di)
n—oo 2l a—se 2In(l + %}” n—oc "

"

.n 2014 1 _
lim — + =] =1
n—oo 2 \ap+ay+--+a, {(ata+-o+a,)?

0 < r < L
(r.:..l +fat -+ r.-..njg "’
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va lai dp dung dinh Iy Stolz,

) ety o (n A4 Dy — na,
lim = lim
=3 + {5 + -+ Ly s LT

. a?]‘.
=lm(n+1-—mn =1.
=0 thy 4

Pdng thitc cudl o6 duoc tir (%). Cy thé ta co

: |
- fy l + ?J':Fi‘_r
l<n+1-n < T
an+1 1 + ety
Do lim a, = +02q,
MN— D
1_|_ n4+1
lim A — 1.
nwooe |+ —

Ly,

2.5.24. Tir bit ditng thite arctanr < x vdi x > 0, nén day don diéu gidam.
Hon nita né bi chan dudi bdi (). Do vdy diay hoi tu, gia si tdi g, sas cho thod man
¢ = arctang. Do véy g = (.

2.5.25. Luu y ring moi s6 hang cia ddy {a.,} déu thudc vao khodng (0, 1).
Ky higu o la nghiém duy nhdt cue phitong trinh cosx = x. Néu x > ro thi
cos{cos ) < . Ham [(&) = cos{cos x) — & la don diéu gidm, boi vi ['{x) =
sinzsin(cosr) — 1 < 0 wvdi ¥ € R. Do vdy, véi @ > x4 thi cos{cosr) — v <
flg) = 0. Tuwong tw néu i < xp thi cos(cosx) > .

Gid siz 0y > xg. Theo phdn trén ta ¢6 sy = (;()S(('.Ub‘ u..1) < . Do ham ¢
y = cos{cos x) la don diéu tang trong khodng (0, T), ta thu dude a5 < az. C6
thé chitng minh bing qui ngp rang day {(12”_1} la don diéu giam. Mdl khdc

@y = COSty < COSxy = Lo, dan dén iy = cos{cosas) > uu, va do d6, {au,}
la day don diéu ting.

Ly lugn tuong tw cé thé dp dung cho truong hop 0 < @1 < xo. Néuw a1 = o, thi
£t cd cdc s6 hang cua day {u, } bing vdi xo. Trong t4t cd cdc truong hop thi
cd hai déy {aon_1} va {2} déu tién 16i nghiém duy nhdt etia phuong trinh
cos{cosx) = z. Dé dang thdy rang Ty chinh la nghiém etia phuong trinh trén.

2.5.26. Bang qui nap , ta ¢é

ap =1 — (=1 sin(sin{. ..sin1)...) n> 1

{(n=1) Et?:n
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Da vay

n—1
n=1= 3 (=1 "'sin(sin(.. .sinl)...)
71 k=1 R
1 < (h—1y ldn
—_— ”-'A' =

i 1 12

Chiing ta s&€ chiing minh

nol
SO (=1 Vsin(sin(. . .sin1)...)

fe—1 na
(%) limi h—1lan = ().

H—C T

Néu n — 1 chdn, thi

rn—I

—sinl +sin(sin(...sin1)...) > (=1)*Tsin(sin{...sin1)...)
e B ol k=1 *~ " -
(n—1) I¢n (h—1y {4n
— < L < 0.
n 7

.
Hién nhién véi n — 116, (%) ciing ding. Cudi cing taco im 2 3~ a, = 1.
e T k=l

25.27. Rorangla o, € (nm,nr+ §).n=L12.... vadoovdy ima, =
TG
+oc. Hon nita,
. T . .1
lim tan (— + nw — a..n) = lim = lim — =10.
n—w 2 n—oe TALL fiy, n—C (i,

Do su lién tuc cua ham arctan ta cé lim (% + nw — a,} = 0. Do vay
H—

lim (g1 — @ — 7}
n—oo

T T
= lim (L + 0T =ty — (5 +{(n+ 1w — f-’-u+1)) =0

n—os N2

Tir dé suy ra lim (a,.1 — a,) = 7.
r—exn ’

2.5.28. Chu ¥ rang khong mat téng qudt ta cé thé gid su |ap| < 3. Cu
thé la, néu khong ta c6 thé thay |us| < 5. Dau tién ta xét U < a < 1 ova
0 < a £ 5. Dovdy (tpg) = aSINay < ap. Didu do 6 nghia la {ay} la diy
dan didu giam, mdt khdac no bi chin dudi nén suy ra héi tu. Gidi han cua diy
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tring vdi diem (V la nghiém ciia phuong trinh x = asinn. (0 < a < 1. Gid sz
0 < q < 3 pa () < a; < } Khi dé phuong trinh » = asinn, 0 < ¢ < 1.
sé c6 hai nghiém khong ém la 0 va xy > 0. Néu @y < i thi day {a,} don
diéu tdng va bi chdn trén bdi rg. Cu thé, us = asina, > ay. Tuy nhién,
ty = asia, < asinzy = T 06, bing qui nap, G, < ny < . Twong b,
Ty < a1 < 5 déndéna, > a1 > 2o Dovdy lim e, =xpvdil <a < 3.

LU

Néu —3 < o < 0,a1 > 0, thi ta xét day {bp} nbhu sau: by = a1.b, =
—a sin b, Hién nhién, b, = (—1 )”_'an.

Theo phén trén thi trong truong hop 0 < a7 < I ta e

2

lim e, =0 néu |n| < L.
[} i )

+ - :‘T

lim «, = &0 ndu 1 <a< -,
N— 00 2

. : . . . - w .

lim «,, = () khong t6n tal néy —— <a<-—1.
— oG 2

Néuw —Z < ay < 0, thi ta xét diy cho bdi by = —u. b, = usind,, vé lgi dp

dung gidng nhi trén. Néu o = (), thi tét ed s6 hang cua day déu tién tdi ().

2529, (@ Tathdy a, > 0va ayy = In(l + a,) < ,. Do véy déy sé héi
ty tdi gidi han g thod mén g = ln(l + g), nghia la g = 0. Ta sé chitng minh
lim e, = 2. 8% dung dao ham, ta thu dugef xem 2.5.3)

N2

2x et

<ln(l+xt<az— "=+ "—wd z=0
+x ‘ ) 2 '3 -
Tie do dén dén
( ) 1 1 n 1 < 1 < 1 4 1
*) — — — _ — 4 —.
i iy Gy (1 - %a'ﬂ + %ﬂi) Apil L2 2
Dt
{ 1 1 - 1
by = —— -
" thy {I”(]_ - %an + :]_;a{)g) Byt
ta thay lim b, = L. Cong cd hai vé ciia [*) thu duve
NM—D0 -
1 1 1 1 1 1
S et — Dbt b by € — e —
] it ity 2 (Ol

1 1 1 n
<L — 4+ — 44+ — 4+ .
28] ) Uy, 2
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Da vay,
1 b+ -+ by 1
<
(n+ 1)a; n+1 (n+ 1)ay 1
- 1 N n
(n+ Dar  2(n+1)
. 1 _1
Suy re lim cone = %
(b) Tacd
. . n . T — %
(1} lim (na, — 2)— = lim na, n
n—oc Inn  n—x nn
2
u R N— = : 4 . . . -
Dé chitng minh lln o ton tal ta su dung dinh Iy Stolz (2.3.11). Ta ¢6
T— 20 )
2 @ ra
. n—= E ' 1 (ST | e
lim ——= = limn —.
n—oc Inn n—oc In{l + )
Do lim St — Jiy MOF) 9 s i nin{l+ LY=1, ta suy ra
n—0 H 00 " T L
5 .
== M 20 — 200, F g
(2) limn —* = lim (2 nL LB J‘
n—oo 117 n—0 a

?1'[2(5.!! 11 —2an+antn 1 1)
ad
1

t6n tai. PE chiing minh ta sit dung

Ta cén chitng minh lin

T

bét dang thiie (c6 the chitng minh dé dang bing duo ham) nhu sau:

2 3 1 2 3

¥ T g <ln(l+ ) s + T -0
b=+ == — 1 <= ——+4+ =, = )
2 3 4 2 3
Do viy
1, 1T, L5 | Lo 1,
6{1” — Ea" — ia.“_ < 21 — 20y F Gy 1 < 6‘3”. + Ea-_,,_.
Dén dén
. 20041 — Gp T+ QG4 1
lir 3 = -.
H—ox0 o 6

nlnag—2) 32
v T3

Két hop vdi (1} va (2) ta thu dude lim

Da

2530, Pa flr) = (%)““" va F(x) = f(f(x)) — r. Pdu tién ta ching minh
(@) < 0 vdi moi & drong. Ta co

o 1 () 1 ,
Mr) = (1) In"4 —1.
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Da vay

, . ) ) 1 (Ll) . 1
F'(r) < 0 néu va chi néu - <.
4 In“4
Dé dang kiém tra rdng ham phia bén trdi cita bdt ding thite cudi dat duge gid
tri Ion nhit bing ]“1 tai o = ";111"4 Didy nay dan dén () < 0, nghinla I
giam ngdt trong khoang (0, +2). Hon nita, F{.—) = 0. Do ds I'(xz) > 0 vdi
0<x< % va F(x) < 0vdi x> 3. Tiép theo ta c6

o | =

S <zedi x>

Doy =1 > 2, ddn dén gy = f(flaz)} < wo, va bing cdch qui nap ta thu
dizge {y,} la diy gidm ngdt. Do d6 né tién téi g) thod min [{f{g1)) = q1.
Su héi tu ctia {om_1} t0i g thod man f{f(g.})) = g2 ¢o thé duge thiét lgp mét
cdch tuong hit. Cu thé g = gz = &

2531 Chuiyla0 <o, < 2vdin > 2. Néuwd,, > 1, thi ¢pp1 < 1. Dat
Jlr)y = 21 va Fley = f(f(e)) — & Ta ching minh duge F'{(x) < 0 véi
0 < r < 2 Douvday

Flay < F(1)=0wsi 1< a <2,

Flay > F(l)=0ws 0<z <],

Theo chitng minh cia phin trén, ta ¢6 néu a, < 1, thi day {ﬂ-gn} don diéu giam
va day {Ga,—1} don didu tdng, va cd hai day citng tién tdi 1.

2532, Chu ¥ ring tdt cd cde s6 hang cia diy déu ndm trong khodng (1, 2).
Do ham F(x) = 2% — x gidm ngdt trong khodng nay nén Flz) > F(2) = {}
vii € (1.2). Do vay day don diéu tang v gidi han g cta né Lthod man g = 23,
hay g = 2.

2533, Taswdung 2.3.14 cho déy {a, +a, |} va nhdn duge lim —21 =

H—20 b

0. Tiep theo ta xét diy b, = (—1)"a,. Vi lm (&, — b, 2) =0, ta ¢d
o0

N o oty — g
0 — 11111 78 r—1 — 11111 il h—1 .
T— O T TL— 0 T
2.5.34. Theo dinh li Stolz (xem 2.3.11),

- In - L— (% —gp ]y Sd
lim —2 = lim URE = lim 7”’
n— Inn = ln(n+1) —lnn  a—co In(l + }

'n.+1

= — lim nln
n—0 €y,
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Néw lim »(l — a;—_l) = ¢ la hitu han, thi lim (”:J — 1) = (). Két qud cdn

=G 0

chitng minh diide suy ra tiv bat ding thitc sau day

T4l 1 a a
. ] -1 P i+1
n—a——— < nln{l + ( -1y <n -1).
_I. + 3—+ I l U‘?I fIﬂ
'
eu g = +0oc, thi bat dén fc bén phdi chi ra rdn,
Néu ¢ 4o, thi bat ding thifc bén phdi ch o
. B . L " .
lim nln & = —oc, va do d6, lim —2* = 4o, Cubi cang, néu ¢ = —x,
s oo tin ; t—pe 1t :

thi vei moi M > 0 ton tai ny thod méan UE:J > % + 1wvdin > ny. T do

it

{-F’.?l_i_'l
nln

M
> In(l+ —)" — A

[P T n—0c

1

S [ " - . n A
Vi M c6 thé I6n tuy ¥, nén ta ¢é6 lim T = O
o0 T

2.5.35. Theo dinh nghia cia ddy,
(LT | + br.l.-H = (al + b]j(]- - (an. + bn)) + ({1-1:. + bn.)-

BPatd, = o, + b,. Khi dé d, 1 = di(1 — d,,) + d,, va bang phudng phdp quy
nap ta chitng minh duve d, = 1 — (1 — d|}". Do dé,

. \ b
= (1= (1=d)") v by= (1= (1—d)").
tfl Ifil
Vi |1 — d1| < 1, nén
] b
lim a,, = il v lim b, = —
[ ) + h]_ fr—oc a) + [I)l

2.536. Bt by = aay. Khi db byyy = bp(2 — b)) = —(by — )2 + 1. Tz d6

suy ra by — 1 = —({'jn - 1)2. Hién nhién, day {u..n} héi tu néu v chi néu
{by — 1} hoi ty, noi edek khde, khi |by — 1| = |aay — 1| < 1. Hon nita, néu
] = f, thi lim a,, = 0, va réu 0 < aaq < 2, thi lim a, = %

[T] n e

2.5.37. DPay la triimg hop ddc hiét cua bai 2.5.38.

2538, Tacothé chiraring ham [ lién tuc tai (a.a. ... a)ve fla,a, ... a) =
a. Xdy ditng diy {b, } bang cdch

by = by = ... = by = min{a,. a2 ..., a5}

by = (b1 Daege oo Dy} vdi 1> ke



2.5. Cde bai todn hén hop 213

Chii ¥ rdng néu min{a |, ay, ... ap} < «. thi {b,} tdng thuce s va bi chin trén
bdi . Mt khde, néu min{a,. ay, ..., ap} > a. thi {b,} gidm thue sy va bi chin
duwdi boi a. Tir do, trong ed hai trudng hop, day {b,} héi tu va lim b, = a.

T

Hon nita, do tinh don diéu cia [ theo mot bieén nén «,, < b, vdi n € N. Bay
giv ta xdy dung day {cy} nhu sau

=6y = ... = ¢ =max{a, as ..., 1),

Cn = flont,tn o, Cng) wd 1>k

Cing nhu trén, ta chi ra réng lim ¢, = a va 0, < a, véi n € N. Cudi cing,
T—00
theo nguyén Ii kep, lim a, = a.
=

g —ily

2539 Taco gy = aqe™ ™™ gy = dae = qpe™™™M pa, bang cdch quy

nap, po1 = "7 pdi n = 2. Gid sw ¢ la gidi han cia day. Ta co

e

(star) —q = e

@y
Chi ¥ ring néu % = e,thi phuong trink (%) ¢6 nghi¢m duy nhat g = 1. Néu
% = ¢ thi phuvng trinh niy o6 hai nghiém, va néu () < % < ¢ thi nd khong
cd nghiém. Trude hét xét trutmg hop 0 < S5 < e. Khi d6 day {a,,} phan ki vi
(x) khéng c6 nghiém. Hon nita, ta ¢6 thé ching minh rdng ddy {«, } don diéu
tang va do doé phdn ki ra +oc.

Bdy gic ta xét triuong hop % = ¢ Khido o = ™' > ) va bing quy
nap, Gpr1 = 4n. Hon nita, néu a; < 1. thi ciing bang quy nap ta 6 @, < 1.
T do, liny ay, = L. Néw ay > 1, thi {a,} don diéu ting va phin ki ra +0oc.

F1—20

Tiép theo, ta xét truong hop % > e, Khi do (k) co hat nghiém la g1, go, trong
dé ta gia sa ¢ < ¢o. Gid s rang oy < . Thi

e

¢ — —qy > ()

(%))
hay, néi cdch khdce, 62 > a1, Ding quy nap ta cé {a,, | don di¢u tang va bi chdn
trén boi ip la gidi han ctia né. Néu g1 < a1 < go, thi {a, } don didu gidm va b
chin dwdi bai ) la gidi han cia né. Néu ay = o hodic (y = ¢3. thi diy la hang
s6. Cudi ciing, néu a1 > g, Lthi ddy tdng (61 +0oC.

2540. (Baitodn nay va o7 gici cia né dua theo Euler trong trising hop tong
gudt. Xem [13}). Si dung dav ham, ta chéng minh duve lnr < f vai T > ().
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T dé %= = luay, = ap_ylua. n > 1, va do ds, an = ap—ylne’. Vay néu
e
a > ev, diy {u,} don diéu tdng. Ta sé ching minh trong truong hop nay,
. . , . i . .
lim e, = +2¢. Ta ¢6 dyp1 — G = 4™ — ¢y, Do dd khi ¢ > €7, x6t ham

T— 20

: . . T SR In{lna} e

g{x) = a* — z. Hém néy dat gid tri nhé nhét tai vy = — nl‘”nu”' < e, Piéu nay
. 1+l - NI 5 og 1-ln{lina) .

suy ra o — i1 > %M) > 0, va hé qua la dyqp — 0y = % = 0. Vi

khodng cdch gitta hai 56 hang lién tiép ldn hon mét s6 duong nén day phdn ki
re +00.

Bay giv ta xét trudng hop 1 < a < cv. Trude hét ta chitng minh trong
truong hop nay phuong trinh o — r = 0 ¢ hai nghiém diuong. Pao ham ctia
ham g(x) = «f — x triét ticu tai diém xq > 0 thod médn a*° = ﬁ Ham g dat
gid tri nho nhdt tai Ty, va g{rg) = @™ — 1y = ﬁ = 1;;113% < ), vi
néul < a < er thi == > . Vi g la ham lién tuc trén R, né oo tinh chét diém
trung binh. Do dé phuong irinh a* = & cé mét nghiém trong khodng (0, 1) va
mét nghiém khdc trong khodng (g, +2). Kt hitu cde nghigm nay la o va 3,

twong wng. Chu y gle) =a" —e < (E%}f’ — e =10, e nam giita o va il

— Iy

Néuzxr > 3 thia" > a’ = Fva g(z} > 0. Pidu nay cé nghia la diy {a,}
don di¢u tang va bi chin dudi boi 3. T dé lim a,, = +oc.

TP

Néwa < < Jthia < a” < Jva gla) < 0. Hé qud la, day {a,} bi chin
va don diéu gian. Do dé déy hoi tu t6i .

Khi & = o hode x = 3, ta thu duoe day hing s6.

Bay gionéu ) < x <, thil < a” < avé glr) > (L Dodo day {a,} ting
1 cx.
Cuéi citng, néu i = 3, thicla nghiém duy nhdtcia phuong trinh o =,
khi dé ham ¢ dat gid tri nho nhdt la O tai ¢. Do dovdi 0 < & < ¢, ta co
0 <« < ewvagle) > gle) =0. Pidu nay din t6i day {ay} don diéu ting va
giti han ctia né bang ¢. Mt khde, néiu T > ¢, d@y tdng i vo cing.

Ta 6 the téng kot lai két qua nhe sau:

. 1
+o¢ néua=e-vaexr =0,
. 1 -
+o¢ néul < a < el vax >3,
) 1. .
] 3 néul < a<esvar=14:7,
lim e, = ¢ . 1 I
n—o0 o néul <a<ereal <z 3,

. 1
4+ néu (t = &F va ik > e,

. 1,
6 ndua=crrall<r<e,

2.541. Bdt ding thite ¢6 the duve chitng minh bing quy nap. Ta cé lin a, =

P0G
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2 (50 sdnh vii l5i gidi cua 2.1.16).

2.542. [20] Chi ¥ ring
[+ 214 V3
a <22+ V2 <2

el -
- can

Nhdn thdy rang néu = = 0, thi tdt cd cde $6 hang ctia day {a,, | bang 0. Gid st
rang ¢ # 0. Ta sé ching minhbdng quy nap rang bat ding thite dd cho ding.

T
= s

Vi n = 1, hién nhién. Gid siZ rang

a.,,_zzl‘\/2+':‘.g\/ 2+ ..+ 2,V2 = 2sin 1 Tok-1
Je=1

Tee do
o+l - - - ntl -
3 o T S8 Y T ] o EL
(1 — 2= 25In 1 orz | = 2co8 2 + 2 oF 1
fo=22 fo=2
- n—-l B _ n+1 o _
7 Ll POOS g T 1505k
5 gk-1 | = 4sin 4 ok—1 2
k=1

= =2cos | -

e K
1 Cok-1

ddn téi dang thiic c4n chimg minh. Bdy giy, do tinh lién tuc ciia ham sin x,
4
k=1

o Fad e Fad
e P
k—1

lim @, = 2sin
[r B o

2.543. Dimg quy nap chitng minh ring
1
T

1
arctan — + ... + arctan ? = arctan
n-

e

oy
w .
- 1.
I —o0

l + I

Vivdy lim {(arctan % + ... + arctan ﬁ)

2544, Taco
1+

sin(wy/n2 + n) = sin®(7vn? + 1 — ) = sin?

23545, Tachitng minh bing quy nap rang day don diéu tang va bi chén trén
Do dé né hii tu tdi g thod mdn g = /2 + 3+ gva g € (2.3}
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2546, [13] Ta co

f
3=vI+24= \f1+2v’7:\/1+2w1+3v’ﬁ
:\/1+2-\/1+3\/1+4\/E,

vé, bc?ng quy nap,

(i) : 1—|—2\/1—I—3\/1—|—...\/l—|—n_.\f(n_.—|—2)2=3.

Tz do

/
(2) 32> 1+2V/l+3v/1+...\/1+(n—l)\/(?H—l).

Bay giét ta su dung hét ding thive sau:
(3) Vid+za<vVave+lz>0.a>1.

TefSvoiz=nvio=mn-+ 2,

\/1 +a(n+2)2 < V(n+2)/n+1)

T do
/
\/ L+ {n— 1)\/1 + na/{n+2)% < \’/fl +vn+2n—10vV1+n
(n + 2)%\/1 +(n—=1Vn+1,

trong do bdl ddng thic cuéi cung suy iz (3) véi a = vn + 2. T (1), lip lai
cich lam n ldn cho ta

x
(4) 3<{n+2)*" 1+2V/1 +3\/1 +...\/1 +{n =1y (n+1).

T (2) va (4) cho ta

lm |1+ 2'\/1 + 3\/1 + \/l +(n— 1)y (n+1)=3.
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2.547. Phuong trinh 22+ 1 —a =0, a > 0, c6 hai nghiém  va I thod man
« > 0 > 3. Hon nita, ta ¢o

a ft— an — Oty
) —x=——1l—a=——0-—6#—+
a“ (1'"“
Ca—(L+w){on—o)—all +0)  —{1+a)(a, —a)
n fn

Via+ 3 =—1. tanhdn thiy a,., — o = d% Cling nhw thé, a,,, 1 — 7 =
a2 Do ds

fin _ )
Gutr1 — j oty — J

Gyl — & d Ty —

va bang quy nap

n—oo 7 n—oc

ty — 3 _ (ﬂ g 01— 3
an — o 3 (4, — 1
Vi 2] = & < 1, ta nhdn duge lim (8! =0, va do dé lim a, = 3.
I+ : : & )

i3
2548, Gid sz o va 3 la ede nghiém cia 1° + 3 —a =0, ¢ > 0. Khi d6
« > 0 = 3. Bing cdch lam tuong tu nhiy bai trén ta dudc

fly — (¥ 0, ] — (X

w5 7w

Do dé lim o, = or.

n—oa0
2549, Vdi s6 nguyén duong k bdt ki, ta c6

1 1 | = |ttt — o,
T4+ ap 14y, (1 4+ tpqr 1+ a2,

|G'n—l+h' - (-"-'-n+l| = |

1
< Z|!’In_ﬁ\: - ”-n.l‘

Bay gid, bing quy nap ta oo

1
|t on — (_'!_.,?_+|ffﬁf;(i)n|f}.;:+| - a.
Hon nita,

a1 — a1 <agr —ax| + oy —ap 1|+ o+ e — @

1 4
1_—l||’lz —{'Lll = E|(1-g — (1-1|.

1

[A

Do d6 {a,} la diy Cauchy. Gidi han ctia né la /2.
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2.5.50. Vdicdch lam tung tie nhit bai todn trén, héy chira lim a, = L+ /2.
h—2x

2551 D@ flz) = 55, ¢ > 0, va Flz) = f(f(z)). Khi d6 F'(x) > 0 odi
r = 0. Dé dang thi ranga) < a3 vae aq < ay. Hon nita, vi I tang thuce su, ta
suy ra day {r.-.zn} giam thuc sy va day {(:.2?1_1} tang thue sy, Day {(L.,;} bi chan.
Do dé hai diy con ctia n6 {aa,} va {ag,—1} ki tu. Ta c6 thé kiém tra ching

co ciing mét gidi han Ia v 1 +a — 1.

25352, Nowa, <0 thiaa=1—a, > 1vaay = ay—

nap, (y_1 = t;, — 2,]%1 vdi 1 2> 2. Suy ra

s é Biing quy

b] =

1 1 1,
Uyl = _(2”_1 + -2 + ...+ EJ + s,
va dodsé lim a,, = —ay néu ay < 0. Bay givnéu ay € (0.2), thiuy € [0.1) va

T

bang quy nap, ta nhdan thiy G, € [0, #], diéu nay ddan dén lim @, = (.

gr—1 “ e
Cudt cing, néu 0y = 2, thi vy =01 — 1 = 1. Bang quy nap, ta ¢ (tyy 1 = iy —
_.}“;1, vi hé qua la, cing nhiu tridong hop diu, ta chitng minh lim a,, = o) — 2.

TG
2.5.53.
Ta 6
el jat 7 2012 3’ (n — Lya~!
AN Nt i
n—J on- 1 n—-2 =n-3 1
1 e 2nh—-1¢* 3n-10a n— 1% 1
N L L (A
pw—1"1 0 — 2 n—3 1
T doé 1 . 1
= =4 i e
=+ Ty < I+ - 1) =4
n—j n—ji n-—7j
ta thu dude
i jed < a4+ 2202 + 3Pt 4+ .+ (rn — 1)2(.'.-”_1
o - n—1

Theo k6t qua cia bai 2.3.2, ta thu duge

o+ 2a? 3%+ L+ (n = 1))
lim — 0.
LU ] n — 1
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Nhan thdy rdng
n—1 n te—1 n—1 ;‘ffﬂk
na’ —r.-” } = —qF = o+ '
Z jed Z J Z n—k n—=Fk
J=1 =0 k=0 fr=0
va s dung (aj
St dung (b vdi @ = §.
2554, Vixduong v — % < RINnE < T, ta ¢
m T " '3
< 5111
Lz:n+k ZG(N—I—AP Z
n
Dé dang thit rang nl_{& Z 80 +A‘d = (). Hon nita, theo 2.5.8 (a), n]l—l~]:>]<, g:l m =
7 ln2. Véy gidi han la w 111 2.
2.5.55.
Pt o, = H (1 +Lﬂ"| Y. Dy vao bdt dang thie (xem 2.5. 3 < m{r+1) <
h=1
vdi 1 > 0, ta duoe
1 ;2 T '2
17 <lna, < —
; end + k2 " — en®
" .
P . 2 n{n+1i{2e-1)
Do d6, tic cong thic F;l k* = ———.
n{n—+1)(2n + 1) “na n{n + 1){2n + 1)
6(cn? + n?) o Gen? '
Dods lim a,, = €3,
LI o
Ta cé thé ching minh bt dang thic = < lfe+ 1) <wwdi x> 0cang

dung vdi —1 < & < (). Do dd, nhu chitng minh trong phin {a), ta cé
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2556, Viyduing »r— % P csing <o — E —|— ,),, ta nhan thdy

(1)

- Tt . N
vV 313” ﬂT \/ pan ok
H sin

Tl ” 6?1*5 n!

va

.-"n“}” T .-';rIr Ty ( F“z F“l )

(2) —Hsm - + -
A AL n! n\/_ Pl 6n2 | 5lnb

. ) . P N 4 = B L
Tie (1) v két gqua dd biét trude ta suy ra gidi han ndy Idn hon hode bang 715,

Béy gio ta chitng minh

T r"id k’d
1

litn | I 1 — -} < g7 18,

AR |( 6n° * 5!?1{") -

L3 ,I. 2 ,I.’l
1 l——+ =)< :
llH ( 6?13 '?16) — ( o F '”1?2.‘3)

n(n+ 11{2n + 1) N n{n+ 1){2n + 1)(3n* + 3n — 1)
36n3 30.5!n5
Cudi ciing, tir (2) va dinh v kep ta cé

A n IR 1
liny : H 8i : icH
R I e L

2.5.57. Trudc hét la ching minh ¢, = “a, 1+ 1. n>2. Tacé

I n—1
1 M(?P—l—ﬁ.)(ﬂ_k)
{y = = +1
; () ; (n—1n
n—1 1n— |
_ 1 k(=1 — kYA
(Jf) - § (‘n_;]) ; 7 (n _ ].)I'H + 1

S|
= fly I_ZEW—FI
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Hon nita,

A1 n—1—-4% 1 =1 o1
= it = i = a -1 1
Do B D O e DET O
Vi viy :
n—1 — % 1
21, et T ; ; (NJ\_-..[) ‘

Tw (1), ta dugcii, = dy—| — %(r..,l_-l +1="2q 41 Chonénlim a, = 2.

2n g

2538 Néu o = 0. hién nhién lim o, = 0. Néu o > 0, thi 0 < a, <

=20
1 — [”_;f"ﬂ nén i «,, = 0. Béy gid ta gidi trong truong hop o < 0. Lic do
T
. = (—]_)n_] (,H—r_r _ 1) (E)—u‘ _ 1) i . T e _1
= .. 5 ... m— .
Vi véy, néu ta chon v = —1, ta duve ddy phan ki a,, = (=17 New v < —1.
ta duwge
., . noo_, n o)
— —1 —1)=»(——1 -1y =1
(Ere -G -1 > G- )

voi 1 < p < n. Honnige, (R} = 1> 2—1=1. Vivdy
¥

) R £ .
ety = (07" — 1} 7V —1) — +oc.
n—1° " n—oc

Cling nhu vay, ta ¢é néu —1 < a < 0, thi

] < (270 = 1)(—

n—1 n—ox

Wl
2559, Tacs (24+V3)" = 3 ()(V3)2"F. Neu nhom cde s6"hang 16 va
=0
chédn vdi nhau tuong ing, ta c6 thé viét

(2+V3)" = Ay + V3B, va (2-V3)"= A, — V3B,

T ds lin

1
N

(A, 4+ V3B,) = 400 va lim (4, — V3B,) = +oc. Vithe
G

\/EBI?.

Fi
= 4H

=1.

limn
N—"20
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Vi A, la ede sé nguyén va Vr"iB” < 1, nén [\/gh’ﬂ_] = A, — Lodin di lon. T
<in
do suy ra

{V3B,} — 1 hodgc {A,+V3B,} ={V3B,} — 1.
WD WD
25.60. Day {5,} don diéu ting. Néu ching bi chiin trén thi s& hdi tu, va do

lim @, = lim (5, — S,—1) = 0.

LA =) D0

Gid s ring nliIl:;Lo Sp = 4o, Ti gid thiét, Syy1tne1 + tn < Sty + Gp_) suy

re Syity + Gp < Sany + @y T do

=1 Sattz +

ty < Gy + > .
Sﬂ Sn

e Ly .
Cuéi citng, lim a,, = ().
Fr—C

2.561. Theo gid thiét, vdi moi £ > () ton tai mét 6 nguvén duong 1y thod
man &, << =hoedl > ng. Do dd

-2

2 2 2 2 2
ey tas+...+a, aFta+.+a

2 2
T e

_ T
n? 72 112
. . ”
< af + a% + ...+ D -n.'s(a.,,,oﬂ + ...+ {1.,,_)
- n? + ne )

Ty 2414 va 2.4.189,

p) 2 2
— oy —— e L iy
lim . < zlim ;
0 ?"{'3 H—oG n

2 2 2
i N . .. . [ o o S
Picu nay hién nhién suy ra lim 1251 = (),
N

2.5.02. Ta sé dung Pinh li Toeplitz (xem 2.3.1). Pgt
_-':ln =i F+a+ ...+ oy -Bn = b] + bg + ...+ b?l--. CH =+ o+ . F o
vé

—te1 By,
ﬂ'an + ﬂ-"EB-n 1+ + lr1‘rr.1r:")l‘

dn_k =

Béy gid ta ¢ ching minh rang cdc s6 dwong d,, i thed man cdc didu kién (1) va
{it) trong 2.3.1 (cling xem 2.3.3 (al). VoI k o6 dinh,

Uy —k+1 0

d?t,ﬁf S
ap+ay+ o Gy
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kad

Rorang > dyy = | va nhin thdy

k=1
Cn (Llf).” + (LQE'}.“_l 4+ ...+ flnb] d b] n d E'?Q n n (f bﬂ
- = = 15, 2_ e . A
" a1 By +asBy_ 1 + ...+ anB) " B " By m By,
Cubi ciing, theo Bink I Toeplitz, lim & = lim & =0,
n—og Tt n—og T
P 2 2 3 . .
.00, a et rang ¥ — 5 < lnLr < F = Soougrw =\ Dai
2.5.63. Ta bist ring 5 < In(r + 1 T+ e 0. B
Lyn?,,— .1 . 1 ) TSI PR L
ty = {1+ 5).': ¢~ Dodé —; < lna, < —3+ -, ddn dén “111)1010 g, = —3.
1
Viy gidi han lo e™ 2.
- . I I _ I [T - 5
2564, Taco ity — ty > —uz > Tam=0' . n=l + o > 1. Bgt

by = . — . Khi do day {b,.} don diéu tang va bi chan trén; né hoi tu. Tt
do {u, } cing héi tu.

2.5.65. Theo gid thitt a,py V2 = ay, la cé
1 1
(412777 2 a2 2T,

— 1 w
T do day b, = a,2” 7= don diéu tdng va bi chén. Do do, no héi tu. Hién
nhién, lim b, = lim «,,.

H—0 H—20

2566, Xét a € (I,L). Gid sit phdn ching rang o khéng phdi lo mot diém
gidi han ctia {tt, }. Khi do sé c6 mot lan chn ctia @ chi chita hitu han cdc phéan
tu cia day. Gid s & > ) lg 56 du nho ma

(*) {<au—s<a<a+e<Ll va a,&le—ca+s] vdi n>n.

Theo gid thiét, |ty — | < £ vdi 1 > 1y, Theo 2.4.13 (b), ta biét ring ton
tai Gy, thod mén a,, < [+ ¢ < avdi ng > max{ng, na}t. T do tn 41 <
oy + |Ga,41 — @, | < @+ 2. Do dé tiz (), @y 11 < @ — &. Vi vdy, theo 2.4.12
ta), L < a—= < L, méu thudn.

25.67. Xét a € (I, L). Gid s phdn ching rang « khong phdi la mét diém
gidi han cia {0, }. Khi do sé c6 mot lan cgn et @ chi chie hitu han cde phdn
ti cue day. Gid stt © = () la 86 du nho ma

(x) I<a—s<a<at+cs<l va ap,&la—z,a+s] vdi n>n,.
Theo gia thiét,
(%) (y — Ot < by, << & 0Ol 1> 1o,

Theo 2.4.13 (a), ¢6 1y, thod man «,, > L —=s > a. Bay gio, tit *, t,, 41 > a0+
vdi Ny > max{m . nu}. Dodo tie 2412 (e), 1l = a + ¢ > a > 1, mau thudn.
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2.5.68. Tasé sw dung két qud dupc chitng minh o bdi todn trén. Ti tinh don
diéu cua {r_]'_..,?_},
Ul (hy, — Ly, —1

_ P
nt+l+ay n+a,  (n+l4anin+a)  n

Do dd, theo k6t qud ctia bai todn trén, 1ip hap cde diém gidi han cua day dai cho
la dogn [l. L], trong do

i Tl

[ = lim val = lim .
1 —ox 1L + itn n oo+ (i

2.5.69. Chiay ring

1 1 2 111+ amq 2 1 1
Boappl — = | = = |l — = | =z |————— — =| = < |ton_1 — | .
I+ 2 2y :j 2 2 P Dri—1 3
Kéo theo day c6 hai diém gidi han la: % ud é

2.5.70. Ta biét rang, theo 1.1.14, voi bat ki s6 nguyén duong n i6n tai mot s6
nguyén diiong ¢, va mét sé nguyén b, thoa man

1

qH.

ZW—&

n

DO d{j |l“i‘l| < (Q?T + 1)(1?1_, Ud b'i fhl’_,j’,

< 2ﬁ—|—1.

=TT

Vi day {4n} khong bi chin, né chita mét day con phén ki ra vé citng. Do d6 0
lee mét diém gidi han cia {ay}.

AT - A . : o1
| |p'u | S11 p-nl = | |pn Slll(zﬁ—qn - pn_}| S ‘ Y |.Dn 5111 f}_
n

2571, Tasé ching minh 6 mot déy con {a,, |} thod man

(?‘r-a-.(m + Gyt )) > 1
(ng + Lla,, -

Gig sit rang didu kién trén khong ding. Khi do i6n tai ng thoé man

ey + dp-1)

<1 n > 1.
(re+ Ly =
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Tie dé 2 4 Sntl o @n i > g, Do do

n+1 n+1 n
fin L1 2
LA < -
ol n—1 n
.| A2 48

— — < — —.
w—1 nn—2 — 2

anrj—f—l o a'n..g . 23]
no+1  ng o+ 1°

Léy téng tét ca cdc bdt ding thike trén, ta dioc

Qy Oy, L 1
— < — @ +..+—1.
n o ng + 1 7!

Do ds, theo 2.2.50 rc), lin f:—}‘ = —oo,vé Hvia, =0

TE— 20

2.5.72. Bdng cdch lam twong ti nhy bai todn trén, ta chitng minh ton tai mot
diy con {a,, | thod mdin

(-n.k(r}l + nr.nkﬂ'})m" 1
(1 + plag, -

2.5.73. Gid sit phdn chitng két lugn trong bai todn khéng dung. Khi do tén
tai mot s6 1y thod mdn vdi 1 = hg, 7 (Hg—‘“ — l) < 1. Bér ding thife cudi

Il
iy _ HUn4d

ciing co thé vidt lai dudi deng ﬁ < B Diéu nay dan toi (xem 100 gidi

. _ it n+41-
cia 2.5.71)
! : +.,.+£<m—ﬁ.
g+ 1 n i i
Vi lim %2 = —oc. mdu thuan vdi tink chdt {ay} la diy duwong.
=G )

B¢ chuing minh Il hang s6 co thé t6t nhadt, ldy ¢, = ntlun, Khi dé

. (nl + {1+ )In{n 4+ 1) B -r:)
=G nlnn
. 14+ {n+Lnn+1)—nlnn
= lim
n—oc I 72
1+In(n+ 1) +ln(1+1)"
= lim ( ) (L+) = 1.

n—oo Inn
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25.74. Chiyrang «®> = 1 + ay_) va @y = L. RG rang, diy tdng thue su.
T sé chiing minh dity bi chdn trén bdi %(1 + \/E) bing phuvng phdp quy nap.
Thét Udy, néu tp-) < 1+ V6), thie? = 1+ ayy < 2+ 15 Vivgy

”‘?I \-‘ 1\/_ 3 + \/5 I—‘a {”n} hOI l‘.‘u foI + \//5}‘

2.5.75. [20] Hién nhiénddy (b, } tdng thuc si. Trude hét gid si rang o < In 2.
Khi dé, theo gid thiét, ¢6 ng € N thod mdan In{lua,) < nln2 néu n = ny;
hode, titong tuong, ty < €2 néu 1 > ng. Ta c6

by = V/ﬂl + ...+ \/ﬁ-nn + 4 Sy,

<Var+..+ \/a,mq + \/82"0 + Y EQ:{

< '\/a] + ot \/amJ L4 e 1+ L+ V1.

Theo bai tricde,

/ 145

b < Ala+ ...+ \/ﬂ-”,., |+ a2 5

Didu nay ¢o ngid li { Jn} bi chin trén va héi tu. Gid sz rx > 1n 2. Theo gid thiét,
vdi £ > 0 cho trude, ton tai g thod mdn In{In a.,,_) > nlo+ ) odi n = ny. Dt
a+s=1nd tacé @, > e vdn > ny trong dé 3 > 2. Do dd

/
/
b, :\/a. —+ .\/(1.2 -+ ...+ \/ tpg T ...+ A/ fn

A ER
\/”' Tt \/am_l + ezt > o)

Trong trudng hop nay, diy {b, } phén ki ra v6 cung. Chi y rang, néu ) < a, <

1, thi mde di Inlna,, khéng xde dinh, day {b, } don di¢u ting va bi chdn trén
boi 115

, Rén no hoi tu.

25.76. [20] Theo gic thiét ) < ay < na) nén day {2} bi chdn. Ki hi¢u L
la gi6i han trén cia no. Khi dé ¢6 mét day {1} cia cde s6 nguyén duong thod
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- . @& or 4 g s - P aat .
mdan 1l m;‘ = L. Véin € N cd dinh tuy ¥, ta 6 thé viét my. = nily + ry,
TG a

trong do v, € {0.1,....n — 1}. Do dd, theo gia thiét, ay,, < lpa, + ay,. T dd

(I-? N !;‘ri‘ ) ”’IA
= by T —.
™M niy + i M

Cho k — x, ta duge

9]
(%) L<-=,
n
déin tdi a a
T 1 + ‘11
lin — < lin —.
n—os 7 n—ona M

o fln s
Vay {?} hot tu.
2.3.77. Cdch lam tuong tw nhi bai todn trén.

2578, {20]Day {a,+1} va {1 —a,} thod mén gid thiét eda Bai todn 2.5.76.
Tee dé lim % vé lim % ton tai va hifu han.

LI e o) HooeDC

{aj Theo trén, lim %t = g pa lim & = g
n—no n—oag

{bj Cdc bt ding thie la hé qud truc tiép tw (%) trong i gidi bai 2.5.76.
2.5.79. Ta sé chitng mink diy {%} hoi tu téi A = sup{=t : n € N}, Gid sit
1+ le mot 56 nguyén duong 6 dinh tuy y. Khi do

% _ a‘fﬂu"‘?'n = a'f?fu
T ple+ 10 = pla+

trong dé 1, € {0, 1....,p — 1}. Do vdy, theo gid thiét, lim % = % Piéu nay

H—00
ddn dén lim 2% > lim “2. Vay day {22} héi t. Hon nita, 2220 > 24 pép
_—n = P - n g - mn = n
- P
7 e, O ity
A= lim = > lim £ = infsup —
n—oc Tt p—oc P Py |
. dpom . by,
inf sup =2 > infsup — = A
P omcH pin Pom

2.5.80. Trude hét ta chitng minh tinh bi chin cua ddy di cho. That vdy, néu
T<apaum <ot ! <ag = ﬁ < . Do d6, theo nguyén Ii duoc
phdt biéu md ddu trong 15t gidi clia Bai todn 2.1.10. déy {a,,} bi chan. Dt

[ = lim¢,, L= lima,.
n—oc p—nc
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Vi mot s6 = > O o dink tuy ¥ tén tai 1y, ny € N thod man

(i) iy, < L +2 > T,
(ii) Iy > —¢ > Ha.

N 2 1 ) [ L e » L

T (1), (g = e S Tt duong cd thé nho tuy ¥, ta thu

duge | > % Bang cdch tuong twtacé 1. < % Dodol = i Gid st {ny.} la day

ede 56 nguyén duong thod man i ay, 42 = 1. Ta c6 thé gid si rdng cdc day
h—oa i

Oyt ny, VA fin, ) hoL tu té 1) 1y ve [, tuong ing. Thue ra, néu khdc, ta 6

thé chon ddy con thod médn. Theo dink nghia cia {u,},

2 2
E]‘|‘-‘,’2=E:2{ va I-_;—I—Z_-_.;za,

vatwel <l .y < l.tadwpcly=l;=lvalo=13=1 Teds! = /. Diu
nay va ding thie | = ‘,l dén dén day {a,} hoi tu toi 1.

2581, Vi0 < a, < by, tén tai ¢ € [0, %) thod man ) = by cos . Bay gio
ta ¢6 thé chitng minh béng quy nap ring, vi i % (),

by sin s by sin v
+ ; 1 el

Uyl = = va by, = —5. neN
27 Lan i 27 50 o

Vivdgy lm a, = lim b, = 299 Ngy o = O, tize la o = by, thi cde day da
— 0 —00 ke

T D 3
cho {an} va {by} la hing s6.
2.5.82. [18] Theo gid thiét, jjj— = 1+ =4y, trong do &, ddn i6i 0, déu doi
vdi k. Do dé '

(*) Z pa = Z bk,n + Z CH.F.'.H.b!.:.H.-
k=1

k=1 f=1

H
T lim 3 bp, ton tai, 6 mot 6 M > 0 thod mén
n—moa =1

it
> bea| <M. neN.
=1
Hon nita, voi bét ki £ > ). |ep,| < g vdi k= 1.20....n, ndi ldn. Do dg,

I3

E 5&:,?13}#,71

b=

"

< g Nghiala Um > cpoby, = 0. Vay, &2 (),

- Rant= S

T T
lim E G = lim E T
[ ST o LI

k=1 k=1
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2583 Taeo

S]_ll (2!\;:21}& l R . - ;i
il _I—>i_w déu doi vdi K.
1

Do d6, theo bal trude,

i "

_ . {2k = 1Da X (2k — 1)a

h=1 k=1
2584, Tir bai 2.5.5, néu déy {x,} hii tu t5i 0, thi % —— 1. Diéu nay
Ealia oo
ddn toi

a 2 —1
A
£ g n—x

i

déu dér voi k. Bdy gio, ditng Bai todn 2.5.82 ta duge

n Tt 'Il’ l
lim a2 — 1) = lim Ina — = —lna.
D ;( ) P ; }12 2

23585, Néu {z,}a mét diy duong héi tu tdi 0, thi, theo Bai todn 2.5.3,
Wilden) Theo 2.5.82, tq co

En H— X
i L L 1
lim E In{1+ — )= lim — = .
TE—D0 Pyl 0= P - 2

Vivdy lim ﬂ (1 + :‘—2) = ¢t

D20 =1

2.5.86. Ta co thé ching té rang néu {x,} la day duong hoi tu tdi 0 thi

(%) — — L
=T =2
il
it
Foe—l
o = k=12,
Chon ne K ]- v .1
Khi d6 cr,p < max{ . =7}, va vi vdy {opn } ki tu t6i 0 du doi vdi k. Khi dat

1 . P .
g = {1 +ernlr —luvaby, = %(".;\,‘n, roi s dung 2.5.82 ta nhin duge

H.
nlﬂ-gog ((1 + nd ) B 1) B f_jnll_e;lc’ =1 n? ‘
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Theo dinh Iy Stolz (xem 2.3.11)

1L pe! 7t ni!
lin = lim —— = limn Y
n— ny n—oe 19 — (N — 1)‘1 n—o 8 — 919 (1 — —)
"
ne! 1

= lim 0 .
0t — e (l — qﬁ 4 e n% _ .. ) 4

o, o nlatd) (ot . g
25387 Dt a, = D)~ (bnd) Khi dd

a (1+¥£)--'(1+n.;—f)
bl+d+(t-1))(1+22+2-1)) - (L+nl+{E-1)).

iy =

Bay giv dit = £ — 1, khi dé véi v > 0 va

£

1

il
5 w L
(1 + 1+;—j’) (1 + 1424

[',,J_'_.“ =

) (1+27)

Vi
€ N 4 € . (l N £ ) (l + B )
1_|_:_:’ 1_1_??5 1—|—g 1‘|‘?1:—j .'
ta co
7}
fhy < ] | ! ’
bi: (@ + l+2§ R 1+?L%)

Do ds lim @, = 0 ui

H—D0

L 1 1
linn + I _ = 4.
”_’w(l"'g 1+2] 1+'u..'—1)



Chuong 3

Chudi so thuc

3.1 Tong cua chudi

3.1
(@ Tacdur =51=2 t, =5, — S,_1 = ﬁ n > 1. Do d6, chudi
. G 1
cdn tim la 2 — zz = v Long ctia né la S = :}I—I& S, =
=

L oo
(b)l fI.n - QTf Z antl = ]-

n=1
(¢) Vig, = arctann — arctan(n — 1} nén tang,, = ﬁ Do dé a,, =
aretar — L S U D
ArCtan - —g vé Zl arctan s——7 = 3.
W=
. . : E hey— - - g 3 Seopa
d a, =—1. a, = (__l)”n‘(;;_—_h vdi n > 1. Téng cia chudi la
, 2n—1 .
-1+ E —l = (.
n{n — l)
n==4
3.2
- _ l _ _ — —
(@) Taco iy, = n2 (?1+l|— Do db 5” o (?1+l)2 va 5 = ;}Ei h” L
(6) Tuwong ti, ay = - Suyra S, = {1 - 521 v
- T g\ on—112 T (2nt1)2 Jr SWY TG 0 =y (2n+1)2 '
5= lim &, = %
N—00

231
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fe) ay = \/:{% ‘f\r}—l Do ds S, = ,& va 5 = lim S, = L

a——
d a, =3 {55 — 55) Dods 5= lim 5, = 3.
fe) iy = ‘\;’%‘ = ﬁ — \/W 5= ,}E_ﬂ S,=1
3.7.3.
{a) Ta co

S,=lnl—Ind+In24+Ind—Inl—In7+n3+mIn7—-1n2
— 10+ . +lun+n(Es —2) — Il — 1) — In(3n + 1)
41

lu{ne 4+ 1)+ n(3n + 1) — Inn — In(3 4) =1 .
+n(n+ 1) +luEe+ 1} —lnn —In(B3n+4) =1n S d

Dode 5 =1n %
b) S =In2.
3.14.

{a) Ta co

1

n = nf{re+ L) {4 )

1 1 1
T om (n.(n. T D..(n+m—1 (n+Dn+2)..(n+ m)) ‘

O 1 1 y &= L
Do dé b” T (l.Q....m {'n+l){n+'2‘]...[u.+m}) va S reppl

b) ay = m (E - n+-m) V0= m (] + 2 + ...+ E) -
fc) Ta co

n? 2 1
(n+(n+2)n+3)n+4) B (n+1{n+2) (4 3)(n+4)

11 1 1
2 ((-n. +D(n+3) (n+2n+ 4))

A
1 \(n+Dn+4) n+2n+3)/

Ap dung edu (b) thu duoe S = %
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3.1.5.

fa) Vdin > D, ta co

_ T ﬁ T T i 0
5, = 81 — + 8in — + sin — + sin — + s — + gin —.
72() 360 120 60 30 b

(b) Chityrang 0 < 2 | neN Dods S =0

n—Inn

1 1

j l . . . 1_ l .
S(sin 5=y —sin g5 ) suy ra 5= sinl.

3.1.6. Tia, = sin 5y cos 32 =
3.1.7. Chiy riang
1
nlnt 4+ n? + 1)
1 n no—1 N 1
2\ (n+D{(n+Dn+1) alaln-1+1 (+1)1)

Do ds
l n n l
Sy == 1 — .
2l (in+ D (n+ Dn+ 1) T § (k4 1)
Ap dung bai 2.5.6 thu duoe S = lim §,, = %f
o0 =
318 vain > 1ltacsa = va
: 1 (2a+—1
=5 3.5..2n+ 1}
1 1 - 1
C2ASS.L(2n—1)  35.02n+1)/

Do dd
g Ll 11 1
T3 2\3 352+ D)

va 5 = lim 5, = ]—)
H—X =

3.1.9. Lam tuong tu nhw bai trén, ta cé vdin > | thi
iy ty +1—1

(ﬂ'[ + 1)({12 + 1).,‘((111 + ]-) N ((I] + 1}({12 + 1)‘..((111 + ]_)
1 1
T (e + Dlas+Dofans + 1) {ay+ Dfaz + 1)(ay + 1)

|
{etr | Lioo - Lo (a1 107

DO d(j JS‘;]_ - ]_ -
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3.7.10.

fa) Trong bai trén néu chon a, = 1. — | thi suy ra g = +20. Do do tong can
tinh hing 1.

th) Twong tu, ay = 2n — 1, g = 4+, téng edn tinh bdng L.
(c) Bt ay, = ——. Khi db

limn ((ay + Di{as + 1) (ap + 1))

fi—s o
~ 1 (2-1)(2+1) (3—1)(3+1) (n—l)(n+1) 1
Tt 22 32 ' n? 2

Tie beri 3.1.9 suy ra tong cin tinh béng 1.

3001, Titdinh nghia suy ra {a, } la diy don digu tdng £6i vé citng. Hon nita,

ta ¢ Lhé chitng mink rang an 4= alaf ai_l (a.f — 4} béng quy nap. Do di

(1) m — = Ja? -4,

=0 UJ_ 02. ‘{‘I?l—l

Met khdce, voi n > 1 thi

1 _1 s G+l
A2y 2 N oy | ..y

Tiz dé v £ (1) suy ra tong ctia chudi la

lr}z 1 1 (Il—'\/ —4
QE_EV(L'_ -

JEI12. Taeo
1 1! N
bob—2  (b—2)
2! 2! 3!
bib+1y (=20 (b—2)b(b+1)
7! !
bb+1)..(b+n—1) (b—2)bb+1)..(b+n—2)

(rn—+ 1)!

(b=2)b(b+ )...(b+n—-1)
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Léy téng theo vé cde ding thic trén thu disge

[ (n+ 1)
b—2 b=+ 1)...(b+n—-1)

r
S o

Ti bai 2.5.87 suy ra 5 = lim 5, =

T Tj.
3113, Véin=0.1,.... dit a, = w A, = anla +n + 1). Khi

d6 Ayy — Ay =apb—a—1), n=0,1... trongds Ay =cvaa_ =1
Léy tong theo vé cdc ddng thirc trén tir n. = () dé}z n = N thu duoc

N
¢ —Ay=A4,—-An=(b—a—1) Za,; ={b—a—1}5+1.

in—0

Daq d%

(04 1) {e+ N+ l))

b—a— 1Sy =all- |
(b—a—= 1Sy ”( b(h+ 1)...(h+ N)

St dung két quad bai 2.5.87, suy ra lim Sy = e
N oo a—1
3.0.14. T bai trén ta o
[au]
ala+ 1) (u+n—1 i@ bh—1
(%) 1+ ( ).o ) =1+ = .
— b+ 1)...(b+n—1) b—a—1 b—a-1

Trong (%), thay « boi ¢ + 1 thu duoc

N ((r+l (a4 n) b—1
(%) +Z bb+ 1) (btn—1) b-a—2

Léy (%} trir di (#) duge

i” {a+1)...(a+n—1)
— o+ 1) b+ n—1)
h—1 h—1 h—1
T b—a—-2 b-a-1 (b—a—1)b—a—2)

1.
— _ Qpds..dy [
3115 Bg A, = TR r e R R !;Ak-

m hay twong duong vdi Apapy + Aph = Ap_jay. Léy téng theo vé cde

ding thite trén tit k = 2 dén k = n thu duoc

(%) Aptne + 5,0 — Ah = Aqas.
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Mazt khdc
(tatg.. (hy4|

0 < J‘dln it =
b1 = @1 (a2 + b)(as + b)...(app1 + b)
1

- b Ny, b : b\’
]+C¢_2 l+a e I_|_a'.f.s|l

Tt bat 1.2.1, suy ra
45
0 < Apttny < — .
o 1
b E I

k-2

Chitng to lim A, = 0 va tw (+) ta 6

[ s
lim 5, = —ﬂl(b ) -4
b b

i
3.1.16. Ti eong thite luong gide 4 cos™ = cos3u + 3cos x. ta €6
dcos? o = cos 3z + Jeos
deos o = cos 3x + Hcos .
dcos® 3z = cos Fx + Jcos Ha,

dcos® 3% = cos 3 e + 3cos 3.

Nhan lén lugt cdc dang thite trén vdi 1. —%. % (—l)"% sau do cong lai sé

dicge
45, =3cosr+ (—l)”S? cos 3"

Dods S = lim 8, = gcos ¥

D0

3117,

(a) Ti gia thict, ta cé
Jix) = aflbr) + cglx),
af(bz) = o’ f(b°z) + acglbx),
o f(B*z) = & f(bPz) + ca’g (),

a L) = @ ) 4+ o gD ).
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Dodo f(x)=a"f{(Bx) + c{g{x) + r}J(fn Y4 e g (Bl T
gid thiét li a” f(b"0) = L{x) suy ra Z 0 q(b’” X)) = flx)—tiz)

R =0 “

{b) Twong tyw cdu (a), Lta o

[l

"

=a f(b + eglx),
BT = fe) o eg(b),
a f(b72a) = a7 LB ) 4+ ca TR g(B ).

{_”f[b ”'J.") l ”f(bl iy )+{£ 1 fg(b_n;lf)‘
T do suy ra

af(bry=a"f(b7"2) —c(glz)+a ' gb7 2)+ ..+ a "g(b T x)) .

Do dé
i 1 r. Mx) —af( b:}:)
A h” B ¢
n=0
3.1.18. Ap dung bai trén vdi f(z) = sinz, g(z) =sin’%, a =3, b=
% c=—4. Dé théy L{zx) = 11111 Frsingt =x, Miz) = lir im 3"sindtz =
(

3119, Ap dung bai 3.1.17 véi f{z) = cotx. glx) = tanz. a = 2. b =
2, 0=1va

. . 1 @
Mx) = ”11_1,210 o cot = 3
3.120. Ap dung béi 83.1.17 vdi
, {1— Dz .
r) = arctanx, glr)=arctan ————. a=c¢=1,
va sit dung céng thite
. 0 g 0< b < 1
lim arctan{d"x) = ¢ v _
n—o0 ssenz vdi 6> L

3I21 T thyr = @ + Une) £Q €6 (g1 n = (5 + Gy 10y v 1 > 1. Léy
+ + i
téng theo vé cdc déng thite do thu duge

(%) Sp = tptlyer, 12 0.
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6 thé chitng minh bdng quy nap cde dang thifc sau:

1l 41
1 1+ 1 —4/5 .
(i) Uy = —= ‘\/_ 7‘\/_) .m0,
oAl 2 2
(”) Gp—10y4+1 — EL;':_ = (_1:}11-'-14 n = 1.

K6t hup (*) véi (i) dupe

- (—1)% (=1 1)* Mgty — u;
5, = — = =1l-
* Z . as Z Qg1

s a
k=0 F a=n FORIL
I ( ) )
Z : b1 Ly thyy
Py Ug etl Bl
T (i) ta c6
_ 1 1
L 1443 T+ B l—vG 4
. flp . Vo 2 2
lim = lim

—sx (] HE _y 3 w2
({if) N Ly TG 11v3 (LB
N 2 2

(=" _ 2
S 15"

n=i{)

3.1.22. Dé dang kiém tra réng
(%) (_1)n+1 = Gny1Tngz — Uptings. 0 2 0.

Do do

n
Z Q1 Gtz — CpQrtd

”k”.ﬂ—!— 3 (Lo

Sn - §
=0
. Z @p+1 Op43 % 3+an+2+an+3
L f ‘
k—0

flht2 ] fhi34-2

T (iti) trong bai trén suy ra lim 5, = v'5 — 2.
T—
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3.1.23. 8 dung diang thitc (%) trong bdi trén, ta cf

Gap42 — Qan+l

arctan — arctan = arctan .
(2041 Uap42 Uanp1iiony2 + 1
oy ]
= arctall ——— = arctan .
T an43 F2n43

Léy tong theo vé cde ddng thite trén thu diude

l 22 1
arctall — = E arctaln — 4+ arctan
451 — G Gantn
k=1
.‘:x:. J
e r oty — T
Do do Z arctan a = I
n=1
3.1.24.
P R SN TR 1 .
fa) Vdi nhin xét rang arctan 5 = arclan — — arctan e e 1, ta o
- R 2 .
két ludn Z arctan = = arctan 2+ arctan L + (]1"(1'(111 £ = __—E?r.
n—I
1 aretan L —
th) Vain € M. arctan T = arctan = —arctan —5. T d6 suy ra rang
Z arctan ——— = arctan 1 = 7
nifntl — ' 1
n=1
51 . L I At o iprafgg 2 o .
fe) Vain > 1, arctan e e arctan oE — Aare tan ; +1)2* do d6
o0
&n . 1
E arc hm ——————— = arclan 2 + arctan 2 4+ arclan -
— 2245 2

n—l

1
= E}T + arctan 2.

3.1.25. Su dung cong thite luong gidce

€T

arctanx — arctan y = arctan
+ Ty

dé dang chitng minh bai todn. Chil ¥ rdng cdc két qua trong bai 3.1.24 chi la
truimg hop riéng cia bai todn ney.
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o [

3.1.26. Gid sw chubi Z by & mét hodn vi cia chubi > u,. Pit S, =
n=1

ay + s+ ...+ ay,, S —En + s+ ...+ b,0a 5= lim 5,. Rérang 5, < 5.

H—T

Do dé day { 5!} héi tu tdi gici han 57 < 5. deng tu ta cing 6 5 < 5. Chitng

6 chudi Z b, Roi tu va c6 eung tong vdi chubi Z fip.

n=1 n=I1
3127 Vi
1 "
Z B2 Z (2% — 1)2
k- E—1 k=1 - k
ve lim Su, = lim Sy, nén suy ra
N— F—r N
1 l
=1 n=1 =1

3.1.28. fA M. Yaglom va I. M. Yaglom, Uspehi Mathem. Nauk (NS.) 8(1953)
86 5(57), trang 181-187 (tiéng Nga)}

% <
voi k= 1,2, ...,m. sau dé ldy téng tit h = 1

@) Neu 0 < x < 5 (hi sin“r < 1 < tang nén khi dé cot’z <
1 4 cot? x. Chon & =
dén & = m thu duoc

)m+l

™

. k7 (2m+ 1) o= 1 , kT
cot? < — — <m+ » cot® :
; 2m+1 T p k2 Z 2m + 1

Béy gic ta sé chitng minh ring

T . .
y kmw m{2m — 1)
L4 . t} — 3 ]
(it) Z o Qn + 1 3

Voi O <t < 3, theo cong thie De Moivre ta cd

cos il + isinnd = (cos it + igin )" = sin” H{cot L + )"

11
) ny . L
= sin" ¢ E (ﬁ)xk cot™ .

h=l)
Chon n = 2m + 1, dong nhét phéin do cua ding thite trén thu dude

(1ii) sin(2m 4 1) = sin®" B (cot? 1),
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trong do
] 2m+1 2m 41 B
(“.*J R”{;{‘.J: ;}_‘?m— .i,“m l+...:|:1.
1 3
Trong (ifi} thay t = 3;:\;11 suy ra P, (cot? Zri:—l) = (). Do dé xp =

fhj

cot? £k = 1,2.....m la cdc nghiém cia da thite 1, va tdng cta

2m+1"
ching g

- 5 kmo (gﬂ;_l) _m{2m — 1)
{v) ;(.ot 1 (Qmi_l) = 3 .

T (1) va fit) suy ra

n

m{2m —1) ?;34‘— ) Loy 2 )

<
=2 .2 :
3 #H =1 k 3

Nhdn bat dfﬁng thite trén vt 5 va cho m — oC thu duve (a).

e
(2ne+1)
Chi ¥ ring

. 2im+1

3 ")
s = 222

e L) (zml+l)

FES

trong do «p, k= 1,2..... 1 la edc nghiém cua da thice (iv). T dé va ti

{v) suy ra

m

ot kw
E cot
2+ 1

k=1
B (m(?m.. - 1))2 52m(2m — 1)(2m — 2)(2m — 3)
- 3 - !

_om{2m — 1}{dm?* + 10m — 9)
45

Mét khde, tie bt dcfng thite cot’z < ﬁ < 14 cot®x (xem (a)} ta o6

cotlr < & < 14+ 2cot?s 4+ cotte pdi 0 < 1 < 5 Do db

1
H

m(2m — D(4mZ + 10m — 9 9m 4+ 11 o= 1
( ) ) - (2m + 1) Z 1
45 i = i1
_ 2m—1  m(2m— 1){4m? + 10m — 9)
< m+ 2m 3 + — T -,
s {_}
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Viy ta da chitng minh duwoc (h).
C{ui ¥.  Ta c6 thé dp dung phuong phdp trén dé tinh tong cta chudi
S L kel
n=1
(¢} Tit cong thite De Moivre ¢6 thé chitng minh rang vdi n = 4n, n € N thi

m
2

. L L. m o
sinmt = cos™ L sint 4+ L — costsin™ g,
1 m—1

vé do do

cosmf = cos™ | — ( ) cos” Zlsin®l 4 ...+ s,

cotf — (”’) ot 2 4 ( " ) cot?t + 1

ir—

(T) cot™— 1 $ — (‘:’;) cot™-— 3 i+ ... — ( " ) (:Ott

ti—1

cotmi =

Ti déng thite cudi suy ra
dfm 4+ _
@y = cot TR k=0, 1o...om— L.
dm

& cdc nghiém cue phuong trinh

m m m—1 i m—2 + + m + 1 U
€L o= X — £ . A =L
1 2 m—1

Chitng to
m—1
dkw + 7w
(/) cof ——— = .
Z dim
1)
Vim = 4dn nén
ni—1 Bar—1 m—1
A+ Ak 4w dkm 4+ 7
ot ———— = oot — + oot ———
Z A Z 1t Z Arix
fo={} ﬂ‘.:[} f=21
! dkm+ 7w : Ahm —
= cof, ——— — cot .
z din Z dm
h=0 k=
Tt do va tie (1) suy ra
T 3 57’ Fik
col . :
2) 4m “din 4??1 dm
(2m — 3)w (2m — U«

+ ..+t —m—— —cot ——— = m.
4dm 1



3.1. Téng ciia chudi

243

Ap dung céng thiic luong gide

. » . 1
cota —cot i = tan(J — o) { 1 + ———
: tan o tan /7

vae {2) thu dudce

t T m + 1 - 1
m=1al — - —_—— - -
¥ ¢ a1 T ey ST (2m—3)m {2t —=10
2\ 2 tan 7 tan - tan SET fan SR
Do d6 tiz bat ditng thitc % > m-]']_,r voi < x < § suy ra
; . T fm 1 1
(3) i< lan Dnr 5 T 3w Tt [(2m=3)7 (2m =17
- A Am oy A
Tuong ti, dp dung cdng thae long gide
. sin(3 — o
cot o — cot 7 = (7)
sin ey sin
v bt dang thic % < ﬁ vao (2) thu duge
I ¢ 1 - 1
HE = sl -
oy R S Tl o (Zm=3i7 . (2m—17w
27T =111 Im 2111 im 311 T 31 pI
T 1 1
= Sl Dt I +..+ (2m—3iw (2m—1lr
' dr A Ant A
Két hop voi (3) ta duoc
9
m m T 1 T 1
tan - 2/ 16m? 23 T (2m—3)(2m — 1)
?1.2

Cho 11 — OC suy ra

16w sin 7=
s
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3.71.29. Ta r?(i ttprl — L = apfay, — 1). Do dd 0”_11_] = —QL“ + a“l_] . Ldy téng
theo vé cdc dang thic do tit n = 1 dén n = N thu duoe

L 1 1 1
(%) — =1

] (a N fayyr — L

Dé kiém tra rang diy {«,} don diéu ting dén vé cing. Do db tir (%) suy ra
o
1
n=\
3.1.30. Tir dinh nghia diy {c,}, ta cé

et — 1 = me™,

e — 1 = qae™,

Do ds

e — 1 =g+ =

= F Ay o Gty F Ay €
Mat khde {a,} la day don diéu gidm héi tu vé O nén

limm (U]_(LQ---(.1-;g+]_f-:an+z) — 0

T 50

n.o]
Ty désuy ra » b, = ™ — 1.

n=l
3131 Tacd Sy = Sp+apo1 = Sq + qi — /2. Xét ham [{x) =
42 — V2 x> 0. Néuday {S,} hoi tu toi S thi f(S) = S. Nghiem duy
nhdt cua phitdang trinh do la % Viham @ — f{f{x}) — x don diéu gidm trén

Vo

khoang (\%} L} nén néu xr € (% 1) thi

Jlf)) —e < f (f (é)) — % = 0.

Mat khdc hém | don diéu giam trén khoang (0,1) nén f(f(z)) > é vdi
” 1 .
r e (\/E l) . Do do
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hitng t6 { Syn_1 } la ddy don diéu gidm va bi chdn dudi nén né hoi tu va cé gidi
han lé ==. Hon niza lim Su, = lim f(Su, 1} = f (Lf—) = % Véy chubi
V2 o —— ’ V2 2
dé cho héi tu va o6 téng lo —=.
N

2
3.1.32,

fa) Chi ¥ ring

. 1 1 1
52”:1_5-1_3_‘"_211
_ 1 1 1 | 1 1 1
= +§+5+...+£—(+§+3+...+;>
1 1 1

+ + ...+ —.
n+1 n+?2 2n
Do dé tir bai 2.5.8 (a), ta 6 1llIn Sy, = In2. R rang

00

e %) 2In 4+ 1

1
liin 8u,4 = lim (b'g.n + - ) = 2.

() Taco =2t =14 L Dodotw(a) suy ra

nin+1) n+l’
_1 n-1_=" ' - — —]_ n-—-1_—" _1 —1
g( ) n(n+1) ;( ) n * ;( ) n+1

=mn2—-{In2-1)=1.

(c) Goi S, la téng riéng thit n cia chudi dioe cho. Khi d6
= L + ! + ...+ L + !
x4+ 2n4+1 r+2n+2 0 7 z4+dn—1 z+4dn

"t

'52?1

Lém titong tu nhawe bai 2.5.8 ¢6 thé chitng minh rang lim S5, = In 2. R
h—2x

rang ”1111310 So1=1n2.

3.1.33. Taeo
, 2 3 4 5] 2n 2n+1
S, = lnI — 1n§ +111§ — lng +..+In 1 In 7
2.4..2n 35..2n+1)
=In—— — —In——
L.3...(2n— 1) 2.4..2n

. 1 @2n)t \?
T\ i\ a1/
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N ; s ] et N7 , T
T cong thie Wallis, 7 = ?}E‘?r’)lo T ((2” o) suy ra Jl_l}lolc S, = 1In 7

3134, Taco

— ‘ yie—1 7. - ]‘

—1

— m"_ =1 . 1 _ 1
= Z{ 1} (ln (l + — ]) +1n (l m— ))

n=1
— qyre—1 7y ; .
__.“;(_U ]II(I—FE)—;(_U 111(]4_;)_

Tiz bai trén suy ra tong ctia chudi la In2 — 21n 5.

3.1.35. Tong riéng thit 1t cta chudi cé thé viét dudi dang
1 1
Sn=lt5+.+ - {(ln2-Inl+1n3—-1n2
2 n
. 1 1
+..+lnn+1}—Inn)=1+ PR ERIT N In{n+1).
2 i

Do doé tir bai 2.1.41 suy ra i6ng cia chudi chinh I hdang s6 Euler .

3.1.36. [20] Pt I'(x) = [; J(tydt. Tie dink Iy Taylor suy ra tén tai T, i
saocho b <o < k43 k+ 3 < yp < k+ 1 thod man

LESY Lol
LESY Lol

1 R 1,

1 " 1. 1,
—F (A_.+2)+f(A.+1)_ 2f(A.-i—l) Sf(yk)‘

Léy tong theo vé cde ding thite d6 tic k = 1 dén k = n — 1 thu duoe
1 .. : e : L1
5](1) + /(2D +fB)+...+fln -1+ 5](?1) — I'(n)

:% (f;(yl) - fr‘(:rl) + ff('y'i) - fr‘(:r':‘) + ...+ ff(y-n—l) - f!(fru.—l)) .

Gidi han ¢ vé phdi dang thite trén ton tai vi [/(y))— [(e )+ f ()= [ )+
lé chudi dan déu va cde $6 hang co tri tuyét doi don diéu gidm vé 0.

Néu lay ham f(v) = © thi c6 thé ehing minh duge s ton tai ciia gidi han

li 1+ ! —+ L + ...+ L 1
1111 — — — —rn .
n—a 2 3 T
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{So sdnh vdi 2.1.41 (a)). Lay [(x) = luwr, ta chitng minh dige day

{ln n! — (-n + %) lnn + -n}

hii tu. (Theo cong thie Stirling gidi han cia déy do La 2

3.1.37. Ap dung béi trén vdi ham f(x) = I"TT x> (), suy ra sw tén tai eta

gidi han
) (ln 1 In?2 Inn (lnn)? )
im{ —+ — 4+ ..+ — — - = 4.
oo 2 2] 2
Do ddé
Inl In2 In2
lim Sy, = lim (—L -+ ne_ o+ n n)
h—0d n—0 | 2 2u
_ In1 N In2 - In2n  {In2n)?
- 'u.l—l‘l:;lc 1 2 2n 2
Lo n2 N In 4 P In 2n {1 22)?
2 4 2n 2
— et lir Inl N In?2 - Inn  (Inn)?
- s HEELC 1 2 il 2
In2 In?2 n?2 In 2)?
+ lim l;+L—i—..,—i—i—anln?}r _(11 )
n—0G 1 2 71 2

ol ln2
== 11_ jl. 2 N

trong dé 7y ld hang s6 Euler,

n
E:

3.1.38. Tu céng thiee Stirling nl = a,/2mn(

e

W, trong dé lim o, = 1, ta
1— 00

(2n + 1) (2n + 1)272% (nl)?
{{2n = 1)1)* e2n {(2n)1)? e

_L (2n + )72 ol 2mn ()™ 1 " ((2?1 + 1)2'” a; ) _

1 1
5, = 5 ln = 5 In

1 - ——— =
2 o3, dmn (2t ynen 2

Dods lim 5, = %[1 —In2}.

n—o0
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3.1.39. Gid sir c6 hai gid tri ¥ va y dé chudi da cho héi tu. Pt

N

. 1 1 L &
Suir) = - I .
vir) E ((ﬂ — 1+ 1 + (n—1)k+2 et nk—1 nk)

n=1

N
Khi do Sn(x) — Sy = % Z_: % Tw su héi tu cia hai chudi do suy ra

w=1
& = y. Bay gi, ta sé tim gid tri cua & sao cho chudi da cho héi tu. Theo 2.1.41
thiday a, =1+ % + ...+ ﬁ — In(nk) héi tu t& hing s¢” Euler ~. Do do

1

nk

1 =l

nk

M-
o
|
;

.9_\-'(\.& — 1) =ax + 111(1\1) —

i3

N
=ay+Ink+ (111 N — Z -1
=1 n

T d6 suy ra rang \l_im Sy(h—1)=~+Ink—~v=Ink. Chitngté r = k—1
N—oe

N

—

va tong cia chudi bang In k.
3.7140. Dé dang chitng minh ring

o, =g +2 wvat n=012 .,
oy 1 =3n+1 v n=12 .

bang quy nap. Do dé

2N

N
) all 1 (—1 T (—1 T
Sov =3 (=D =5 A o )
n=0 i, — I =0 Ty — | =1 op_1 — |
(+) N N
- 1 - 1
— 1 1y
;( ) (3n+ D)(3n+3) * Zl( ) In{3n + 2)
N N
11 S 1 1 1
I - | n -
3 * 2 ?1_1L ) (3?1 +1 3n+3 ) 2 Zl (dn 31 + 2)
N N
1 1 1 1 1
—— - _1 e _ _
3+2n:1( ) (3?1 un+3) QZ (un—i—l dn+‘2)

H=
iy K
11 (—1)" (=1 1 1
3 6+z 30 +b(\+ EZ; 3n+1 dn+2)
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Mazt khic, theo 3.1.32 (a) ta co

3N ]
—n2 = lim (Z(—l)“—)
00 Tt

n—I

hY 1 N—-1 1 1
= (Z}-” ?) -, (Zﬂ-” (s Hz))

n= n=0
_'\" 1
1 \ 1 1
= ——1In2— lim -1 — - .
3 T— (g( ) (3-:1 +1 3n+ 2))
.'_1
e 1 1 2 . - _
Suy ra \]1_’11(13(: nZ_:ﬂ(—l)" (‘ln+1 — m) = 21In2 Két hop vdi (%) thu duge
lim Sp = 'l 2+ s L n 2 9— é.Ho’n nde lim Soyg = lim Sov+
Ne—ag Noaxe N—oa
hY @ Pl - -~ o
\12110 l;:ir)ﬁ = \131; Saon, chitng o t6ng ctta chudi dé cho bang }
3141

fa) Gia sit phdn chiing ring téng S cita chuéi dé cho la mot 56 hitu ty, tic la

5= Khrdo(q—l)p—q‘S—Z T + Z ’—I Picu do chutng 10
n=l1 n=g+1
e
Z ;_1 la mot 86 nguyén. Mdt khdc
n=g+1

o 1 1
0< Z n'_q+l+(q+1)(9+2) (q+ L){g+2)

=g+
=£<E
(g+1)2 — 4

suy ra mau thudn. Viy S la mét s6'vé ty.
(b} Lam tuong tu nhu cdu {al.

3.1.42. Gid si phén chitng ring téng S cia chubi dé cho lé mot $6 hizu ty, tie
la 5 =% Khidé

7] oo

. _ , qley ey
1ty = gl = 1= i=n

(g —Dlp=¢g!5= E ﬂl + E ot

=1 n=g+1
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ke al
Biéu dé chitng 16 Y % & mit s6 nguyén,

Mt khdc
n=g+1
o] ' . [ ) ]
i i .
! n!
n=qy+1 n=g+1

Do dé d& suy ra mau thuén, ta chi cén chitng minh réng Z

’r = khac 0. Thdt

n=g+1
vay
g 1 = ! 1 1
Tl Ly 2 - >0
et g+ 1 PR LI I glg+1)
Chitng to S 16 mét s6 vé ty,
3.143. Lam twong tu nhu bdai trén.
3.1.44. Gid sit phdn chiing rdng Z — = L , 1.4 € N. Theo gid thiét ¢6 ton
tai mot s6 nguyén duong k sao cho néu i > ﬁ thi m > 3q. Do ds
e R e P T0e B 1§
1127 S FIS NN
—_— 4+ ————— = e -
Z . Z . TR E R A |

i=1 . 1=k ¢

Mt khdc

X
ZI 1Ha..

i—& i

n;\_]q 1 1
{14+ =
3 ( * ng

suy ra mdan thudan.

3.1.45. Néu tong cua chudi la s6 hitu ty

1
—t ) <1,
”—-k'”—-k+l

Ihl vdi moi 86 nguvén duong k| ta

la mét s6 nguvén duong.

B -1
| LRI IV oY S
cozm_ —ZrDodotongZ -
=k = .

Suy ra

(g

1 1

" S

b=k My qnln'z"‘nk]—l

uL =1 > 1vachon £ > 0 di nhé sao cho v =1 — & = 1. Khi d6 sé
e R

tén tai mot chi $6 kg sao cho néu k > ky thi

(*x)

-1

o = L
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L 7 R - & . . - nr. . .
Vi limn —2— = 420 nén ton tai mot s6'ky > ky sao cho —31— > 22 T
1 0 i
i oo TR : : Ny My a1

{*:%) suy ra

oc
1 1 o 1
. LIJ?U‘I ((l" — J_}H-k] o T, -1
=k i=0D

Piédu nay mau thudn vdi ().

3.146. Gig st réng Z
do

= - trong dé p va ¢ la cde s6 nguyén duong. Khi

i

e

o1 1
HAKES T 11 Z — 2 =

(3 {
=0 L1 f

vdi mot £ > 2. (Xem béi trén.) Pdat a; = 3% Theo gia thiét klinj]o ap =
+oc. Ta 8¢ chi ra rdng ton tai s6 nguyén dudng ri sao cho a; < (, véi j =
1.2, ...,r1 — L. Thuc vy, néu «1 < oo thi ¥1 = 2. Néu a1 > a3 thi chon 71
la 56 nguyén nhé nhdt lon hon 2 sao cho ) < iy, Lim tuong tu ta c6 the tim
duge dity sd nguyén Ty, ¢6 tinh chdt a; < ap véi j = 1,2, vy — 1 Goirla
s6 nguyén dudng nho nhdt sao cho d,q; > g+ lvéi j = 0 l 2..va 0y <,
vdi § = 1,2,..., v — 1. Chii y rdng n, < Togj RER (1 < u._,,ﬂ- vai F =0.1.2, ...
Do dé

a2 gr—1 24{20 =2
2242 a2t )

T e T (o3 K] —2i 1t —{F+!
. s <SG =u Hir < (g +1)7Ur,
Tyg Ty a;_i_J

Chitng to

VIR (| E E {g+ 1) —tl = 2

;_n - =0

suy ra mau thuan.

3.147. Vichuéi Z n - hoi ty nén lim £ = 0. Do d6 ti bét déng thire da

g
“_l HoDD

cho suy ra EP"%] > E % Gid st tap A hitu han. Khi do sé t6n tai mét chi sé
n=m
m sao cho
m—1

S:i&:Z&A—(—pﬁ].
= .{?Ti

n=1 q'r! =1 gﬂ
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Chitng t6 S la sd hitu tv. Gid sit rang

o0
s=3"P_T¢ Q.
(z‘Tn. q

n=|

n o
P Pr P P+l

g — — — -— = - S .
Y ;Lz:; Y Z 4 -1

L=n+1 dn+1

Khi do

Nhan hai vé bt ding thite trén vdi by, = qyi...1, thu duoe

i o = bor Pr—1
M1 Tn41 = Oulnn+1 — G471 -Gt
qn—l—]

S bn Falfn+1 — bﬂ?"'rl(qn-l-l - 1} = b?lrn-

Tit do suy ra { b } lo mt day s6 nguyén duong don diéu giam. Do do bat diu
t2 mot chi s6 nao do, cde s6 hang cue diy déu bang nhau. Didu d6 mdau thudn
vdi gid thict A hitu han.

3.1.48. Ré rang, ta 6 thé viet n! = 20N 3(n). trong dé 3{n) la mét s6'16, con
(i) dige tinh bot cong thite cv(n) = n — vin), trong do v(n) la fong ede chiz
86 ctia 86 1 vidt trong hé cd s6 2 {dink Iy Legendre). Hon nita, ta ¢ Z ”’;\‘ -

Ry - i - oo . -
Z Op=y. trong d6 0, = 1 néu n = ny va ()Ln) = 0 néu nguve lai. Gig sz

o

phdn chimg rang Y 6,5 = L, p.q € N. Vigt ¢ = 2°, trong d6 t 1é. Chon
n=1

N = 2" > max{t, 2%}, khi do 2 € N, do ds 2°3( ) }5 = 29y e N.

Theo dinh Iy Legendre ta c6 N1 = 2\ 1;)’(_- ). Nhén hai vé ciia rEang tkwc

N R
vdi 2%, N thu duoe

LD N oom I
(%) 28 3( _.--\--)a = 2°3(N) E Suy + 23_;3(..-\-)”;10”@.

Chii ¥ rang
N

Y r
e s 2 o s BN
BN D oy =27 O a3

n=1 =1
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Chitng 16 56 hang ddu o vé phdi ciia () la mot s6 nguyén. Do d6 dé suy ra méu
thuén ta s¢ chitng minh rang 0 < 2°3(N) Z (),32, < 1. Thiue vay

n=N4+1
oc oy ot oc o
# i y 2
PHNY Y G =2TNHNL 65
n=N+1 ’ n=nN41
] oyt o 2 =i -1
_ 2‘,+2 3 2n N—1 =
E: " N+ 1 N+ 2
n=M+1 =N +1

ot N 49 9ot
= <= <
J'?\"T + ]. JN'I‘- .'m'I + 1

3.2 Chudi duong

J3.2.1
fa) Ta co
=V +1—vnd+1
B 1
V2 + 1+ V3 +1
y In? — 20t + 3n?
24+ 12+ 2+ 1)/ + 102+ (B + D+ 1
Do do

fin 1

lim == =
n—o0 l
it

Theo déu hiéu so sdnh chudi di cho phéan k3.

" i . ey .
() Vi lim p/a,, = lim ( — #) = %nen chudl hoi tu.

o et nf—n+l
(¢} C6 thé chitng minh bang quy nap ring

{2n — 3N - 1
2n—21" 2n—1

Do d6 chudi phdn ki theo déu hiéu so sanh.

() Chudi héi tu vi I Wa, = %

=0
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fel l—(()k— = 2sm? Ll <

Jn )n

/ Vi lm /a4, =) nén chudi héi tu.

H—20

. suy ra chudt héi tu.

fg} Theo bai 2.5.4 (a), ta ¢6

Do dé chubi phén ky.
322,
fa) Chubi héi tu vi iln (1 + %) = nl_2

by Sut héi tu ctia diy diwoe suy tie bt déng thive

1 n+1 2 )
In < . uvgi no> L.

Vnon—1  am-1)

(¢) S dung bdt ding thie Inn < n ta nhdn duge w~— < —1— Do do

1 —liwwe win—1}"

chudi dang xét la héi tu.

{d) Ta co
1 B 1

(\]“.”_)lnn - pelnlon’

Suy ra chuoi phin kj.
{e) S dung phwdng phdp phép tinh vi phdn, ta ¢é thé chitng minh rang vdi
T dd lon b6t déng thite (Inlnz)? < Inz ding. Khi dé ta co

1 1 1

— -

(]Tl -”_)]n]n n ellnin nt - ;
vdi o du ldn, tic d6 suy ra chudi phin k.
323, Pitc, = f;— tic gia thiét ta duoc

] ant Iy
Cntl = b <

= =y, N2 Ng.
fi+1 E}n
tire I diy {cy,} tang don diéu véi n > ny. Difu nay ching té rang déy b
than tife Iawn tai (7 > 0sac cho 0 < ¢, < '.n € N Tir do suy ra

Z (ty = Z by < (! Z b, 06 ta suy ra diéu phdi chitng minh.
n=1 n=1 n=1
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3.24.

{a) Tir bai todn 2.1.38 ta ¢o

. 1 =2 2 1
fayt+1l (l + ;) - ( n ) _ 1

- n+1

i

H

Ta ¢6 két lugn rang chudi hoi tu nhi si dung déau hidu héi tu cia bai todn

trén.

(b) Twong ty, sit dung 2.1.38 ta co

o _ (4D () g
@, - e (1+%)n+1 - -

Néu chudi dd cho héi tu thi sit dung bai 5.2.3 ta suy ra chudi Z ﬁ cing
n=1

héi tu, dicu nay lo vé Iy, ta suy ra chudi dang xét phén ky.

3.2.5.

X0 o]
. - . - ~ - 2 " _ o N L . a
ta) T bat todn 2.5.4 (a), ta co chuot Zl(\/ﬁ 1% va Zl — clng hot tu
n= =
hode phin kY, suy ra chusi dang xét s& héi ty vdi ov > | va phdn ky vl

a < 1.

(b) Tieloigidi bai 2.5 4 (B)tacsInn < n{Yn—1), dodévdin > 3va v = 0

ta duwge
1 Inn\" e
S (Y e

??-fk 1
Biéu nay cho thiy rang chudi phan ky vdi 0 < v < L, trong trudng hop
v < 0 cde 56 hang trong chudi khéng thod mdn diéu kién cdan cia chudi
hoi tu. Péi vdi truong hop o > 1 st dung bai tép 2.5.5 ta két ludn ring
foca]
chudi hoi tu khi va chi khi chudi > (1';—1”)“ héi tu. Su héi tu cua chudi

n=1
sau dige suy ra tir bal toan 3.2.3 vi vdi n du Idn ta co

gt _ ;'f;',lu('u.. + 1\ < 90 T “ .
T, (n+1)Inn - n+1
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{c) Tir bai 2.5.5 ta 6 chudi héi tu khi va chi khi chudi

o0 (1 1)‘u+] o

Z In u

i
=1

héi ty. St dung bdt ding thite =2 < In(1 + 1) < 2z véi 2 > 0 trong bai

24
2.5.3 ta suy ra

1 n—1 1
I (1 + —) -1} < —, wvéi o>1

T

ilv)
1\" 1 © 1
In |14+ — 1] »>—— vér O<a<l
n (2n+ 1)
Tir d6 suy ra chudi héi tu khi o > 1 va phéan ky véi V < o < 1. Hon nita
chil ¥ rang vdi o < 0 chudi khong thod man diéu kién cén cia chudi hoi
tu, suy ra no cing phdan ky.

(d) DE dang kiém tra déng thic

1 —mnsin % 1
lim T -
n— 7 b
T
Do do chudi Aéi tu khi vé chi khi chudi E ey hét tu, va vi vdy chudi sé
n=1

phan ky vdi o < 1 va hoi tu voi o > 1.

3.2.6. Tir2.5.5 ta duoe lim 22 — | u4 do dé chubi dang xét hoi tu Rhi va

n_‘;_: afn—1
ot
chi khi > 1, hoi tu.
n=1
32.7.
- x‘ o
fa) Suw héi tu eta chuéi Y —In ((;OS %) ditge suy tid dang thic
n—1 '
_ —In{cos 1)
lim ———= =1

212
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th) Néu ¢ £ 0 thi
) lnath a
11111 frelnntd — (R % [)'

H—D00
Tir do suy ra chudi dang xét hoi tu.

Néwc = 0va & > thi didu kién cén cia chudi hoi tu khong thod man.
Con néu ¢ =0wva § < 0 thi

alch R oA, b
¢ = eded M = dnd,
Do d6 trong trieong hop noy chudi hoéi tu vdi % < —1 va phdn ky vdi
2> -1
d —
fe) Ta co
.}12-::. 1

[:_??- + {—L)?H—b(ﬂ_ + b)-n.—ku. o (ﬁ' + ﬂ-)b (1 + %)?1‘- (?1-"‘ b‘Ju (l + f_l)n.

e

Tie la chudi di cho héi tu khi va chi khi chudi L héi tu.

il b
n—1

o
32.8. Sy hi tu cia chubi ) \Jf@,0u1 dude suy ra true ticp tir bt déng

n=1

thite /i ia—1 < %(n_..n + tiyy1), hon nita néu diy {a,} don didu gidm thi

a4
iy |1 = @y 1, 08 dO suy ra si hol tu clia chudl Z Gy, drede suy ra trie Hép
n=1

a0
tir su héi ty i chudi Z Ol Bay gid xér diy {(.r.n_} dude dinh nghia

n=1

1l néunlé,

fty = I » -
o héun chédn.
Thé thi
7 2n 7 l
E VR4l < E Vgl = E =k
k=1 k=1 =1

fave) oc
Do dé chudi E Sy, Rt Lw trong kAL Z ., phin ky.

n=] n=1

329,
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ta) Tride tién chi y rdng néu day {a,} bt chdn trén bdi mét s6' M > () nao

do thi ]
an tn
. = - :
1+ 42 1+ A
x> o
Do dé chuoi 1_‘:’” phdn ky. Mdt khic néu day {ay,} khong bi chéin
n=1 :

trén thi sé ton tai mot day con {a,, | tién téi vé cung. Khi do

. {in;
lim ——— =1
n—oo 1+,

va vi vdy didu kién cdn cia chudi hoi tu khong dude thod mén.

K
(b) Chudi > .IJ:’I‘H?? ¢6 thé hoi lu hodce phan ky. Ta sé chi ra cdc vi du dé
n—1

chitng to didu nay, xét day

1 néun=m> m=12...
1 nguoe lai.

i

i =

oC
Thé thi chudi > ay, phdn k3, nhung

n=1
i (Lr!‘: [ ]_ + i ]_ < ) n 1
w oy b < |
s W2 . 2 — W2
— 1+ kay Pt L+ & P A+ k — 1+ 4
. )
Trong trudng hop nay chudi ; f’?’?‘”_ héi tu. Néw chon a, = ?]—r thi ca

=

. )
. = s i, ~ .
hai chudi E la-”_ vé >  Thna phdn ky.
H= =

(¢c) S hoi tu etia chubi dive suy ro tit bat ding thie

tn tl 1

1+ 220, — rla, 12
1

(d) Néu déy {a,} bi chan trén bdi M thi

fhiy fhy
=

I4+a2 = 14 A7%

Do db trong truong hop nay chudi la phén ky, nhing néu véi a,, = n® thi
n.w]

[£ A
o héi tu.

ta lgi dige chubi > Thez

n=1
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3.2.10. Vdi moi 56 nguyén dvong 1 va p ta co

R
2 e :
Gyl Oy + a‘n—l—p ~ h=n+1 . 'Sn+;u - -514.
S;H—l f’ﬂ-i—? bri—f—p - ~5-:i+-p 'Sn—i—p

(e o]
13 T _ Lt
Vi plll,lf,le _‘?:ET 1 nén déy cdc téng riéng cia chubi > = khong phai le day

n=I

Cauchy, suy ra chudi phéin ky.

Mgt khde
G‘il. < ”‘?1 o gn - JST?I_J_ o J. . ]_
c’r“; qn 'q7a -1 Sn. Sn -1 Sn—l A_'n. '
va do do

f: o f: 1 Ly 1 1
52— Sy S/ S, S

k=n+tl H k=n+1

Ta c6 két lugn chudi Z i

héi tu theo téu chudn Cauchy.
=1 i

3211 Taeo . .
fhp 'SH. - ﬂsn L

1 3 - " TI\','.‘
'(7”-* n—1 'SN *Sn.—l

Xét p la mot s6 nguyén duong sao cho } < 3. Thé thi vdi 1 du Ion ta c6 bét
déng thite
a?]‘. a?]‘.

bn b\‘

n—1

S‘T?’ =1
Didu CIU ¢ nghia lo dé o6 diéu phdi chitng minh te chi cdn xét su héi tu ciia

chubi Z —er. Ta 6 bit dang thic
n=1 §,87F

’Sn - C;n— l 1
2 el oy - —
5,57 Sh5
tiong duong
T _ S]I'.‘
1 _ b]‘l 1 S p 1 n—1
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Su tudng duong dige suy ra tit viée dp dung bét ding thite 1 — 3% < p(l — i)

L
voi 0 < < 1 bang cdeh dt © = (%) ", Tir d6 su dung bai tdp trén ta suy

rev chudi da cho héi tu voi 3 > .
32.12. Giastrang o > 1. Thé thivdin = 2,
454 fin

ey — ¢ Qo1
b

=1

Ta 6 the suy ra su hét tu ctia chubi ti bai tap 3.2.11. Xét o« < 1, vdi n dit lén
ta c6 g+ = 4= T két qud nay va si dung bai 3.2.10 ta suy ra chudi phan ky

=

veL S 1.

3213

(o) Ti gid thiét suy ra diy {«, } don di¢u gidm vé 0, hon nita

by Tu—1 — Ty

Tn-1 Tl

Do d6 vdi moi s6 1 va P nguyén duong ta co

LT | TR T — a4l Putp—1 — Tu—yp
+ ...+ = +..+—
Ty Ta4p—1 Ty Fngp—1
o — at Yotp
peRLEEERA s S LT

?‘N ITJ

C6'dinh 1 ta c6 gidi han lini (1 — @) = 1, siz dung tiéu chuén Cauchy

P n
ta suy ra chuci phan ky.

(b) Ta co

n w1 =Ty (‘\.-" -1 — o/ 'r-n)(\f rp—1 + \/ﬁ)

v =1 B v in—1 Pa—1
< 20/ Tu—1 — V/Tu)-

S dung bdt dang thite ndy ta suy re rang day cde tong riéng cia chudi
o'

HZI v,:ii’—_L la Cauchy, tit dé suy ra chudi héi tu.
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3.2.14. Ddu tién xét truong haop o 2> 1, thé thi vidi n di lon ta cb

1 1
=
e =

n—1 Trn—|

Stz dung phdn (@) cua bai tap tride ta suy ra chubi dang xét phdn ky.

Vai o < 1, tén tai 50 p nguyén duong sao cho x < 1 — 3%. khi do ta co

. Lo
hn fhyy Pp—1 —Tn 4

=1

Nal . _1 .
a1 l?'?r__l :].] » Tr—1

1
Khi cho @ = (L‘—l) " trong bt ddng thic 1 — 4P < pl—x)osi 0 < <1,

Yo
ta dive
in L 1
i . B P
ok S ¥ (raa—] — .
rn—]

Stz dung tiéu chuian Cauchy suy ra chudi trong dé bai hii tu.

3215, Va0 << 1ed

i In? 7,
Gn |l

e
LY

lim

G

=),

u W - T 2 -
sz dung bat tdp trén ta suy ra chuoi Z Upy I0° vy, RO 2w
n=1

3.2.16. Ta bidt rang (xem bai tp 2.1.38)

1 i 1 nll
(%) (1—|——> < B < (1+—) )
T fi

Gid thiét rang ¢ > 1 va ldy ¢ > di bé sao cho ¢ — £ > 1, thé thi ton tai s6¢
nguyén diong ty sao cho nln "#"I‘—I > g — s udin > ng Theo (%) ta ¢6

iy

1
>g—cs>nln[l+—],
iyt 1 T

1
iy {rn41)u—¢
<&
(.1 n.y_i

nln

ti do suy ra
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foca]

Do dé chudi Z ity hol tu theo déu hiéu dd duge chitng minh & bai tap 3.2.3.
n=1

Triong hop g = 400 ta cling ldp ludn tuong tu. Chung minh twong & cach

trén ta suy ra chubi phin kv trong trudng hop 4 < 1,
Vi du sau chitng to ddu hiéu dwoe néu o trén khong su dung duge khi g = 1.
] . o
Chon tt, = L, thdy rang g = Lva Y + phan ky. Mt khdc khi dat , = —r—

| [TRITERT!
Tm=

0
ta dude chudi >y, hoi tu (bai 3.2.29), trong trudng hop nay g cung bang 1,

=1
thét véy, chii ¥ réng
— N In{n + 1)
nlh—"—"—=n{l1+-) +2nln———-—.
n Lin

(n4+1) 1 {n41)

Ro rang s6 hang dau cia téng & vé phdi tién vé 1, ta con phdi chitng minh rang

lim 29 1n Ing::—t]" = (. Thdt vay, diéu phdi chitng minh la dung do
T
In{n+ 1" In 20N\ "
litn (7 = lim |14+ —F = =1
R—2 Inn #—20 Inn
32.17.
{e) Ta co

lim nln—“ = lim nivn+1—+/n)In2 = +o0.

n— It —

Str dung bai tdp trén ta suy ra su hoi tu cta chudi dude cho.

{b) Twong ty céu trén ta o

i 1 "
lim 7 ln S lim In (1 + —) In2=mIn2 < 1.
n

W—00 ﬂ_._” Il H— 0
Do do chudi phdn ky theo ddu hiéu Raabe.
(c) Twong tu, ti

) I )
litn #1n =1n3d =1,
fi—=oe Cir4-1

suy ra chudi hii tu.
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td) Ta co

. iy
limi # In
Tr—: ! n—1

=1Ina.

Do d6 chudi héi tu voi o > ¢ va phdn ky véi o < . Khi 0 = ¢ chudi ditge
cho s& la mét chudi didu hoa phén ky.

fe) Ta co (xem 3.2.16)

iy

In{rz + 1)
lim #ln = lim nln ————=
= 41 n—o Tt

ne =19,

Do dé st dung ddu hidu héi tu da dude xét 6 bai trude ta suy ra chudi hoi
tu vdi mot ¢ > (0

3218 Vi
1

_ 1l
i el = lim nlung 11 =lu-—.
H—C 41 0 a

nén chudi hoi tu khi 0 < g < i, va phdan ky vdi o > Fl ftuang tw bai 3.2.16).
Névw a = 3— thi (xem 2.1.41) ta ¢o

1

. b +s+. + 5 )
lim —F——=¢ 7,
=2 -

I

trong d6 ~ la hing s6 Euler. St dung du hitu so sdnh va sy phan k3 ctia chudi
o o]

L N 1 3 ~ . . _ i
dicu hoa nz_:l 5 suy ra chudi phan ky khi a = =,

3.2.19. Si dung bdt ding thite HLn <In{l+z)<zviiz>—1tacs
n (% — 1) _
wtl < nl (1 + o 1) < n_( ftn 1) .
1+ ( iy 1) n1 L |
LTI

T bit dang thic trén ta thdy rang vdi nhitng v hitu hen thi hai ddu hidu
Raabe va ddu hiéu duoe néu trong bai 3.2.16 lo tuong duvng, dong thii ta

cing suy ra réng néu lim nln-%— = +o2¢ thi lim n (L -1} = +x.

?\I_>QC il n—mno [y} )
Bay gid ta 5& chi ra ring phép kéo theo com lai cling dung. Thét vy, néu
lim 12 (ﬁ—l — 1) = 4o¢ thi véi moi A > () tén tai 1y sao cho bét déng thie

H—a tn

e ?—:‘ ditng vai mot 1t > ng. Do do

Ti+1
il { Tt ,,1 N
nln —— = 1n (1 + l) > In (1 + —) — 4.
LU | 1 1 H—00
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3y
LLPE ]

Da A lén tuy ¥ nén ta suy ra lim nln = + . Ldp ludn hedn todn fuong
H—a

ty cho trudng hop r = —oc.

3220. Viday {w,} don didu ting nén

1
= 1 ey 1
0<n %—1 = —— < -,
nof, 17
el

S dung ddu hiéu Raabe ta suy ra chudi dd cho phan k3.

3.2.21. T dink nghia cita day fa suy ra
=1

-3 ap
@y = 1€ k- vl n=1,2,....

o)
Trudc tién ta sé chiing to rang chudi »_ a® phan ky. Thit vdy néu chudi hoi tu

=1
vé S thi lim o, = aye™% > 0 va do dé lim u? > 0, didu nay mau thudn vdi
N s
o0
didu kign can cida chubi hii tu, suy ra chudi > of phan ky, vatacé lin a, = 0.

n—I frx

Bay gic gid thidt rang 3 > «, ta sé ching minh rdang trong truimg hop nay
chudi dang xét sé héi tu, tuc 1o sé phai chitng minh rdng

(%) w," > afn—1) véi n>1L

Bdt ding thitc I hién nhién khi n = 1. Gid thiét rdng né ding dén n, thé thi
tir dinh nghia ciia day ta o

—e L —ee et . —f Y. SR )
anty = o e > an (1 +aal ) = a4+ o > o

Do dé (*) diing vdi moi n nguyén duong. Voi n £ 1, bdt d&ng thite trén tuong
ditong vl

. . . k)
al < (an — 1))«

T
Do d6 sir dung déu hiéu so sanh ta co chudi sé héi tu khi 3 > o, Xét 3 < n,

ta di ¢6 lim a, = 0 nén voi n dit lon, 0 < a, < 1, do do o < a, dong thii

Ay
n—0

fo's] =]
) £t A 3. = a
chuoi E a5, ROL ty suy ra chuol E ay, hot tu.
n=1 n=1

3222, Cha v rang

. Iy . . n
litn n — 1] = lim o = (i.
o Gy 1 n—os 1+ 1
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Sit dung ddu hiéu Roobe ta suy ra chudi héi tu khi a > 1 va phdn ky khi
0<a<1.

s )
Truong hop o = 1 chudi sé trd thanh chudi didu hod >

n=1

1
i+l

3.2.23. Tirdang thue

lim -n..( Un _ 1) = lim m’iﬁl = E

Uy n—oc (14 LJa o

va ddu hidu Raabe suy ro chudi héi tu khi b > a va phdan ky véi b < a. Triong

hop b = a su hoi tu cia chudi phy thuge vao déy {b, }. Thét vay, néu {b,} la
o)

I

day hing s6 thi chudi ctia ching ta sé la mét chudi didu hod Y

41"
=1
Ta sé chi ra rang véi b, = o + In(fiirl‘l thi chubi sé hoi tu. That vdy, ta 6
1!
y, =
(2 + 1112) (U + In.'i) (H- + 1+ It1(n.+l}) .

Do do

ol — D n(n — 1) — ey lnn
{n+ Lnlnn
n4+ 94 =2

Ini h+2}

=uy | (n—1Duln-1) -

Tinh toan ta duoe

n+ Dnlnn
lin { (n—1)In(n—-1) - ( + ) 2
N0 n+24 Inin4+2}

Do d6 vdi n du Ion thi
ayin—11Inn—1) —a,1nlnn > {1 — s)a, = 0.

Véy day duong {a, (n — 1) 1n{n — 1)} don diéu gidm va do dé hoi tu. T day
ta suy ra ditoc su héi tu cha chubdi cé 6 hang téng qudt a,{n — 1) In{n — 1) —
tpp 1l n . S dung bdt ding thite cudi ciing va ddu hiéu so sdanh suy ra chudi
=

Z 6T tu.

n=1
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3.2.24. T gia thiét ta co
apl(n— 1) Inn — 1} — apnlnn = (v — La,.
Néw v, > T > | th
(%) ap{{n—1Dlnn—1} —a,nlnn 2 (T — Da,.
Két hop (%) voi bdt déng thie (n — 1)In{n — 1) > {(n— 1) Inn — 1 ta duge
(%) up({n— 1 lnn — 1y — ayanlnn = (I’ — 1}, > 0.
Biéu nay o6 nghia la day {a,{n — 1YIn(n — 1)} gidm don diéu, va vi thé no
héi tu. Do d6 chudi e6 56 hang téng qudt la a,(n — Dln{n — 1) —ap_nlnn

D
héi tu. Tie (%% suy ra chudi y oy, hoi tu.
re—1
Néu v, <T < lthia((n—1)Inn—1) —aypnlnn < (' — D)ay. Do
do

1 n—1
an(n— 1t n(n—1}) —aypnlnn < | I'+1In (1 — _—) Gy

T

1 1—1
Iim | T+ In ('l — —) =T —=1<10,
T F1

thiy rang diy {a,1nInn} tdng don didu tric mét s6'n hitu han s6 hang, do do
tén tai s6 thic duong Al sao cho ayy nlun > M. Tie dé suy ra a,y | > AL

nlnn’
o0

va ta rit ra ket lugn rang chudi > a, phan k.
n=1

3225 Taeo

i iy ) . x4 ?—r',jil
limy 72 -1} = lim —2—— = .

fe—x2 (PSR

Do dé theo ddu hiéu Raabe ta suy ra s héi tu cioe chudi dude xét vdi o > 1 va
phan ky vdi «v < 1. Trong truong hop o« = | ta suy ra su phan ky ctia chudi tir
ddu hidu duoe néu ¢ bai trén, vi

Bp gl . 1 '1??:; 1 1 “Fu

€y noont no ownlnn

trong do v, = ?—1% <T < 1vd [ neo da.
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3.2.26. Tasé su dung ddau hiéu Causs trong bai tap trén. Co

Gutl w2+ {4+ Dn+ o _1 1+y—a—3 ¥,
a, 4 (l+yn4+y 7 n?’

Tir do suy ra chudi duge néu trong bai tdp sé héi tu khi o + 0 < ~ va phan ky
vdi o+ 3 2

3.2.27. Tudng ti chitng minh trén ta cing sé siz dung ddu hiéu Gauss. Ta co

i 1,

41 -1
Qs n  n?

Do ds chudi phdn ky néu p < 2 va hoi Lty néu p > 2.

3228, Xét Sy. S, it t6ng riéng thit 11 cia ede chudi > un va Y, 2%usn. Do

n=1 =1

dé vdi n < 2%, ta oo

So <ar+{as+az) + .o+ (e + oo+ g y)
<y 4 2@ 4 ...+ 2apn = S;

Vi n > 2F,

ay+as+ (ag+oa) + o+ (a1 + o+ @)

in
I

a4+ 204+ .. F 2“’"_]{1% = E‘i

Do dé cde diy {5y} va {5‘:]} dong thoi bi chdn hode khing bi chin.
3.2.29.

(@) Ta sé stz dung titu chudn nén ciia Cauchy (xem 3.2.28). Khi ta xét chudi

sa
20 om o 1

> Tz~ 2=

n—1 n—| "

thdy rang né héi tu voi @ > Lova phan by vdi 0 < o < 1. Neua <0
)

> (]7 dioe suy ra true tép tic ddu hiéu so

thi s phdn ky cua chuot BT
=

sanh.
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th) Ti ddng thitc

e o) o0

-2'!‘!

1
; 2 In 27 Inln2” ; nln2ln(nln 2)

va L (a) suy ro chudi hoi tu.

3.2.30. Ldp ludgn tuong tu nhit chung minh cho tiéu chudn nén ciia Cauchy

(3.2.28). Vai n < qp,

Su < 5y Sar+ ag-1) Hag o G} ot ey a’.’i‘k‘{l_l)
< a1+ ag-1) + {92 — g1}ag + o+ (g1 — gr)ag,

Vdai n > gy,

o = Cltgipr o agy) + o elag g+ ag,)
> (g2 — qi)ag, + -+ clge — gr—1)atg,
> (g3 — 2 )ttg, + oo (GrrL — O )tty,

Céc bat ding thite trén da chitng minh béd todn.

3231
(a) Ta ap dung dinh Iy Schigmilch (3.2.30) vdi g, = 3™

th} Si dung dink Iy Schlomilch vdi ¢, — n? ta dude hai chudi Z fy D
n=1

> (2n 4 1)a,,2 héi tu dong bée. Vi

n=I

(2rm + 1)a,,2
lim ————— =2,
=00 ,2

oo 20
suy ra Z 16,2 Uvd Z (2?1 + 1\){1.”2 cting hoi tu dong béc.
n=1 n=1
fe) Eiit re tit cdu (b).
S
(d) Tirciu h) suy ra chudi » 5 l,— 3] Z - héi tu dong béc. Ta chitng minh

n—I

diwcge chudi sau hoéi tu (vf du theo dau hidu hw rhwa) Be (’hu’ng minh su

héi tu hay phan ky ctie cde chudi Z ,,,, T Z 51,,“ v Z al" —, ta st dung

n=1 n=I1 =1
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dinh ly nhom cdc s6 hang cia Cauchy hode déu hiéu néu trong phan fa).
Béyv gid ta nghién citu ddng diéu ciia chudi vdi 6 hang tong gudt W
Néu a > 1 thi sw A6l tu ctia chudi dang xét 56 tuong dudng vdi su héi tu

[n]
ctia chudi a?,% Ta c6 thé dé dang kiém tre rdng chudi d6 phan ky,
n—I
béng déu hidu so sanh si mi ching han. Pidu nay chitng té cho ta rang
)
chudi Z} e phén ky vdi @ > 1. Chi ¥ rédng néu 0 < a < 1 thi chudi
Hn=z
dang xét sé khéng thod man didu kién can ctia chudi héi tu.

3.2.32. Ti bai tép 2.4.13 (a), tén tai mét s6° = > () sao cho

(O‘n)ﬁ <e ' om>k

Do do ﬁ Ina, << —1 — ¢, va dode iy, < ﬁ S dung ddu hidu so sanh ta
K0

suy ra chuoi Z (t, hOL tu.
=1

3.2.33. Tuong ty bai trén ta co

|
p < ——————. vdi 1> Eovauvdi £ >0 ndods.
n{lnpjl+e

[n- o
Do d6 theo bai tap 3.2.29 (o) suy ra chudi y  a, héi tu.
n=1

3.2.34.

Songte_y = Sung_y = (Qoms + Qunogr + o0 F Qgues1_ )

oo 11y o T oy |2_|) + ...

oy b1 + oo Ugngrr_ )

2% gong + 20T Gongr1 + .+ 2‘”0“-‘-—'@2“0“.__]
g

(ing F Angrt + oo+ it ).

— -

Do dé vdi k du lon

2rtr_.+.f\'_l -2”0—1 2!¢n+.f\'_l ann_]
(1—g) E U < ¢ g by — E tn | S ¢ § Uy
=20 =it n=ng+i Ti="tin

o
Vi véy div tong riéng clie chudi Z thy, bi chin, do do chudi hii tu.
n=1
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3.2.35. Gid stk chudi ), , hoi tu, the thi

n=1
2 2041
lim E ap = lim E ap = (1
=00 n—o
f=n+1 f=n+1

Do dé vi tinh don di¢u ctia ddy {ay, } ta ¢6

2n “n 1
z ap = Z (o = Ny, = —{ 210, )
E—n+1 f—n+1 2
vé
2141 In+1 a1
Z e 2 Z Aapr] = m(z?! -+ 1)(-',-2“_,_1.
fe=n—1 f=n+1

Tt d6 suy ra 1 na, = 0.

=20

Bt a,, = “l“(ﬁ Thé thi chudi co s6 hang téng qudt a,, sé phdn ky va

. ) 1
lim ra, = lim Q.

n—0o TE— DG ]_ll('ﬁ.- -+ 1) -

3.2.36, Dat

pdi n=~8. k=12 ..
fin =

~ ~
= Fo e
m_'-|'_ l

trong cac triiong hop con lai.

Thé thi chudi Z 'y 58 ROL tu nhung gidi han 1im «, khéng tén tal.
n=1 Lk

Lo a3
3.2.37. Vin dé ta cdn tim la su hét tu ctia chudi Y /@, Thét vy, néu chudi

r=1

=
> i ROt ty, ta co thé dat b, = /i,

n=1

s ) [
Bay gi¢ gid sit ton tai day {by } sao cho cd hai chudi > by va > & hi tu.

n—l n—I

Ta suy ra rang

(i 1 %)
Vi = 4 [bo - a < 9 (bn + b_“> )

=]
va do d6 chudi > Vy RGI tu.

n=1
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3.2.38. Gid sit rdng tén tgi ddy {a, } sao cho ed hai chudi Z ty UG Z

n=1 n=1

n? Url

citng hoi tu, dat

1 1
Az{n_.,.EN:r—< } va A'=NY\A.

. — 42
N

Dods > = < +ocuvadods Y, - = +oc {tdt nhien A cd the la tap
(= e A
réng).
- N i
Béy gio chu ¥ rang a,, > % vdi g € A, ta suy ra ring chudi > 1, phdn
' n=1

ky, tie li tral voi gic thiét.

3239 Taco

.
1 1 + @y L an Z Z Ly . 1
11 () Ny A= i,

n—l

X
Ta sé chi ra rdng su héi tu ciia chudi sé kéo theo sy phan ky cla chudi >

n—
Theo diu hidu ddanh gid Cauchy, tén tai k € N sao cho vdi moi 1 nguyén duong,
k4 k4n

ey

2 . i1 1 o . »
Z oy . Dodid ”H Z o < 3 Védi n > k ta ¢
i=k—+1 i=h+1
ST .
Z. Uiyl - 1 k+4+n < 1
Ry 4 n 2
i=k+1
Tir mot lién hé gitia trung binh cong va nhin, ta ¢o
Ghgntl 1 [N
i —EL <l vadods Gy < ——
T 2 2
suy ra
1 2
- e .
(A + o+ Daggnrr (K+n+ Dagyy
- Ix, I
Véy chudi z] e phin ky.
n=
- iX) o
3.240. Tét nhién chudi > ¢y ¢6 thé phan ky (vi du nhu néu a, < b, vdi
=1

1 € Nj. Tuy vdy nd hoi tu. That viy, xét chubl co cde s6 hang c6 dang

1 1 1 1 1 1 1 1

]
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272
va
| 1 1 1 1 1 1 1 1
S R R R TR g
— ——
8241 lan

Méi chudi trén chita vé han doan s6 hang o téng ldn hon 1, do d6 chiing phéin
4
Lvadods S ¢, hii tu.

L
n=1

ky, trong triong hop ¢, = 3
Ta stz dung tiéu chudn nén ctia Cauchy (3.2.28). Su phin ky cia chudi

3241
tuong dudng voi su phdin ky ctia chubi ¢6 56 hang tong qudt

i b
_EL
n=1 "

. 1
bos = 114 g, — .
rln 2

L]
Thdy rang chu6i > bon phan ky khi va chi khi chudi ¢6 dong ciia né vdi s6 hang
n=1
: }

'In2

téng qudt
2"hy2n = min {2”{:-9-*.

n=1

phan ky. Ta sé chi ra rang chudi nay phén kv. Thit véy, néi chudi > d, phén

)
ky thi chubi »_ min{d,, ¢} vdi ¢ > 0 sé ciing phdn ky, néu min{d,,, ¢} = ¢

n=l1
o
d6i vdi mot 56 v6 han sé"hang dy, thi su phan k¥ cha chudi > min{d,, } duge
n=|

oo
suy ra tit su phan ky cia chuéi Y d,.
=1
fippl — Op

flp—1 — fin
5]

3242, Tacbd
. {in
| — =
a‘n+1 a‘n+1
N . =@
Tix khang dinh trén va su héi ty ciia chudi Y {a, 1 — @) ta suy ro su hi tu

n=|

ez chudi di cho.
Ta co
thy fat1 — y
1— = Dt .
a1
G4~ DO

fl 4+
] —
Cn |l

— . T E
Bat by, = apy) —aqva Sy, = b+ ..+ by, ta duoe S

3243

dé ta suy ra chudi phdn ky dua vao bai tép 3.2.10.
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3.244. Néu day {a,} khéng bi chin thi sy héi tu cda chudi duge sy ra ti
bai 3.2.11, dé thdy duve didu nay ta o6 thé ldp ludn tuong tu nhi lép luén trong
bai tap trén. Xét truong hop {a,. | bi chdn, ta 6

gl — Oy 1
o < . (”-n-i—l - ”-'n)-
(L1 @8 asaf
2 .
Do d6 sy héi tu ctia chudt dang xét duge suy ra tie sy hol tu ctia chudi > (41—
11=1

P )-

e
3.245. Tachican ldy ¢, = % vdi S, la tong riéng thit n cia chudi ), a,
" n=I

nhu trong bai 3.2.10.

3.246. Taco thé dit o = :’%’ Ud Ty = (4] + gsr + .., va 2 do sw

V"‘n—l

dung két qua cua bai 3.2.13 (b).

3.247. Day {r.} la don diéu gidm, theo bai 3.2.35 ta suy ra lim na, =0,

f n—o0
do do
lim 6, = lm n(r,_ — ) = lm ((n— 1)r,_) — 59n + 7020 ) = 0.
n— > n— oz n—
3.248.

fa) Vi im a, = +20, @, > 2 vdi ndu lon. Sy héi tu cia chudi dude suy ra

PR ]

Y g gl o1 1 e 2% ya
tir bit ding thie pr < 55 vdi n du fon.

1

alin

(b) Nhu trong (a), 1. ¢6 thé duge chon dit lon sao cho < ﬁ Viy, theo

3.2.17fc),chudi héi tu.

(c) Chudi co thé héi tu hodc phdan kY, phu thudc vao dday {:a-”}{ Néu a, =
0
Inw.m = 2, thi chudi > a.% phin kyfxem 3.2.2(e}). Mt khde, néu

n=1
t, = 1, thi 1i > ¢%,

1 1 ] 1 -
|1-:1|.|.<~—_ud.;a->1‘
f.‘!’-?:'] L FJrll L1100 #e _”n

Trong trudng hop nay, chudi dang xét héi tu.

3.249. Chudi phan ky vi didu kién can o, — 0 cho suw hoi tu khong duwoc thod

man{ xem 2.5.25).
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3.2.50. Trude hét, gid sit p = 0. Khi db, theo 2.5.22, ta 6 lim /na, = V3,

=G

va vi thé chubi phén ky. Bay gid, gid sup > . Khidé lim a, =0, T do
T —xz
N . sinag, 1
lim —— = lim .= =0
n—aC 1y n—0a (fy T?.p

Chudi hoi tu theo tidu chudn ti s6.

3251, Quan sdt ring o, € {(nw,nw + 7/2). T ds a% <
n
P X 1 -
chuGi > =3 hot tu.

"
n=1

o v vl vay

KD
3.2.52. Dt by = \Ju,; khidé by € (nw,nw+ w/2) . Titdschudi 3 - =

n—l

> bLZ hoi tu (xem 10 giai cua bai todn tride).
n=1 "

3.2.53. Chubiphdn ky do lim na, = 2 (xem 2.5.29).
Tt— 2
3.2.54. Bé dvn gidn, te dua ra ki hidu sau:

lw=a1+0s+ .. Fag,_qva M, =+ 0,4+ ...+t

Do tinh don di¢u ctia {ay,},

(%) Lyz2 M, va Lp—a <M,

o
Tiedé 2M, = M, + M, = M, + L, —a1 = > a,. Viy

n=2
(%) lim A, = +¢.
n—al
K6t hop (k) pa (%% ), ta ¢6
L, L, — M, i
’ —1=¥>(—1—>0(T;{—>(X;‘-)

M, M, T M,
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TG

3.2.35. Tidinh nghia ciia ky ta o6 0 < Sy, —n < . Biét rang lim {5y, —
nk,) =1, ddéy v la hdang s6 Euler { xem 2.1.41), nén

lim{n—Ilnk,) = lim(n+1—-Ink,q) =,

n—2 TL—xC

lim (1 —In :H) =),

. 'Ii-‘-n.—|- |
i1

tir do suy ra

= €.

n—m Ry

3.2.56.

{a) [A. J Kempner, Amer. Math. Monthly 23(1914), 48-50f Mét s6 ¢é k chiz
36 s6 hang A c6 thé duoe viét dudi dang

105 + 105 20+ 4y Sday O<a, <9.i=12 ..k

Vi6i k cho Lrgde, ton tai O s6'co k chit s6'trong A, va méi s6'lon hon 10871

Vi véy .
Z 1 Z l(]JR T =9

neh

{h) Nhi trong {a), ta co

Z 7.0t Z lomi—lr

2171

Vi véy néu o > log, 9, thi chubi Z =5 héi ly. Ngodai ra, (i

=N

o0 q I

Zn” Z IU" Z:;W

neEh

chuoi Z —= phan ky néu o < log, 9.

NEA
Nhén xét. Goi Ay la tép con cta cde $6 nguyén duong khéng chita chiz
s6 k trong khai trién thip phan ciia chitng. Theo cing cdeh niy, ta ¢6 thé
chi ra chuéi ”% hoL tu néu o > log,, &

e
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3.2.57. Gid st rang— < ¢ < 1 va ldy >Ud‘ﬁnh6cié°_j+"<l Khi
dé, v ?wduldn111—<(J+ )lnnvaan_>
a

= —ox thi vl n du lon, 111 = < —1-lun Véy ¢y > n va chudi phan, ky.
\’m .
Chitng minh tuong tu cho ¢ > 1. Ching ta xét hai chuoi: Z S va E
=1

Chudi dau tién phén ky va chudi thi hai héi tu mde dit g = 1.

. Vivdy chudi phdan kv. Néu

i '

'.H nen’

3.2.58. 8y twong duong cia edc Héu chudn nay di dude cho trong I gidi cia
bai t6p 3.2.19. Do 2.5.34, néu tidu chudn Raabe kél ludn duoc thi tiéu chudn
cita bai todn trude cing vdy. BDé chi ra diéu ngude lai khéng ding chung ta xét

chu6i vdi 86 hang iy, xdc dinh bi typ_) = n% oy = #
/
3259 Cho b, = \/Q—I— Q4+ V2 6 b, = 2008 57 fso sdnh vdi

ro- edn
2541). Do (finh nghia ctia {a,}, ta cd fi.r.ﬁ_ = 2 — 1,1, va do vdy a4, =
2 sin m] <

5e- Vithé chudi trang hai ra héi tu.
3.2.60. Gid s K la mét s6 duong sao cho

() — ) F{oa—an)+ ..+ {n 1 —un) <K vei neEN
Tirdo voi méi n € Nitacsay +as + ... + y — n2ety, < K. Chon e € N bét
ky. Viday {a,} don diéu va héi tu vé 0 nén tén tai ny € N sao cho

1 .

(%) iy = 5{1.,.,, vl Vi = .
Ta co:

@ ey — Gy F Qg T — (= mida, <K
Lai do s don didu cia {a“},

Ul ooty = (0 — )ity va o ool oy 2 .

Vithe mif{om — ty) = thty — iy =< a) + o+ .o+t — ey, < K. T
diy va i (%) suy ra 3 Ly, < miay — ay) < K. Cudi ciing,

S =1+ an o Gy, = Sy — iy + gy, < K+ may, < 34
3.2.61. Ti quan hé

Up = Gypl T g2 + O3 + oo Gyl = otz + s + -0

Suy ra fly, g = L,(In St dung phuong phdp guy nap ta o6 @, = % 1n e N
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3262, {200 Cho vy = an + gl + oo F it =12 k=0.1.2, ..,
va che lim rpp = .0 = 1,2, ... Gid thiét rang s € (0,.S) va a,, ld s6
e

hang dau tién cua diy {a,} thed mdn «,, < s. Nguwge lgi ton tai ki sao
cho Ty o < 8 < Toy k41 Rode vy < 5. Trong truong hop thi? hai, ta cb
§ < tp1 <1, < svadouvdy iy, =& Trong trudng hup ddu ta tim ., la
s6 hang ddu thod mdn ny > 1y +ky, 1y, 4+, < 5. Nguwoe lgi ton tai ky soo
cho Py by F oty <8 S Puydy F Poydott, Rode Ty o + 1, = 80 Ta ldp lai
qud trink nay dén khi tridng hop ddu xudt hién tai moi bude thi két ludn ring
S = Tidy T Trages T oeen

o>
3.2.63. [20] Gid st nguge lai, sé 6 k € Nsao cho ap = 2p+ > ay,
n=k—1
TR

e u}
ddidyp =, Licdéo o —p=p—+ Z a, = Z Eptty,, ¢ day £, nhdn
fr=k+1 n—I1
gid tri 0 hode 1. Bdi tinh don diéu cia {ay}, =, = Quvdin < k. Do dé

T (a4
ap —P= > &nltn < > @, = ap — 2p, mdu thudn!
n=1 i=k+1

3.2.64. Theo dinh Iy Stolz (xem 2.3.11), ta co

-1
Sy
T - l.

— | s r— ] .
. omS] FaeSy; 4+ aeS) ! )
lim — = lim . T
n—ac ln S, n—x —In(l —a,5;")

Biing thic cudi suy ra tii ,chdng han 2.5.5.

32065 DPata,=1 neclN

T
32066, Vi W e % nén chuoi »_ 2 e, :"'Hl“ hét tu vdi moi day
i i=1 '

i

duong {uy,}. St hdi tu nay doc Igp vdi sy hoi tu clia chudi Y .

=1
3.2.67. Vdigid thiet,
& 1 PR
g < ). Z < Sl Zm.--
fe=2n=1 41 k=1

Vi vay

= 1 1 1
Zakgz(wg) (1+22) bl (1+2ﬂ—_1) ar.



278 Chuang 3. Chuéi s6 thue

Hon nita,

w1
1 1 R
(l + E) (1 + ?) +..+ (l -+ 2?1_1) = gkl L )

3.2.68. Dat ¢y = B — (211" p € N Thi

nn—1l 7

(%) CloCy = (n+ 1) va ¢, < ne

Ding bdt ding thite lién hé giita trung binh céng va trung binh nhén ta duge

alc| + "" (.I--ncll
n{n+ 1)

Y sy =

oy =
+1

N Y

. e + ...+ anty
E Wy S E
i=l

n{n+1)

1 1 1
—alCl(ﬁ—i‘zg‘l——l—m)‘F

L 1 1
{10 (2 3 e m) + ...+ f?-,‘\,-'(_.,‘\,fm

1 1 1
< e+ (1-2(,25 + (1.3(..3§ + oty (\T <

_|_

200 + €0+ ...+ enx.

Bt ding thifc cudi cing o6 dude do (%), Cho N — o<, ta c6 bdt dang thie cin
chitng minh.

(m+1) . -(n+k—10(n+k"
R . ) L (TS I Ll
4 A\
= (” + ) nln+ 1) .. (n+k-—1),

77

Cp =

tadive oy - ..o = (nH 1) - (n+ B Vivédy, nha trong 16 gidi cia bai
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tndn truide, ta didge

Z Z 0 + .o+ g,
I3
\/ aH -

— n(n+1)-...-(n+k)
1 1
B R B S S iy S Dy G A
1 1
e e T T T N v N B
+ ..t aney !

NN+ 1) (N +k)

J . 1 »
2 “r’uf] 5. 3’-.”‘(1_%;{:)(1.2(..2

1
T TN A (N k- 1)a""c”)‘

Bét ditng thite cuél citng dude suy ra tit bed tép 3.1.4 (a). Vi

1 P_(I‘—f—;i’)lt
W+ (+k=01" "\t )

cho N — oc, ta dide bit ding thite cGn chitng minh.

3270. Bat T, = a)+ as+ ... +a, va S, la tong ribng thie 1 caa chudi ¢dn
fim. Khi do

N N
1 (T, — Tl 1 n*(T,, — T
S;‘v’=_+§ ¥<_+E (—1)

(3] =2 T;f - 1 12 TnTn—l
N N : V—1 N
—|—Z ”2 Z H.B 1 +z (H =+ 1)_ : ”l
a1 _— :rn 1 g tu 5] ] Trr 2 (-rn
N1 N1 N N
3 2n 1 5) 2n 1
S—HY FAY <Y =) =
o .
1 =3 M =2 M 1 ri—=l n =l 73
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vdi M = ) aL Vi vdy

n=1

N
i S Y/ lqll\' W ;'Fll.lr.

I3
n=1

Nén, Sy < i + 28y M+ M, va

T 2
Sy < (\/M + oy 2M + (i) .
[

32.71. Theo bdt déng thite trung bink didu hod (xem 1.2.3)

2&‘
> T
e 1 nian (n Dia_ _2;;_1
e
2,‘..‘—] —_ Gk
o0 ey, — (n— Ve,
n=2F—141
21.:—1 1
= e N
Popgr — =Ligonr ™ i
2 2 3
Vi vdy
2% . ol
> ey
n, — (1 — Dan_, — daos
n=2%-141 " ( ) n-l 2
Nén

Su phan ky cia chudi suy dude tiz dinh Iy nén cia Cauchy fxem 3.2.28).

o)
32.72. Ta sé chi ra rang chudi > pL. phén ky. Néu hoi tu thi ton tei n sao

=1
s
cho Z+| 'b}h < % Dt it = p1 - pPo... Py Khidds6'l 4+ kavéi kb € N ¢6 thé
ni=n

vit thanh tich cdc s6 nguyén t6. Sy phdn tich nay khong chiia s6 nio trong cdc
SO L. Py VIvdy

o]

lemfi i — !<i(%)121a

S(2 i
=1 =1 me=vn+1 fm =1

mdu thudn.
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3.2.73. Buy ra it bii 3.2.71 va 3.2.72.
3.2.74. Tacé
o~ 1
nll nll
. ékrall y Z“H (]_—|—)‘!+1_|_;!+1+“.) 1
M —— = 1n m m =
T I R
b=
vi téng trong ngodc héi tu vé 1 khi n ddn tdi vé ciing. Do
2rl-+l 2?1-1—1 , i 1
_ ontl
3n+l + 4n+1 =2 Z k'n.+l'
k=3
Hon nita,
= 1 1 -
Z k-n.+l = 3fn+l + Z n—l + Z {2;. + l 41
E=3 ' s.-:=2
1 = 1 1 1 1S 1
= 3n+1 + 22 (2k)7+1 = 3u+l + P2+ + ?Z Lt
k=2 k=3
Nén o
oc AR 1
2n+l Z 1 (_’,) + D
bl = 1 1 '
k=3 ke (1 z")
va vi vay
[n-a) J_
n+l
2 Z ![;an.-l—l I
=3
. - o)
3.2.75. Trude hél gia thiél rang chudi > o, hoi tu. Khi dé sy hoi lu clia
n=1
chudi di cho duoe suy ra tit bdt ciang thite T" < —=. Néu chudi Z ay, phin ky

n=1
thi ton tal diy tang chat i, cde 86 nguyén dwdng sqo cho S, 1 < m < 5,
Khi dé
- , mm+ 1)
L =5+ +5.,25,+.+5, > f
Vi viy

o Mg -1

& n (I')I\ ‘SIJ.m+| 1 'STJ'-'.m 1
TS 75 < DI

n=tg ” m=2 L=ty

=2 Mo
o e =)

<Z'i<z 1

T ( m24m )”' ’
m=2 M rir=2 2
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Vi vdy chudi di cho héi tu néu v >
Vidu chon a, = 1. n e N.

L[ —

. Chudi nay ¢ thé phan ky néu o < é

3276. Theobai 3.2.35, lim I = 0. Ly 0 < K < 1. Khi do tén tai ng sao

T —
cho 1 < Ka, vdi moi v = . Viody

In* « S 1NInfn
— s nf| = :
€y, K/ u,

5 e s o n - L o
Vi vdy su héi tu cua ehudi Z I“(Ta‘* suy ra sif hot tu cue chudi Z h;—” Dé
i3 't
n=1 n=1

chizng minh ta dat
I;={neN: q, <n®?)} wa Iy=N\I,.

Khidévoin € Iy taeé Ina, < (k+2)Inn ve vi ody tir s héi tu ctia chudi
& - & N . -
> h}}—n suy ra sy hoi tu clia chudi mﬂﬁ Hon nita, khi 1 du lon thude 1o

nely nely
’ k
I3 =y .
In”* @, < ant! < 1
]2
Uy i nEll

k
Vivay, > %<OCU.’:H>1.

'IEGIQ
3.2.77. Trude hét gid thidt rang
Fle(me(n +1) = ¢ln)
fn)

Khi do theo (1) trong bai tride,

<g <l

'15[1)—]

‘5‘#9(?1]—] < Z f(ﬂ) +q*5r'n.—l-
k=1

wil}—1 o
Vivgy w(n) > n, {L—q)Sac1 < > flk). Suy ra chudi Y [(n) héi tu.
k=1 n=1

Siz dung bat ding thie (2) trong béi trude va chitng mink tuong ti ta dige phén
thit hai ciza ménh dé.

3.2.78. 8 dung két qud cua bai trude voi p(n) = 2n.

3.2.79. 8 dung két quad bai 3.2.78 vdi ¢{n) = 2.
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3.2.80. 8w dung két qua bai 3.2.77 tuong iing vii
¢(n)y=3", ¢(n)=n°, vagln)=n’

3281

(1) Ta ¢6 apby — tpp1bupr = ctnr. Vivay {anh,} le déy s6 duong gidm
Lo a3

vi viy hii tu. Vivdy chudi Y {apby — cpp1bay1) hoE tu. Sw hii tu cia

n—l1
o9
chudi Y i, suy re ti tiéu chuén so sdnh.
n=1
(2} Ta cd
1
(SR ~ Prg
= 1
Gy E
— X
Vi vdy sw héi tu cha chubi > a,, suy diude tir tiéu chudn dé chi ra trong
n=1
bai 3.2.3.

3.2.82. D¢ co tibu chudn DAlembert (tidu chudn 1y sd) ta chon b, = 1 vdi moi
=12, .. Néuchonb, =nvéin =1.2,... ta c6 tiéu chudin Raabe. Chon
b, =nlnnodin=2.3. .. ta cd tibu chudn Bertrand.

3.2.83. {J Tong, Amer. Math. Monthly, 101(1994), 450-452]

o0
(L Pat S, = > 0, ve dgt
n=1

n
5 — Z iy

A=1 n
by= ——— = —

. dn
TGt nhién b, > 0 vgi n € M. Hon nira
y,

bn - bli‘-I—]. =

g Iy 41 LA

Tn ?’n.-i—l . AP |

=1

{2} Trong trudng hop nay dait
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~
Khi d chubi ), 3 phén ky fxem bai 3.2.10). Hon nita

n=1

a ’
iy ] -5-11 b'n.——l (LS| .
by—— — byp1 = — =— = -1
ntl 1 41 fnt1

3.2.84.

fa) Siz dung tiéu chudn ty s6 cho méi chudi:

265 o0 =
E e s E Qltbens -oon E il Uy ten

n—I n—r] n—I

(b} Chi ¢én dp dung tiéu chuén Raabe (xem 3.2.19) cho méi chubi trén.

3.2.85. Theo gia thiet ton i hing s6 duong K sao cho

o1
oo S K——. n>2
lnnn

Ta dinh nghia 2 tdp cde s6 nguyén duong N\ va N nhw sau:

1
N] = {?I-I L7 i: ”—2} va NQ = N\Nl

Vai n € Ny di ldn ta o,

1

iy 7
| |_L I _r"“\ (\‘K_ T E.,Q.K-
(1) u?ll_'*”‘ <ty M =g, = — < —.
L e
Hon nita véi n € N,y did ldn ta co,
1 1 O
. o —Fn _ A I an s
(2) n < (1 (TTR < plvn = GH\.
ity iy

ja.w)
K&t hop (1), (2} citng vdi sw hoi tu ctia chudi Y . o, ta duge

n=2

E al < oo vk E al T < o

el s
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3.3 Ddu hiéu tich phan

331 veikh—1 < a2 <k k= 2tacs f(x) = f(R). Mit khde véi
h<r<k+1th f() < f()Vr,v.;zy
K+l
Slrde < f{k) < f( yelw, k=2
Sk JE—1

(Udng theo vé ciia cdc bdt dang thite trén tie k = 2 tdi k = n ta dudc

=141 “
/) Pl < f(2)+ [(3) + o+ [(n) < /1 le)da.

Tidu chuén tich phan di duoe chitng minkh.

3.32. Chu ¥ rdng S—j dicong ve don diéu téng vi véy theo tidu chuédn tich phdn
st héi tu ciia chubi da cho tuong duong vdi tinh bi chan cuia déy { f ]'” f"(:c}d;r-}

v { N }}f{j\] dr} Vi

/ Pla)de = fa) — (1) ve / J}((;)da*=1n,f’(r?-)—ln.ff._l)_-.

nén hai day ciing bi chin hode cing khéng bi chan.

3.3.3. Taes Sy — In — (Sxa1 = [ = ST Fa)de — (N F 1) > 0,
Hon nite, {(n} < ] L fle)de < f(n—1) vd.r, n=2.3,....N. Cong cdc bit
ddng thite trén tit n = 2dén n = N ta duoe Sx — f{1) < Ix < Sy — f(N).
Vivgy 0 < f(N) < Sy — Ix < f(1), d6 la didu phdi chitng minh.

3.34. Su héi lu ciia day dé cho duoe suy (it bal todn {rude. Bay gid la cdn chi
ra rang gidi han cia day thude (0, 1),

(Vi f(r) = = Ea ham téang chit trén khodng (0, +0¢), Sy—1y < So—1; <
S —11,'0‘; N > 2va

)+ )+ + F(N=1)+ f(N)
S F) 4+ fB) o+ FIN— 1) > / Fla)dr.
3+
hodie tuong duong, Sy — f(1) > Iy — 1. Cudi cing,
0<1-14,< Nl_illj_ (SN - 1"_.\.') < 5, =1y < 1.

(Xem 2.1.41 va 3.1.36).
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{hi Chitng minh tiong v nhu (o).

3.3.5.

[s)
faj Su héi tu cia chudi >
Th—z

i
’2 .LUuL}’dI VO’.!O,%].

tudng duong vl tinh bi chin cia day

_ 1
il )

/”‘ 1 (Inp)—ott  (In2)—ot!
dx = - — .
, x(lnz)e —a+1 —a+1

Vi vdy chudi hot tu néu v > 1 va phan ky néu 0 < o < L Rﬁ rang
néu o < 0 thi chudi phén kY. Cudi cung, néu o« = 1 thi ] dr =

2 111 T
In{lnn) — In{ln 2). Vi vay, déy f ——dx khong bi chan va do do chudi
phin ky.

|11:t‘

th) Trong truing hop nay fa co

" I )
/ ——————dr =In{ln{ln)) — ln(In (ln 3}).
J3

zlnzln(lnz)
Vi vdy theo tiéu chudn tich phan chudbi phan k.

3.36.

{fa} Ta co

n 1
j : o1 . H-H ?r Z : Frt1
— S, In 5, e 9'?, In S,? rln 1

=IlnlnSy,; —Inln Sl — oC,

N—oo
(hy Tutong tid cdu (a) ta ¢d
N N g
S e e z/
— S, In% S, S, In? S,, Su_y :rln 1 fr
1 1

- " InSy * InS; » N

3.3.7. Néu }
M<q<ll \0(11?>;IT(},

fley 7
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thi

o] £ @
[ tde= [ soreana <y | s

2]

16 x i)
(1 — ) / SOl <y (/ O [P f(t)a’i)
L g{an) Sy (o)
v o) ol
=1y (/ F{E)df — / _}“(t]dt) < g] FlE)dt.

e
Vi vdy bang tiéu chuan tich phan chudi y . f(n) héi tu. Bay giv néu

=1

Vi vy

fr)

thi (70 f(t)dt = [T f{t)dt. Cho nen

wlr) i)
/ f@&z/ by,

Hon nita, vi v6i nt bét ky ton taik, € Nsaochon < g{n) < n+ 1k, tacs

> 1 vdi moi T = zp.

ey - gl “pirn]
I+ diy — 1y = / O / [0t > / Jihdr.

don s i
Cho nén day {1,,} khong phdi la diy Cauchy nén no khong bi chin. Theo tiéu
chudn tich phén chudi phén ky.
338

()
Fl)

(@) Néu lim (_g(x)

— g’(iﬁ)) = 0 thi ton tai 1o va § > 0 sao cho
L=

—gle)=— — ¢'(x) > & vdi moi & > xy.

Viwagy —(g(2)flx)Y = 8f(x), © = 24 Cho nén vdi n di lon ta 6
"

fla)dr < %/” —(f(z)g{xrYdz

L Ty
1

- %(9(:;:[_1)11(:1:0) —g(n}f(n)) < 59(11-'[_1)]'(1-7‘1)-

Theo tiéu chudn tich phan chudi héi tu.
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(b Giong nhu (a) ta c6 —(g(x) f()) < 0vdi mei w > 2y vi vdy gf la ham
téng trén [1g. 00) nén gla) f(x) = glag) f(xo) néu * = xy. Piéu nay cé

nghia la f(x) > f(r”(T“’ vdi moi o > 1y Do dé day l fla)dr khong

bi chin vi theo gia thiét davy [1 e df khéng bi chan.
3.3.9. S dung két qud clia bii trude vdi g(z) = .
3.3.10. Trong bai 3.3.8 ldy ¢(x) = rlnr
3.3.11. (w) Dat

i Jde
glae) = I F)
Khi dé —g(x) m —¢{x)=1>0.
{hi Dt o
, [ Fdt
glx) = T
thi || y, d&: = lnf tidi—In fuz t}dt, diéu do o nghia la déy fl
bi chgn Hcrn nia, »
fr)

_H(I)/(I) — gf(."f:) = —1 < 0.

3.3.12. Ta sé ding titu chudin di duge chitng minh trong bai 3.3.9. Léy
fla) = (o)™ > 1, ta duge

—r ];’ ((j)) = (lnx)"Yylnlnr 4 1).
Néu~ = 1thi lim {In V" Y~y Inlnz + 1) = +0oc va vi vdy chudi héi tu. Mt
khdc néu 0 < J"_‘D; 1, thita ¢é lim (Inx)"H{ylnlnz + 1) = 0, didu ds 6
nghia lé chudi phan ky. e
3.3.13. Dar |
fley= ;—{;Hm e T > e.

Ta 6 thé chiing minh duve lim . (—-r J; ,’(‘1:])) = 1. Vivdy khong thé dp dung

tiéu chudn trong bai 3.3.9. Ta sé dp dung tidu chudn trong bai 3.3.10. Vi T di
lon thi ) : :
x 1 nx nx
EPACORE zlnr = - 5+ 1>2
flr) =z Inlnr  (lnlnz)
vi lim ( g i \3) = 4.

pmg A il (L ey
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< [P Ll Vi vay

3304, Tacé (Apy) — A S N

1
) ‘\r|+1_f{Art+1)

= A 1 * 1
_ df < .
Z (l )\?H—l) f()\'n-l-'l) S -/)n "r.](") hee

n=I

[a-]
Ta dii ching mink duwge rang chubi > (1 — ‘:"l‘l) f(/\ - héi ty. Ky higu {5, }
n=1

va {b } tuong ung Ia diy téng riéng ctia chudi da cho trong bai todn va chudi

¢ trén. Thi
9—¢—i@—%»(1 ) 1)
PN TN T Antl JOw) Jn)

=1

1 1
- Z ( (/\n+'l)) ) f{)\IJ

n—I

Véy chubi di cho héi tu.

3.3.15. Vi ham don diéu [,

/\n+1
(%) ﬂaquﬂ—xag/ FdE< JOW ot = An).

(a) Vi bét déng thite bén trdi va gid thiét ta cd,

..-’t--fzf()\m) <[ Ftdt < oo

n=1 s

{bj Ti¢ bat dang thize bén phdi trong (%) suy ra chudi > f{A,) héi tu.
n=1

fs)
3.3.16. Trude hét ta gid thiét rang chudi > ﬁ héi tu. Khi do, bing ticu
n=1 """

chudn tich phdn, tich phén suy réng JIOM ﬁdt héi tu. Tich phdn ting phén va
doi bign ta dude

/ —di = lint — — — + / f “ ot
41 1 .

fii) t—ee f(8) 0 f(E) Sy )
B ! 1 0 f-1())
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Ta 5é chi ra rang

'y lim —— =0
(+4) lim m

. . ) . e _
S hit tu cue tich phdn suy réng suy ra fliIfI)lC .Ir e ](f = 5 f(zf =

J”)” LH i < ’;w ﬁdzr Jlx f_{_;(ﬁ:' dl, ding thite (x+) ding. Vi vdy tich phén
f mdt hoi tu.

Hdn ng, o eo

o o) —

20 ntl f_lf:f) _ wf_l(f.) -
Z(n—l—l Z:;/ 2 d"'—‘/l 2 dl < oc

tit do suy ra chudi Z o +1 ho.r, tu. Hién nhién lg chudi Z n) citng hoi tu.

n—I n—I

Dé ching mink didu nguge lai, gid thiét la chudi Z f n] héi tu. Bdng

—1
F
fily 2

df eting hoi tu. Bang tidu chudn tich phdn chudi Z f ho:, tid.

cdeh tuong i ta ob thé chi ra rang tich phdn f =t héi tu, va vi vay tich

phin [l J‘”

3.3.17. Trude hét ta thdy rang ham o dinh nghia duge trén toan khodng
[e.0c). Khi dé p(x) = Lodi mei x € [e,€"), pla) = 2vdi mei x € [ &7 ).
b

Bedo’ngzanmd‘atfl—fbaf;‘—f 1b0’£;~.>l. Vi viy ta co

@(')—hUU&IE[Rﬂ_H)

bat :

ol o) (lug ) - o (I-r'a..@(m};r_r);

Y — 1 , e ph-1
fle) = a(lng w1y ). (g ) i o € 852

Béy gier bdng tiéu chudn tich phdn chubi dd cho hoi tu vi vdi 1. > &,

fla) =

thi

3

1 1
I, = Y > 3y e+ | — e
/ USRS [ Jte)ds /L sz /E r(lnz){ln, ;r-}( !

—dr =Lk — 1.
Foe /F,\k (e (I, r) e (g :r:_)(r
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3.4 Hoi tu tuyét doi. Dinh Iy Leibniz

34.1

il
an
= |a|.

i+ 1

(e} Ta co

liim /
Tr—=i

Vi v@y chubi héi tu tuyét doi néu || < 1 va phan ky néu |a| > 1. Néu

|a| = 1 thi chudi phdn ky vi
: an |” 1 1
limi = hm — =
nooc |1+ 1 o {14 = )” C

1
HozIna) < Quvd x>

72

b) bt flzx} = (lnj—ﬂ vei x = 0. Khido f'(x) = (nr)®=
max{1.e*}. Vivdy theo tiéu chudn Leibniz chudi héi ty vdi moi a € R.
Bay gtd ta kiém tra xem lidéu chudi cé hoi tu tuyét doi hay khong tuc I

chudi E Un n)” hoi tu? Diung tiéu chudn Cauchy (xem 3.2.28), su héi tu

n==:y
ctia chudi tuong duong vdi sw hot tu ctia chudi y_, n*(Iln2}*. Vi vy chudi
n=2

da cho Aot tu tuyét déi néu a < —1
() thi chudi héi tu theo tiéu chudn Leibniz. Néu o < () thi

fe} Néu 1 > ; Gi £
S ) | |
Z( Ly km — Z{ 1" sin —
n=1 n=1
Lai dp dung tiéu chudn Leibniz ta thdy rdng chudi héi tu vdi mei 0 € R

Chuti khong hoi tu tuyét doi néu o # () vi
s lel
lim —

n—nc 3

"

= |a.

(e} Chudi hét tu khi va chi khi —1 < rf_:lirf]i < 1, tide i
néu a € [—4. ) U [3, o¢). R& rang chudi héi ty tuyét doi
néu a € {—4 gL)UU ).
{e) Vi
—_—
/ nn .
lim {{|— néu o = 1,
P it
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nén chudi hoi tu tuyét doi néu |a| > 1. Néu |a| < | thi diéu kién cdn dé
chudi héi tu khéng thod mdn vi lim %:; = +ox.
n—g g
f Thiy rdng
{lll }'?Jln n

lim /7 — Jim 2" = e
0 7% n—0nd

Vi vay didu kién can dé chudi héi tu khong dude thod mdn.

34.2. Néula| < 1 thi vdi v di lon,

”ﬂ—l

< |a|”_]‘

na™~ ! +Inn

Vi viy chubi hoi tu tuyét déi. Néu |a| > 1 thi
!

na* 1+ 1nn

1
14+ : ln.n

et — 1

!
2

Vi vdy vdi n dit I6n cde 86 hang cia chudt duong va bdng tidu chudn so sdnh su
oc
1

i’

héi tu cia chubi suy dude tir sw hoi tu ctie chudl
n=1

34.3. Trude hét gia thiél rang t, > 0vdl moi n € N, Dung dao ham {a co
thé chirarangsing > xr — Zvdi x> 0. Vivdy 1 — q‘;_“” < g”w Vi a; < Ay

c

vdi . dit Ion chubi S u? tide le chudi dé cho héi tu. Néu bo qua gid thict a, > ()
n=]

thi chudi cd thé héi tu hay phin ky. Thue ra ta ldy o, = (—l)”‘n% vdi o > ().

o
Khi dé chudi Y (1 — *’““’”) phan k¥ néu O < o < 5 va hgi ty néu o >

n=1
344. Khong, ta chi ra phdn thi du sau:

_(_l).—l— 1 . —(_1),n>2.
n nlnn’ n

345, Tocdu, =py — qn v |an| =yt qn Chit ¥ rdng i, La tn khong dm.
Vi véy hai chudi Z Pn UG Z (tr, phin kv, vi Z dy, AL tu va Z |££n| phin k.

n=1 n=1 =1 n=1

J4.6. Pat S, =a,+ ... + a, Theo bai trude ta c6

i 22— i (10 5
Jim 5= lm {1+ ) =1
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3.4.7. Chubi khong hoi tu tuyét doi. Ta sé chi ra rang nd hoi tu ( hoi tu €6
diéu kién ). Ta nhém cde s6 hang cing diu va ducce
oG (2

3 = 1 1 1
2 -1V — .
Z T 9 T Z( ) (S'H_. T 3o+ + In 4+ 2)

Vi vay theo dinh v Leibniz chudi héi tu.

348 R rang chuéi héi tu tuyét déi néu « > 1 va phin ky néu a < ().
Ta 5é chi ra riang néu O < a < 1 thi chubi héi tu c6 didu kién. Thdy rdng
s6 hang déu tién cua chudi la dm, ndm sé hang tiép theo du‘dng, v.v. Bay gid
nhom vde s6 hang ciing déu te duve chudi dan ddu sau Z ( 1 1., trong d6

n=1

ink134—1
A= > ;— Hon niza vdi a # 1,
f=1s2
1 I"r]—f—” 1 l -
4/1 < — + —d’f — R 71 +l A _ Z ia ]
7] _.ng.q S o ,H_Qa. f\( J )
Vi vdy fxem 2.2.3), lim 4, = () néu 1 s<a<1l Véu=1tacs m < A, <
T

2n I 1
e

thi day { Ay} dfcm diéu giam. Thwc vy,

, Ui vl vy, hm A,=0 um, < <1 Taséchira mng vdi o nhu trén
e's)

(n—1)4—1 {(n+217—1 L
..4;1 — ‘-4?1--1—-[ = Z F - Z | F
fe=n? k={1n4+1)2

112 — PERLY

_( i‘: ll _[ %H;
= ke = (k' +2n 4 1)@

132
_ ( i 1 1 1 B 1 - 1
oA N et o) (042 -2)0 (e 2)P -1y
B 2 1 1 ) )
B o {H —|—F\) ({n—|—1)‘2-|_;;)a ({n_l_g)z_g)u.
- > (2n 41 _

((T}! —+ 2)2 _ 1)(1 ( 7+ ) ((_n_z + 2?’1-)”‘ ((?I + 1) + ?Tl) )
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trong dé bét ding thite cudi cing suy ra tit tinh don diéu ciie ham
1 1

glw) = (2 + ) (h+ 12 +2)
trén dogn [U, 2n]. Vi vgy, vdi n dit ldn,
Ay A > 20+ 1) ( SRR ) -
(1% 4+ 20 ((n+4 1)° 4 2n)° {1+ 1)%

9 N 1 - 9 —u - 4 . 1 — - 1 —2a
= —_— '}_ —_ —_ f— f— JE— —
n2a ’ 2 7t o n? 1

> 20 — 1) > 0,
vi(l+z) "> l—arva{l+z)"<1l—ar+ w.’frg vdi i, r > () (hai bdt
ditng thite nay €6 thé chitng minh bang deo hamy. Vi véy ding dinh Iy Leibniz,
ke al

chubi 3 (—1)" A, héi tu néu § <« < L.

n=1

New 0 < o < L thivi Ay > (20 4 1) g, didu kien cdn dé’ chudi
e

S (=1)"A, héi tu khong thod mén.

n=I1

349, Gidng nhuy 15 gidi ctia bai 3.4.7 va 3.4.8, ta nhom cde 86 hang cung ddu
va viet lai chudi didi dang sau:

e 1 1
(1 (7 ot —) |
; [en=1]+1 [en]
Ta ciing thdy rang
. - ] [on—1 n—1
M 11 +.. Tt -]'_n - [6 ] -:Ee ] =1- [e-n ]
[e* 1] +1 [e"] [7] [e7]

Hon nitg vi

=1 1
o (1- 0y 2o
H— 20 [f.’”] €

nén didu kién can dé chudi héi tu khong duoe thoa mén va do do chudi phan ky.

34.10.

fa) Co thé viet chudi dudi dang

o) 2?1—1_1

Z(—l)ﬂ“qﬂ. trong do A4, = Z %

=0 fo=2n

Vi ;'Ilg; = 2”’_,;. — 1

3T T nén chudi phdn ky.



3.4. Hoi tu tuyét doi. Pinh Iy Leibniz 285

th) Cing gibng (a), ta viét chudi dudi dang

o~ 2ra+l_-| 1
Z(— 1" A, trongds A, = z
Ji—on

Mlnk’
n—I1

Hon nifa,
1
20 ln 2

Suy ra lim A, = 0. Ta s& chi ra rang { A, } don disu gidm. Thue vdy,
WD

0< A, <2

Q”+I—1 -2rL+'J_-l

_ 1
A = =
4 hnk ; (2 4+ 1)

lu(2n+! + )

W] .
I 1
- ; ((2n+1 et 12 (@ s A+ D 12 1 1))
an_] 1 an_ 1

_ 4,
1o 2 e i 1) "

A

_

=

34.11.

1 —1)" 1
{—1)”Lsin—=(—l)” 1—¥ sin —
(1) +vn Vi EEVIESNCY AN
no L (—1)" 1 vieo 1
= (—1}"sin — sl —— — ' :
( )Sm-\/ﬁ+n—lqn\/ﬁ -n,—lsm-\/ﬁ

o) P . . o . =
Theo tiéu chudn Leibniz ca hai chudi

e

1 2 ( 1)?1 1
z : 1) sit o E r gir
" 2( J st \/ﬁ ve 2 11— 1 At \/ﬁ

héi tu. Nhung chudi

phéan ky va vi vdy chudi dd cho phan ky.

34.12.

o) Chudi ot tu tuvét dot (xem 3.2.1 ().
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thy Tir tiéu chudn Leibniz chudi hoi tu. Chudi héi tu cé didu kién (xem 3.2.1

fgi).

{c) Ri rang ddy { \/ﬁ} n = 3 don didu gidm vi vay chudi héi tu. Hon nita no
khong héi tu tuyét dot (xem 3.2.5 (b))

{c) Sit héi tu cia chudi suy ra ti tinh don diéu cic diy {(l + ;—I) ”} va ddy co
gidi han la € (xem 2.1.38). Pé chitng minh chudt khéng héi tu tuyét do
ta ding bat ding thic

1, 1.
{1+ & r— =1t 4+ =t
u(l+x) <a 21+3:_

1Lt
e mZ . Vi ovdy

=0,
Wi o o— L 1 < IR .
vdl & = ., va ta cd (l—l— N_) < e

. I _ S _ _L .
e— 14+ — = (l — € In %-) = e (l —e 4u) vdi o> 1.
7

T 2.5.4 (a) suy ra vdi n du lon

Ay (l — ¢ 'L) e

Vi vy chubi i (C — (l + %)n)phdn k.

n=1

b |

1)}1+]

{e} Su héi tu cua chudi suy ra tif tinh don diéu cua chudi {(l 4 = va He

H
gidi han e cia chudi (xem 2.1.38). Theo bai 3.2.5 (¢c), chubi khéng héi tu
tuyét doi.

34,13,

(o) Ham
lnx)®
flry = ( b) . E (r3%,+-:>o).
i

don diéu gidm tdi 0 khi © — 0. Vi vay theo tiéu chudn Leibniz chudi
héi tu. Ta chitng minh rang vdi b > 1 chubi hoi tu tuyét doi. Ding dink
Iy Cauchy (xem 3.2.28) ta chi can chitng minh s héi tu cla chudi

1

0
Sl
= b

n=1|

Béy gi¢ ditng tiéu chudn cin chudi hét tu néu b > 1 va phdn ky néu
0 <b< 1 Rorang néu b= 1 chudi phin ky.
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thi Chit ¥ rdng
(lll ??,)]” T 6I_'_ln wdl I Inn) nln [IED

nb nb nb
Vi vy didu kién can cia héi tu khéng duge thod mdn.

3.4.14. Do tinh don diéu cua day {a,} ta cé

Fap = (@2n+1 — fgng2) + (on4a — fi’-zn.+-1) +...> 0,
Tontl = (—Oant2 + Gonss) + (—Gopsa + 2045} + ... <0

va

Tap = o1 + (—tanyz + Gana3) + o < d20g1s
— Topg) = Uan—p + (—C2p43 + Goppq) + o < g2

34.15. Chi ¥ rang

Z(W»k + g 1) -2 Z U = Gy — €y :: .
k=1 k=1 '

34.16. Chi ¥ rang

Z(a-a.;,; + bag 1+ o2} —{la+ b+ o) Z a

h=1 f=1

= bty — a1) + (gt + gy — a1 — @2) — —ba) — ela) + ay).
T

3.4.17. Theo gid thiét tén tai cdc hing sé dudng ¢ va (! sao cho vdi n dit lon,
¢ < |ay| < C. Vivéy,

1 1 1
] - S _.-)|a"n.+l - a‘n.|.~
g Gn -
1 1
2
|an+l - a‘-.rr.| S ( - -
g Gn

St dung tiéu chudn so sdnh ta suy ra diéu phdi ching minh.

3418 Ky hitu S, va S, tuong ing la ede tong riéng thi n cha cde chudi

T [0
S agva Y nlay — cpgy). Thi,
h=I1 =1
kN i H ¥
Sﬂ = Z k(&'-;,- - ak—H) = ;{-(1-;‘: - (fll + 1)0'11'—!—] + Z Q-1
k=1 k=1 k=1 k=1

= —('T?- + ]-jla?r,-i—l + S-n—H.'-

tic do suy ra diéu phai chiing minh.
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3.4.19. 8t dung tiéu chudn Letbniz dé suy ra chudi héi tu.

34.20. Néu |a| < | thi chudi héi iy tuyét doi. Thue vdy, vi |sinz| < |

1

. u _u .
nlsingsin= - ... - sin—| < |e|™
2 I

=

Xét trimg hop |(.f.| > 1. Trong truong hop nay chubi phdan ky vi diéu kién

cdn khong thod mdan. Thdt vdy, vdi a o dinh tén tai 1y sao cho Ll < L

T
Khi do, dt ' = (ng — Dl |sinasing .« .« sin —5| va ding bt ding thic
> 11— w0, ta dude
] o a ) el e
‘n..! singsin=-...-sin—{=Chg-... - nesin— - ... - sin—
2 1 10 7
1 1 T 1
>{'ng-...-nsin— - ...-n8in— = ¢* H 1——
T 10 42
k=
33 . . .
) 1 g —1n+ 1) Jip—1
> (1= el ot l) o=l
k2 Thy ¥l tr— o 1y

k—!il}

3421, Theo 2.5.4 (),

limn —_— = lim
MG =
T

Va—1 Vb—1+e—1
- Al

[ St L
+H

i

=lna — %(111 b+ 1Inec)=1In -

Ve

Vi vdy néu a > b, thi bdt ddu tiz chi s6' 1 nao dé cde 56 hang etia chudi duong
v theo tiéu chuén so sdnh chudi phén ky. Néu a < v/'be thi ede s6 hang ctia
chudi ém va no ciing phdan ky. Vi a = 'be ta 6

)RR A L) B o] ETREVA Y

' 2 2
n=1 n=1
Vi 5
A - -
h—1— Rle+1 5
limn ; ={lub—lune)”.
[ St ¥ -—
21t
= 1
nén sw hot tu cua chuoi suy ra it su hot tu ctia chuoi E e
n=1
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3.4.22.

faj Theo 1.1.14, tén tai diy s6 nguyén {p,} va ddy s6 nguyén duong {q,} sao

cho
P 1
- — —.
qH er.
s ooa v [ R ; e
Vivgy |cosp,| = |cos(mg, — p,. )| = cos o = 1-— 2q
N T n
Do do

T\ o |
T (R S

22 U 2
Diéu niy ching to rang diy con {(cosp, )P} eia day {cos™ n} khong

hoi tu vé ) nén didu kién cian khéng duge thod man.

(b} Theo bai 1.1.22 ta biét riang day {pu} v {Q’u} trong {a) ¢6 thé chon sao cho
mot 80 hang cua {q”} 1é. Khi do dung bat ding thire

T P 1
2
2 G 4
ta duge | sinpy| = [cos(Sgn — pa)| > cos qL >1 - ﬁ Vi vdy gidng

nhu (a) chudi (sin py, )™ khéng héi ty vé U ve do do chuoi phan ky.

3.4.23.

fa) Theo gia thiét (xem 2.4.13 (b)), tén tai ny vé o sao cho

a-n—f—]

i _ .
n ( SR l) o= Dodin 2 ng.

Vi véy ”ﬂ'— < L« 1, didn do chu‘ng t6 réng bdt dau tir chi s6 ny day

=k
{(rn} d‘o’n dzaugmm Ta sé chi ra rang lim a,, = 0. Theo trén ta 6
N—00
. Upp1 Uy Gonvl nin—1)..ng "
it = ' et T T g ] i -
in  On_] (thy (v +1)...{av + ny)
win—1)..0q

Béy gi¢t chi cin chitng minh réng 1im = (). Thuc véy,

o L m) (n4ng)

) fu(u — l)...ng . 1
lim = lim = U,
n—aa (v + 1) (e + g n—c (1 + %) S (1 + %)
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vi fxem 1.2.1)
(@3 0y k e
(1+—)-.‘.-(1+—) Sl4—F .+ — — .
iy} " LA T n—

Vi vdy theo tiu chudn Leibniz chudi > (—1)"a, héi tu.
=1

(b} Theo gia thiét n ( ””I — 1) <), day {a,} don di¢u téng vé vi vdy chudi
s
S (= 1Y*ay phin ky, vi didu kién cdn cta héi tu khong duge thod man.

n=I

34.24. Theo gia thiét, lim n ( ““l — 1) = Vdi o # Otacd thé dp dung

FLANERS ]

tieu chudn da chitng minh trong bai trude. Vi o = 0 didu kién can dé hoi tu
khéng duge thod man. That vy, ta co

trongds A=Y n%

r—1

3425, Theo bai 2.5.34, su ton tai gidi han lilm n 111 - tuong duong vdi

=0

s ton tat gidi han lim n ( H:I - l) va hai gidi han nay bdang nhau. Pt

N—0
hy = ?:Lﬂ Khido lim n ]11 =p— —‘ Vi vay theo 8.4.23 chudi hoi tu néu
[ S

P> 5 vi phdn by néu p < 5. Trong trudng hop p = % diéu kién cdn dé chudi
héi tu khong duoc thod man vi theo cong thuce Stirling limn ¢, = V27 .
3426, Pdt S, = ay + 2 + ... + (1. Dimng phép bién déi Abel ta duge

re—1

1 + aP + ...+ CnPn = Z SL: (pff — Piy 1) + S‘:apn«
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va ta co
n—1

a asps + ...+ a,p, L Pr41 — Dk
1+ aspe + .+ ayp -5, - Zbkmﬂ 2
L=1

P Pn

Béy giét chi can dp dung dinh ly Toeplitz (xem 2.3.1).

oo

. P ] vropom L o) ) o ; _ 1

34.27. Ding két qud trong bai trén véi chubi | inby va chon py, = -
n—

3.4.28. Day lo mét truong hdp dic bist cia bai trude.

3.4.29. Néu chudi khong hoi tu tuyét doi, thi chudbi con tdt cd cde 56 hang
duong va chudi con tdt ca cde s6 hang dm phdn kY (xem 3.4.5).

34.30. [20] Khong, ta sé chi ra vi du dé chitng to didu néy:

o
Xét chudi hii tu tuyét déi D b, dat

n=1
; {Jg {’J;;
) = b e =3 = 5, g =03 = ... =g = =5,..y
iy fin—1M41 = 4oty 4in—13'42
by,

= e T G2t =1 T
T

a0

Khi d6 chudi > o, hoi ty 6 diéu kién. Nhung vdiméi kb > lval = 2 thi
n—|

chudi con

g + g + Opgar + ...
héi tu. Thue véy, vdin = | ¢ % 6 hang dang % Nhom nhitng 36 hang nday
lai, ta dwde chudi héi tu
o

1 . R
o+ 7 Z bn. {9 ld mot hang 56 nao do.

n=ng

3431 Xéi chudi

1+

—2\3/5 + —2\3/5 — % + ...+ —n\‘/ﬁ + ...+ —?'?_.{i/ﬁ —% +

n lan

1 1 1 1 1 1
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34.32. €6. X6t chubi

LI R R
2In2  2n2 w2 7 plun 7 alin luw
n lén
Khi dé
3 : N -
R ‘ 1+ Z (”,k—llln*‘ —+ 11.'*1‘-n.) néu k chan.
ah = e
. ! I T
n=1 1+ z (n,‘\'—‘ Y H) néu k Ié.
n==:

s
Theo dinh Iy Cauchy (xem 3.2.28) chuoi > ]n}‘. -
1=2

e =)
phan ky véi moi & € N. Mz khde, chudi ) ﬁ"‘? hoituooi kb > 2.

11=2
34.33. [20] Gid thidt ngupe lpi lim H322t=20 — 90 > (. Khi dé, theo
=G
24,13 (b), ton tai ng sao cho vdi > ng,
(%) St s+t s oo

Bt 5, = 51+ c9+ ... + 2. Tink téng titng phdn ta nhan duge

=1

Sy F S S, = E Frnlop — apper o,

k=1
Vi vdy theo (%) ta co,

Sy F Sad + L Sty

1"y n—I1
> E Eylay — apqr) + E F{ar — ap1) +ana,

=1 h=ng+1

il
= hdng $6 + v E (-
h=nn+2

Biéu nay la vé .

3434, [201Dgt Ky =¢1+ 9+ ... + 2y, n € N Day {F.,} ¢6 tinh chdt la
gitta hai phdn ti trdi ddu c6 mét phin tw triét tiéu. Xét hai truomg hop:
(1) 86 phdn tit triét tiéu cia {E,} la hiu han,
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(2) 86 phdn it triét tiéu cia {F,} la vé han.
(1} chinh la mot truimg hop dic biée cia 3.2.35. Trong tritong hop (2), theo tiéu
chuédn Cauchy, voi méi = > () tén tai mét ng sao cho réu 10 > 11 > g, thi

K

= Z Spetpl = Z {(EL - E'.In.) - (El.'—l - Em))aﬁ-

[a))

F=n+1 F=m+1
(*) "
= Z (Ek - Em](r"-'k - f-'*'-k+l) + (,E'n - E'.rn)ﬁ’-ﬂ+l .
F=m 1
Gia su E,, = Q0 va cde phdn tic En1. Eogs,  E, cing ddu, khi db tiz (%) va

sy don digu cia déy {a, } ta 6
| Evay <&, n=2m+1

34.35. Viéc chung minh tuong tu nhiw 3.4.33. Pat F,, = mbi1+ ... +p.0, vd
gid st rang lin w =20 > 0. Khidovdin > ngtecé piby + ...+

H—

fntn, > amn, va do do

1 1
b+ o+ by = —(p1by) + ..+ —(puby)
m "

w1 1 ] 1 n 1
= ZE}: (— — ) + E,— > hdng 56 — o Z —.
=1 P P i K 2 Pre

Didu nay e v Iy,

3.4.36. Trude hét chiing ta chitng minh néu p =  thi chudi da cho hii tu. Ta
eo

Spp= {1+ L + ...+ ! ! + ...+ !

Dy = 5 - —— %

Vi 5y, la téng riéng clia mgt chudi dan dau. Theo tiéu chudn Leibniz tén tqi gidi
han I]im Sip. RO rang, méi téng riéng c6 dang Sy, k¥ = 1.2,.,p — 1, tién t6i
—ne

citng mit gidi han khi { — 0.
Gid sif chudi {cuiq chiing ta) (ban ddu) hoi tu. Khi do theo 3.4.34,

an PR _ P74
n—ox iy Pty

.

diéu nay ching to p = 4.



304 Chuang 3. Chuéi s6 thue

3.4.37. Ta nhén thdéy néu didu kién (i)-(iif) thod mdn thi véi moi day hoi tu
{an}, dity chuyén oi {bn_} duoe xde dinh. Viée ching minh o6 nhidu cdch nhu
trong ol gial bai toan 2.3.1 va 2.3.26.

3.5 Tiéu chudn Dirichlet va tiéu chudn Abel

351
fay Vi %f” = i(l — cos(2n)), ta xét edc chudi
- 1 - 1
E (—=1)"—  wa E {—1)"=cos(2n).
i) 7
n—l1 n—1

Theo tiéu chudn Leibniz, chudi thit nhét héi tu. Chubi thit hai eling hoi
tu theo tiéu chudn Dirichlet (xem [12], trang 105). Thit véy, ti céng thiic
¢6 thé duoe ching minh bing qui nap sau:

i a1 {1t e

Sl 5 €08 » ,
(1) E Cos kit = — vdi o # 2w, 1€ 7.
pt sin §

ta nhéin dude

Z(—l]k cos(2k)| = Z(‘:os{(ﬁ — 2)k)
k=1 k=1

(=2 (ntlilT=2)
5 08 5 1

cos 1 ~ cosl’

sin

o)
Vi day ede tong riéng ciia chudi y_ (—1)" cos(2n) la bi chan. Hon nifa

=1

-
déy {%} don didu tién tdi 0. Nhu véy chudi > (—1)”% cos{2n) héi tu.
=1
(b} Déy
l+4+..+1

n

ra—

iy, =

cde gid tri trung binh ciic {%} héi tu tdi O (xem 2.8.2). Dé dang kiém tra
rang day {{I.n} don di¢u giam. Theo cong thite ¢6 thé ching minh bang
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qui nap sai.

i .y s I+l
, gin 22 gin %}“ N
{2) E sin ka = — voi o #£ HUrn. l e Z,
gin ¢
k=1 2
ta o
Tt I
. SII1 5 SI11 = 1
sink| = — = —7-
— sl 3 sin 3

Nhu véy chudi héi tu theo tiéu chudn Dirichlet.

fe) Ta thdy rang

‘ _ '.'.‘2 o _ nw _( ]_)T" T
Cos | n . 1 = Cos | nw " 1 = CO3 | 7 o+ 1

w
=(—1)""" cos .
(=1) n+1

nhu vy chudi da cho ¢6 thé viet dudi dang

o0

Z(—l)”"lh

2
= lnn

Cdc chudi trén héi tu theo tidu chudn Abel (xem [12], trang 106), vi chudi
[0

ST (=1 2 héi tu (theo tidu chudn Leibnitz) va diy {cos =} don

In*n
n=2
dicu va bi chin.

{d) Ter co
. . sin £T
sin % 510 % | —
n® + sin %7 nn 1+ sin 43
.n,“
Chudbi

X Hw

8in 1
é .o,
nt

=1

héi tu theo tiéu chudn Dirichlet. Xét chudi vdi cde phain t duong

o~ sin? %

E ‘ na
sin 2T °
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A . - & - " Tt
Ton tai cdc hang si o, va {1, sao cho

sin? %
Cﬂn'j < I < (ly oy n# 4k ke N.
n =61
1+ —=
Nhw vay, chudi hoi tu véi a > & va phan ky véi 0 < a <
352 Taco
N N -
Z sinn + Z sinn cos 1 Z cos 1 sin
< Inlnn Inlnn < Inlnn
=2 =2

Theo cong thti"c (2) trong bai gici 3.5.1(b) va theo (iéu chudn Dirichlet {a thdy

rang chudi lflﬂl”” hoi tu. Vi day {( 08 = } don diéu va bi chdn nén chudi
=2

N
Z sinncos kot tu theo tiéu chudn Abel Nhuw vdy tic cbng thite (1) trong lii

I lnn
n=z
gidi 3.5.1(a) va tidu chudn Dirichlet suy ra chudi Z % hOL .
=2
353, (@) Taco
n T
2 Z sin(A2a) sin(ka)| = Z[(:us(ﬂ:(k — Lu) — cos{h(k + 1)a)]
k=1 k=1

=|1—cos(n(n+1a)|<2
Nhu véy chudi di cho héi tu theo tiéu chudn Dirichlet.
(b} Tuong tu (o), dp dung tiéu chudn Dirichlet.
3.54. T cong thic
cosnsin(na)  lsin(nfa+1))  1sin(n{a—1))
it 2 1 2 i)

cde chudi déu hoi tu theo tiéu chudn Dirichlet (st dung cong (hie (2) trong bai
gidi 3.5.1(8)).

355 Néua = kn, k € 7. thi moi 56 hang cia chudi déu bing 0. Néuw a # kx
thi theo bdt ding thite | sinr |2 sin® 2 = 3(1 — cos 2), ta 6

Y N
| sinf{na) 1 1 1 cos{2na)
Z 2 z n o 2 ; no

Do véy trong truong hop nay chudi héi tu khong tuyét doi.
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3.56. Trude hét gia st rang 0 < ¢ < 7, va ddat m = {?] Khi dé, véi n du
{on,

ik s

Z singnk) < Z

f=1 ' k=1
Vi |sint| < |t véi £ # 0.

ir

(+) >

F=1

sin{ak) "L gin(ak)
i ‘—1_ Z k

E=m 1

i3] J’!L(
‘(
< - = me < /7.

=1

sin{ak) ‘

Hon nita, iz (2) trong bai gidi 3.5.1(b} va tit bat ding thite sint > %?‘ 0<t<i
{a ¢o

sinak) 1 1

(%%) - < - - < = .

Z k {4+ 1)|sing = ayw
F=wmtl ‘ = o

Két hop (%) va (%) ching ta théy rang bat ding thice thod mén vii o € (0. 7).

Do hdm sin la ham 1é nén né ciing thod man vdi « € (—w.(). Hon nita sinkx =

0 ve ham sin la tudn hoan rén bt ding thic thod min vdi moi ¢ € R.

Oo .
3.5.7. Chudi di che héi tu theo tiéu chudn Abel vi chudi nzl(—l)”\%ﬁ hii tu
va {a.rctg n-} la dav don diéu tang va bi chan.

o
3.5.8. Theo tiéu chudn Abel chudi di cho hoi tu. Thdt vay, chudi Y (—l)”%

n=l1

héi tu va day { V'In x} bi chdn, gidm chat véi w > ¢ va tdng chidt véi 1 < & < .
3.5.9.

T
(a) Trude hét ta thdy rang chudi » E—n‘ hii tu theo tiéu chudn Abel. Hon nia

=1
. jo-a X
vi chudi Yy hoi tu nén day {ry}, véi 1y = >, ddn téi 0. Vi vy,
n=1 k=n
vt p > N,
P Ny P
S ) S ) S SIS
b | {y. B i by,
k=n A h=n k F=1 k F=n R
"n 1 1 Fpt1
A T Ty A
! h=n+41 ' ¢
1

el L 1 1Yy _2
T Ay by by by) by
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trong do £, = sup |ry| Vi vgy,

S
1
= _5., =al—].
Jn bn

£
Z Iy

k=n

{h} Xem 3.4.26.

3.5.10. Nhgn xét rang

lee)

o
L
;U‘-’ + ])f-'-n-i—!: = Z m(” + k- ) Codk—1-

k1

~c

Theo tiéu chudn Abel chudi > (k + 1)c,qp hoi tu vdi méin € N Dat r,, =
o

ey + {(n+ 1oy + ..y te ¢6

t, = Z[a’r + L}y = Z(R —n+ 1)ex
fe=0) fr=1t
- ;ﬁ:r:;‘. —{n— l}; Ek(ik =7y —{n— 1); E(”‘ — Trel)

1 20
= ", — 1) S
?}'1 ?J' (;‘_1 _’)”‘

—
;M
.

Do do

fozon41

|| < _|?n| + sup |rel(n — 1) Zl (m _ E)
-1

< - |r”|—|- sup |r;.|
zn4l

Két hop véi lim 7, = Dde e lim 1, = 0.

T— n— o
3.5.11. Tinh tong titng phan,

n—1

Sy = Zr} = Z A{BE =R )+ A

=1
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ke
vdi A, I téng riéng thit v ctia chubi D, 0. Vi £ > 0 cho trude tén tai ng sao
cho |r"),—_| < S pdi i = g Nhe vy, né’::???l?. > E ngea |y
w1
S = Sul = [ D7 A —BF, ) — Aubl + A,
i=n

=]

< Z | A (B = BE | 4 [AndE| + | A0

m—1

LY o = b [0 1485 2o 4+ 05+ (B3] + 107

i=h
wm—1

=1 kfk_l Z |b; - b;f__]| + 25;{
i=n

o0
Vi vgy chudi Y «,b, hoi tu theo tidu chudn Cauchy.
=1

3.5.12. Tinh tong tirng phdn

n—1

(*) 'SYH = Z”"ébi = Z A’.i(bf.i - b’i-l—l) + "fl'n.bn-.
i—1 i—1

o o
Trong do A, la tong riéng thit n ciia |, an. Vi chudi > (by — Dyg1)
=1 n=1

o0
héi tu tuyét doi va day {_4”_} bi chdn nén chudi E An(bn — bpyr1) Boi tu

n=1
[

tuyét doi. Su héi tu cia chudi > (by, — byy1) chitng 6 réng lilll by, ton tai vi
n=I1 e

(b — b+ {ba—b3) + ...+ (g — by ) = b — by. Do db 11111 Ay, ciing ton

G
fora)
tai va theo (%) ta c6 chudi Y anby, hoi tu.
=1
3513. voi 0 < @ < 1day {2"} don diéu gidm va bi chén vi vdy c6 thé dp
dung tiéu chudin Abel. Vm, -1 <r<« U cd hai day {x*} va {z*' '} la don
diéu va bi chin. Vi vdy, Z (130" va Z (tan— 102" Roi tu. Sw hoi tu ctia hai

n=1 n=1

chudi nity xudt phdt tic dang thic

o

E oy E ol 2”-1—5 Gap 71

n=1 =1 n=1
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3.5.14. Ta thdy néu r > xg thi

] o
iy Z 2% ]-
nE pree e

=1 n=1

Nhu vdy ta c6 thé dp dung tiéu chudn Abel.
3515 Taco

nTan . a, nla®
Z e+ Do(r+n) Zr_ + 1) (x+n)

n=1

nin®
Tr+1).
chitng tao nén mot day don diéu. Nhan xét rang ¢ lé cua cdac phan ti thie n+1

Chii ¥ ring vdi n di ldn tét ed cde s6°

vanlia " e d)
- M T Lo+l nfl+ =
(n+1)(=) _ elet )i+ )
4041 1+ “'—‘H
Pt I, pletlilil+ ) "T'—H Tit k6t qud trong 2.5.7 ta thdy rang

R, (I-l-)(lll(l—Fl)—l)—l—l(l—F)hl (l—i—l)
7 4] 2! 4]

1 . 1
+ e+ 1P {1+= )+ ...
3! n

1/ z+1 1, , 1
_E(_ L +o(;>)
1 e 31,0 1

Trong do Ofay), bidu thi biéu thite phin du chia cho ay, bi chin khi n — oc.,
Didu nay cho thdy rdng vdi v dii lon, R, duong néu x(x + 1) > 0 va ém néu
x(x + 1) < 0. Do do, voi mpi n dit 16n £ 16 cia hai phdn ti lidn tiép cud day

{m} cing Ion hon 1 hode nho hon 1. Ching ta sé chi ra rang day
nay kot tu véi @ # 0. —1, =2, ... Muén vdy ta viét

nln® 1 n ﬁ (1+ ;—)r

w{lr+ 1. (v+n) zx+n 1+ 7

k=1

Trude hét gia sit x > 1. Vdi méi © chiing ta ¢6 (1 + AL) 1+ 1. Do dy,

1nﬁ(ll%@m=§(wm(1+£) —1n(1—|—%)),

k=1 k k=1
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trong do moi s6 hang cita téng déu duong. Hon nita,

limn ol (1 il %) 1_ n (1 T f) - "T"("T; ”

h— s

Déin dén két qud la ton tai gidi han

n—1 ¢. 1y
lim In H u
hee f=1 1+ I

[n-u]
do chudi »_ ;% hét tu. Nhu véy day dang xét héi fu vei © > 1

P
Bay gio gid st rang v € (0,1). Khidé voiméix taes (1+ 1) < 1+ %

nén ta cé thé dp dung cdc Igp lugn nhu trén vdi déy cé cée phén tir

m—1 J_—|—£ B4
— th (1 +I.%)
=1 3

Cuébi cing, xét truong hop + < 0, 1 £ —1, -2, =3, Chon Ly la mét s6
duong sao cho 1 + £ > 0 vdi k > ko, Dé chi ra rdng déy sau hoi tu

1:[‘ (1+4)°
k=k, L+3%

ta chil ¥ rang
I i
(14—?) <1—|—}% vdi k> ko

va xut i nhut trong triong hop o > 1.

3.5.16. Theo tiéu chudn Abel vdi || < 1 sy héi tu cia chudi > «, 2" chi ra
n=]
ring Z O™ hoi tu (xem 3.5.13). Vi {1 =} lae don diéu va bi chiin, ti ding

n=1

thite
o )
Z G‘H 1 o - Z (a'H‘L + a” 1 _ ;1?2” )

n=1 =1

s 0}

va tidu chudn Abel ta cé chudi T hOi .
=1 ’
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[ ] .
3.5.17. i20). Gid st > b, la mét chudi hii tu c6 didu kién. Dt I'{x) = e

n=1

el
va dinh nghic chudi mdi > a, bing edch dit
=1

Eﬂ bl??
2

)=y = —. a; = Fon) — Fon— 1) vii F{m — 1) < k < Flm).

Chudi nay ciing héi fu co didu kién. Bay gio chitng ta s¢ chi ra rang moi chuéi
con co dang

(%) ap + dpr + agpe + .00

hoi tu. Trude hét chi ¥ rang vdi mot s6 nguyén duwong n bat ky tén tai duy nhdt
mot t,,, Ty, = [logz ﬂiﬁi], sao cho

Mt < Fim) < kIt

Theo dinh nghia cia f.m, bt ddu tir chi s6 1 nao doé chudi con (%) ¢6 ty — tnn
56 hang co dang W Nhom cdc s6 hang nay lai ta chuyén ( #) thanh
chudi -'

m_ =1
b?ﬂ'
ot Z Fim)— F{m—1)

=ty

trong dé cg lie mét hing 6 nao d6. Chudi nay hoi tu theo Héu chudn Abel vi dity
vdi cdc phdn tu
{m - {m 1

F(m)— Flm—1)

Cm =

lae don digu giam. Thdt vay

(2m — L}log, 2 -1 (2m + 1) log; 2+ 1

Cm = om? _ o(m—1)? ve Ol im+1)2 _ om?
Do dé vdi modit Idn ta 6 ¢yp1 << Cyy UL

lim (2rn + 1) log,; 2 + 1 gm® _ 9lm=1)? .
m—nc (QTT? - l) log £2 -1 2\9,,+| 2?”2 =
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3.6 Tich Cauchy cua cdac chudi vo han

s
3.6.1. Gid st chubi Y @, hoi tu tuyét doi. Ki higu A, B, va (', la cde téng
n=0

K K (a4
riéng thiz 0 tudng dng cia Y iy, » . Dy va Y ¢y Khi do
n=U = r=l]

"y = apby + (aotn + a1by) + ..+ (@b + a1, 1+ ... + anby)

= G-[}Bn + ﬂlB” L + ...+ {'-’,”,B[]'

Néu vigt
B = Bn. + . vii lim Yo = (.

H—oc
Thi
(-I.rr. = BAH, - {ﬂ.(}'?"-” +ar, 1+t a-'n'rl'l)-

Béy gidt ta ¢ ¢hi ra rang

(%) lim (ao7y 4 a1rn—1 + ... + 70} = 0.

T

Muén vdy, chon mét gid tri ¢ > 0 tuv v va m, M nhw sau

o0
lra| <m wvéin>=0 M= Z |2, ].

1=r{}

Khi d6 ton tai k € Nval € N sae cho néun = k thi |ry] < Ti7 vd néu

n= 1+ 1thi o | + ..+ |ag| < 557 Nhat viy véi n = { + k chiing ta c6

|(1-[]?"n +airy 1 +...+ a']'J.TU|
< (aollral + -+ aul[ra—t]) + Qe ilra—i—i] + .- + [an][rol)

<Aoo + || + ...+ |""'I|J9LU + (] + oo e
d + im =z

< M
2A 0 2m

T day () dé dwge chicng minh.

Theo nhitng suy ludn trén ta thdy rdng néu hai chudi did cho hoi tu tuyét
d6t thi tich Cauchy cita chung ciing héi tu Luyét dot.

36.2.
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o)
{aj Theo dinh If Mertens néu || < 1 thi tich Cauchy ciia chubi Y & vdi
n=>0
chinh né sé héi tu. Hon nita,

o=+ e = (n+ D2

Do do

{c} Chudi da cho la tich Cauchy ctia hai chudi Z vd Z g Téng clia

?1n+l

chudi thit nhal la 1 (vem 3.1.4(b)) va 6ng clia chudi the haz lae—1fxem
2.5.6). Do dé tong ctta chudi dd cho la ¢ — 1 theo dinh li Mertens.

3.6.3.

{e) Ta co

3 oy . . -. n ) _I_ J_ 1 T
SR o~~~ (242} .
T TRy R () 2k ( )
i A Gl k 2 i 2

Theo 2.5.7 téng ciia tich Cauchy la €7.

[

(b} Tich Cauchy l& chudi

[0 T
1

5n+l
n=1 wi=1

Theo 3.1.32(cj tong ciia né la —31n 2.
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{c} Ta co
Tpp—1
Con1 = 2"“2 Fu—i-l 2n4+1—k+1)
E=i}
= g™t (Z(—l)*‘-(;: +D(2n+1—k+1)
k=l
In41
+ > (- (k+1)(9n+1—k+1))
h=n+1
= g2t (Z{—l‘)k(k’ +L{2n+1-k+1)
E—0
—Z (7n+1—A+1))={]
fr =1

Hon niZa, vi ¢4, = 0 ta ¢

n
Con = :Fzﬂ Z[\'_—]-J?n_k“ﬂ + 1)(2?? — k4 l)
k=0
o1
= g2 (Z (—D*(E+1D(2n —1—k+1)
k=0
Zn—1
+ Z (—D¥(k+ 1)+ (2n + 1))
b=l

=20+ (=) + (2n + 1)) = (n+ L)z
Cudt ciing theo 3.6.2(a),
o ] 1

Z(n +1z™ = m

n=()

3.64. Ta cé thé thdy ring chubi > A,2" I tich Cauchy cla > X" vé
=1} n=0

Z tant™, do d6 no hoi tu vdi x| < 1 vdi tong la 1= Z mt

n=0 =0

3.6.5. BE chimg minh dang thic da cho ta cén bing cdc hé sé ciia 1* trong
cong thire {1+ 2)" (1 + 2)" = (1 + 2}, Nhu véy,

1 L 2n
_ 'n 2?1 E n 2n
Cn = ( & (}'?] 2 ( ) & {n!)z ( 1 )
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3.6.6. Tiquan hé

o 2320 —1) N 1 1 1-3-..-{2n—3)
O 2.4 20+22-4-..-(2n—2)
| _

. 123 (=1
a+2n 2-4-..-(2n)

ta chitng minh dugc d’éng thitc

11-3-.-2n=1) 1 1 1-3-..-(2n—-23)
e 24 .2 2n+22.d-..(2n—2

13- (2n—1)  (a+Dla+3)..(a+(2n—1))
toe a+2n 2-4.-...-(2n)  ala+ 2a +4). (a+2n)

D& dédn dén diéu do ching to phén tich vé phdi ciia biéu dién trén thanh

(a+1){a+3).. (u+ (20 —-1)) O N o N i
ala+2(a+4).(a+20) o a+2 T a+2n

Nhén ed hai vé véi ala+2)(a+4).. (a+2n) va thay thé « =0, a = =2, ...,
0= —2k ..., u=—2n, taco

{20 — 1)1
(2n )1
—1(2n — 3!
—2{2n — 2317
o — (—2k + D=2k +3)..(=1)1 - 3..(2n— k) — 1)
kT —2k((=2h+2)..(=2)-2-4..(2(n — k})
(2?{ — N2 — &)y — 1HN
(28 2(n — k)N
(2n — 1)1
2n!!

pn =

¥ =

L]

[

Qg =
vé déng thite dude ching minh.

o0 o0
3.6.7. Kihidu A,, 13, ('), la téng riéng the n tuong ung cia Y {1y, 9 by,
=0 1r=i]

X
va Y ¢,. Dé dang kiém tra duge rdng
n—0

Cn = a[.JBﬂ + 25 Bn.—l + + a‘??.B'_]-
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Da vay
(._-f[_] ++ .+ O, = x’l[]Bﬂ + "’l]Bﬂ_] + ...+ A, B{).

Chia hoi vé ctie ditng thite cudi cimg cho 1+ 1, sit dung 2.3.2 va 2.3.8 ta nhin
duge (' =

3.6.8. Goi > vy la tich Cauchy cia Y (—1 )”_1% vdi chinh né. Khi dé

n=1 n=1

(=1 Ly 1 + :
p = (— , b e L —— |
L-n  2(n—1) Ein—Ah+1) n-1

Vi

1 1 1+ 1 G k19
_ - c=1.2.....n
Ein—F+1) n+1\k n—k+1 Y a

{a c6 Lhé viét

2 1 1 1
= (1" —— 1+ =+ -+..+=}.
=D n.+1( 2 3 1

Ta biét rang Z j ll— In2 fxem 3.1.32(a)) va chudi
=1 '
S(=1! - '1 -(1 —|— +..+= ) hii tu (xem 3.4.19). Nhv vy theo két qua cua
n=1
bai todan tridde,

D
2 1 1 .
=l L+ —+...+ = {In2)%
”Z:;( Dt ( 5 ) (In2)
) e ) N oo .
3.69. Néu > ¢, la tich Cauchy ctia chudi > (—1)""! \}T—? vdt chinh no, khi
n=1 n=1 )

dé

. 1 1 1
o = (1) ( +..+ +..‘+—) :
n = (=1 1-v/n VE - vn—k+1 Vvl
Vi mébi s6 hang trong ddu ngodc lon ho’n =, ta thdy rdng || > Lovdin > 1. Do

vdy chudi Z ¢, phdn ky.
n=1

3610 Taco

Cn = al']bn + albﬂ 1.+ (-"nb[] = a‘l']bn'

do viy néu chudi Y by, phdn ky thi chudi tich Cauchy > ¢, ciing phan k3.
n=>0 n=0
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3.6.11. Khéng. Xét hai chudi phin ky sau

o0 d ] ‘ 20 3 1n—1 . 1
1-— z (E) ve 1+ Z (5) (2" + Qn+1) .

n=1 n=1
khi do
n—1
Cn = ohy + by, + Z bn_t:
=1
g 31 3 ¥ 1 -
trong dé ag = by =1, a, = _(E)”, by = (5)” l(2n + 2'a+1)- Do dé

B é n—1 o N 1 - é 7
tn = 9 = or+1 9
_ é n—1 n—1 o i . 1 B é il
9 - = on—=t+1 T4 4

(501} K
3.6.12. Goi Ay, By, () la téng tiéng thit n cha cde chubi Y ay, . by va

1=l =l
ac
Z ¢, twong ung. Khi do,
n={)
(.'f”_ = ['L[';B-n + aan_l + ...+ {J'.--”B{].

suy rd,

Za'k(bu —+ bn 1 + ...+ bn bl 1)

h=1

= "-"'-l(Hn — By} + (J-E(Hn — Bu—2} + - + G’-?r.(H?:. - Hﬂ)

= Bp({Ap — o) —ay By — 2B — . —an By = By A, — (.

0 e o
3.6.13. Goi > ¢, latich Cauchy cia chubi > (—1) ayvéi »_{(—1)"h,. Khi
dé n=0 =0 n=0

Cp = (_1:}”(01‘}&; + a‘lbn—l +...+ anbﬂ)-

~
Trude hét gid s chubi Y ¢, héi tu. Khi dé lim o, = (. Vi cde day {a,} va
1

n=0 Lt
{b,,} don digu ta oo

|Cn| = bn(aﬂ + ...+ an) v |Cn| > fi?r.(b(} + ...+ bn.)
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Nhu vdy

lim a,(by+b+ ... +0,) =0 wva lim by(ap+ar+..+a,) =0

H—0C H—x0

Gig sw hai dang thite trén thoa man. Khi d6 dua vao cde bai todn trude ta 6
thé chi ra ring

limn Z (.rg {=1)"b, +(-1)" o+ A4 (=1)" k"lb?,_;_\_juj = ).
N— 0

Chi ¥ rang
|(_1)nbn+(_1)n lbn 1_’_“._|_(_1)n L‘-an k{ll i bn kIl

Do véy
i

S (=D (=1 4 (=1 sy 4 (=1 D)

=1

T
< E TE R

h—1
n

Béy gidr ta s¢ chi ra rang lim > agpb,_j1 = 0. Thdt véy,

Th— =1

2n
< z tpbon—nr1 < oy 4 o+ )by, + (B + o+ by ey,
hi=1

s

didu nay chitng t6 rang 1im > apby,_py1 = 0. Tuwong tif ta cling 6 thé chi ra

I =1
. In—1 B
rang Um > apho,_p = 0, tiz d6 dén toi didu phdi chitng minh.
G r'l'\,'_l
3.6.14. Trude hél la nhan (hdy rang chi can xét trudng hop o ve J khong
viegt qud 1, Ta sé chi ra rang

1 1 1
hm—(l-i——+ Tt ):0

n oo o 27
néu va ¢hi néu « + 3 > 1. Theo dinh li Stolz (xem 2.3.11)
li L 1+ ! + ..+ ! li !
im — —+...+— } = lim
n—aa N 2: 77 n—a N {n — (n — 1))
1

= lim : —.
oo Rt ,ii(]_ _ (]_ _ i)u)
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Theo qui tic LHépital

| tf.}:+_3
T_I,I_llc gt -".1(1 - (1 - i)u) ’l_l\I[-I'}F - (1 - t{)a
(0 -+ Byt
i—01 1 — ¢l

Do do
1 0 néu o+ 3 = 1,
. ) e
hh_l.Ir;lC na—h’j(l _ (1 . l)a) - = néu o+ J = ]_,

A +oC¢ néu a+ 7 < 1.

Tir bai todn trén ta suy ra dicu phdi chitng minh.

[

3.6.15. Gid siz chuot > a,b, hoi tu. Theo két qud bai 3.6.13 c6 thé chi ra
=0

rang

Hm a, (o + 0+ .. +86,)=0 va lm blag+ay+ .. +a,) =0
TG T
Vai mét gid tri © > 0 tuy ¥ cho trudc tén tei mét gid tri ko © N seo cho
byt 1 Pg1 F Qb + o < 5. Nht véy véi n > ky,

an{by + o+ b)) < anbi + .+ b)) +

|y

Mat khdc, vi lim a,, = 0, t6n tai mét gid tri 1y > ko sao cho

H—o

€ .
,, << néu M > 1.
T 20y .+ )

diéu do chi ra rang ,(by + ... + by) < codin > n). T do ching te ching
minh dwge lim a,(by + ...+ 8&,) = 0.

H—D20

Béy giv gid st tich Cauchy héi tu. Theo 3.6.13 lim a,(bg + ... + b, ) = 0
)

—0

Tir dé suy ra vdi n di lon,

(n+ Layh, < @b+ ... +5,) <1

1 L-ex
"NE'J' 3 L 4ee < )
{ttp by ) (n-—i—l)

vd do do
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3.7 Sap xép lai chudi. Chudi kép

o0
370, Goi S, = a1+ s + ... + @, la tong riéng thit v cia Y, «,. Khi dd

n=1
b+ .. 4+by,=5,, v n>l
Vi méi dély con cha diy déu héi tu tdi cung mét gidi han, im S,, = lim 5,.
—750 —750

3.7.2. Kihiéu {T,} la diy ctia cdc tong riéng cia chudi dudc sap lai. Khi do

1N 1 /1 1y 1
To={1-2)—=-+{Z—-=)—-=+..
? ( 2) 4+(3 6) g

1 1 1
* (2?3 -1 »-1?3.—2) Cn
1
2
1
2

1 1 1+ N 1 1
4 6 8 7 4n-—-2 4n

| l+l 1+ N 1 1
2 3 4 77 2n-1 2n/’

Do d6 theo 3.1.3%u), ta ¢6 lim Ty,= LIn2 Hién nhién rang lim Ts, =

WD H—+3D
lim T,y = lim Ty, suy ra
N— 20 i
1 1 1 1 1 1 1
l-c——-+-5—=-—= +-—..=2In2

2 43 ¢ 8 5 T2

3.7.3. Goi {T,} la day téng riéng ciia chudi dige sdp lai. Pit f{n) = 1 +
Ll o+ L+ L Khids

n—1
1 1 1 1 1
Twig=1l4+-4+... + — - — — — — — e — —
L A T Yo S R 20
(9 — 1 1._1 1,3__7_ 1,_ 1,3
= ./(—U - ) - 5,/(0& - ) - 5/( .} = f{~ﬂ) - if(u) - 5,/ ( .}-

Chitng minh bang qui nap

. 1 1.
Totsy = f(2na) — 5}‘ (na) — Ef (nd).
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Nhu da chi ra, ding thitc ding voi n = 1. Néu né ding véi n € N, thi

5 11, 1 1
Totnyors = fl2na) — ﬁf(mx’) B if(”ﬂ * 2na + 1 + 2na+ 3

1 1 1 L

+2m+na—1_mﬁ+2_%w+4_“ 2n+1)3
= f(2ne) — —f na) — —f(n D+ f2n+ 1)a—1)

——f((n-l— Lyev = 1} = f(2na) + - f(nn)—%f ((n+ 1)) + fni
= f(2{n + L)) — %f((?? + L) — if((n + 1}7)

Do do, theo 2.1.41

11111 Too1 4 = llm ((}"(23’1@) — In{2na) — %f{na})

n—

+§ In{na) — %f(n,ﬁ) + %f(nii))

+ limn (111(2'{5(1’} — ;(111(;*:.{.1-) + lu(-r'a_._.:’j’)))

O

Py 1
= lim In =ln2+ - 111 —

n—=oe L Spladd a3

Réring, vai k =1,2.3, .., (a+ 3)— 1taco hm Tifa—ivee = 11111 Tty

n—

Nhu vy tong ctia chubi la In2 + } In2 5

3.74. Két qud nhdan duge chinh lad mét truong hop dac bist (0 = Ll ova 3 = 4)
cua bai todn trén.

3.7.5. Cothé dp dung két qua bai todn 3.7.3vdicv =1 va 7= 1.

3.7.6. Xét chudi

" S S S U P O
2 3 5 4 7 9 11 6

_yyn—1
nhén duge bang cdach sép xép lai cdce s6 hang ciia chudi Z # theo n,
n—I
n=1,2.3. ..., cdc $6 hang duong theo sau mdt 56 hang dm. Nhom cde 56 hang

cua chudi (1) theo cdeh sau:

11_|_1+11+1+1+11+
2 3 o 4 9 11 6
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ta co

(2) i SN S S
n2—n+l wi-n+3 T nwl4n-1 2n/)

=1

Goi S, va T), la tdng riéng thit n ciia chudi (1) va (2) tuong vng. Khi do

e k 1 L1 |
T e i ) M =2
ey T R)

n=1

3.7.7. Nhom cdc 56 hang cud chudi ta viét lai dudi dang

=1
Hon nia,

1 1 1
Vi3 Va1 Vo
Vidn —12n + /(40 — 3)2n — /(4dn — 3)(dn — 1}
Van — 3v/4n — 14/2n
I VETT 2BV 2-\3

Do dé lim Sz, = +ox, vdi {S,} la diy téng riéng ctia chudi dd sip lai. Nhu
T

vdy chudéi phan ky.

~
3.7.8. Gid sw chudi > uy hoi tu tuyét doi, goi Sy la tong riéng thit n cia

n=1
chudi dé va dat S = lim S,. Ki hisu {T,,} la didy cdc téng riéng cia chudi dd
i
o]
sdp lai. Tit si hi tu tuyét déi cia Y 4y, vdi 2 > 0 cho trude, tén tein € N
n=1
saa cho
(1) st ] + |trae] + ... < 2.

Goi 1n la s6°dit lon dé mot s6 hang (1, @a,...,cty xudt hién trong T,,. Khi db, theo
(1)
|S‘ - Tm.| S |S‘ - S-n.| + |Sf.r1 - T-ml < 2z
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3.7.9. [4] Trudc hét gid st rdng 1 > Ova ddt n = d +u, d > u, sau dé sdp

K
lai chubi > (=17 [(n). Téng riéng thit v ciia chudi mdi la

n=1

To=Taruw = (F(1) = F(2) + f(3) — ... — f(2u))

+ {(fu+ 1)+ f(2u+3)+ ...+ f(2d — 1))

Téng niy ¢6 cde s6 hang am chita 1 va moi s6 hang eon lai chita o trong doi s6
& duong. Tong cta nhém thi hai chia d — u $6 hang, vé nhu vy Eong néy
sé nam trong khodng (d — u) f(2u) va (d — u) f{2d). Vi téng trong ngodc thit
nhét hoi tu toi S khi w — 20, su thay doi trong tong bing vdi gidi han cia t6ng
trong ngodc thit hai. Dat viu) = d — u. Khi dé

(1) vlu)f(2d) < f(2e0+ 1)+ f(2u+3)+ ...+ f(2d — 1} < v(u)f{2u),

vé sw don didu ciia day {nf(n)} chi ra rang

2] LI f(2u + 2v{u)}

uw + v{u) J(2u)
Chon v(u) sao cho
(3) i w(u)f{2u) =1.

U— G

(0f du ¢6 thé chon v(1) = 1 [ f(_;_u)}) khi 5 lim A = i

1 .

= lim .—V(H)Q-u.f@-uj vae lim 2uf(2u) = +oc.
U OO 1 0

Nhu vdy (2) chi ra rang lim j(z;(—%

U0

= 1. T (1) va su dung nguyén Iy kep

ta suy ra

Im (f(2u+ 1)+ f2u+3)+...+ fl2d = 1)) =L

0 e
Nhe vy ta dd ching minh duve rang ”li_l’}i} Lot = 5+ 1L
Bdy gig chii y rang néu 2u + v(u) <-k < 2u4+1)+viu+1)th
0 < T — Doy + F (20 + 2) < Toporiiusrty — Dawgopg + F(2u + 2).
Vi f(2u+2) — 0 khi u — oC ta thdy ring 11223 T.=5+1

Trong trivong hop 1 << () ta c6 thé doi vai tro cta d va 1 va thue hién tuong
tu.
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3.7.H). Cho 2 = ), tit mét chi s6 1y nao dé ta co

—c + =

(1) I7°% ¢ty < 925,
s n

Xét chudi nhin duve sau khi thay déi thanh phdn thit n c6 dang (xem 100 gidi
bai 3.7.9)

+ (f2u+ 1)+ f(2u+ 3} + ...+ f(2d = 1))

Hon nifa gid sit rdng s6 d cdc s6 hang duong thoé mdn lim % =k Khido
G
trong trudong hop d > u,

1 1 1
Zu+1 + 2u 43 ot 2 —1

1 1
=l1+=-+.. ot —— —In{2d -1
( T +2-s.r.—|—l+ +‘2r£—1 o2 )>
l-l—l-l— + ! In{2u — 1}
5Tt gy —n(2u = 1)

B L+ 1 T 1 _11_1'2?_;.—1
20 242 0 2d-2 2 — 1

Theo bai 2.1.41, hai biéu thite trong ngodc don tién dén hing s6 Euler ~. Ta di
chi ra rang (bai 2.5.8 (a)) thanh phin thi ba tién dén % In k. Vivay

1 1 1 1
I — Ik,
st (2?;. 1 2wt 2o 1) 2

Tir d6 suy ra (1) cho ta

lim (f(2u + 1)+ f(20 +3) + ...+ fl2d — 1)) = %g In k.

Vi vy tong S sé sai khdc mét luong %,{} In % so vdi chudi di cho. Lip ludn tuong
tw cho trudng hop o < 1.

3.7.11. 8¢ dung két qud cia bai 3.7.9 véi v{u) = I[(2u)7)].

3.7.12. Sir dung két qué ciia bai 3.7.10 véi lim £ = .

=g
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T
3.7.13. Khéng. That vdy, xét chudti Yy, dy, fd mét chudi nhin duge ti vige
=1

o0
d6i ché chudi phan ky > . Tinh don diéu cia ddy {a,} chiing t6 rang
=1

gy T Uyy + oo+, S+ s+ o+ .
Vi viy khong thé tang do phan ky ciia chudi.
3.7.14. [20] Chon mét déy con {,, | cia diy {a,} seo cho
e, < N (‘2._'” e — Q.N_l) n=1,2,..., véiQy=
Khi do
oy Ty + oo+, <Qp vaé dp +ap, +...+a,, <L
Do dé vi nh—la{i; ()n = +20 nén day {Q, — {ay, + v, + ... + @y, )} ciing phin

ky vé vé han. Bdy gid ta cong cde s6 hang khong xudt hién trong diy con {d,, }
cia chudi Z i, VGO tOng tp) + ttyy + .o + @y, theo cach dwdi diy sao cho

H—D20

)+ ao o ae o F e T a e, e, <O

trong di «; la s6 hang thich hop cudt cung. Pidu do c6 nghia la néu ta thém mét
56 hang khong xudt hién trong déy con {a,, } ¢6 chi 86 lon hon i thi bét ding
thifc trén sé khong con dung nifa.

3.7 ]’5 W, Saerpmskz. Bull, Intern. Acad. Sci. Cracovie, 1911, 149-158] Hai
chudi Z D va Z 4, la hai chudi con bit ctia chudi héi tu c6 didu kién Z Uy

vi—1 n—1 O

chita moi 86 hang khong dm va dm lién tiép tuong tng. O Ié 86 thie cho trude.

Vichudi > m, phdn ky tdi +0C nén ton tai mot chi sé6 Iy sao cho
G

P+t 20
Ta chon diude mét chi sé 11y nho nhdt sao cho
h TP + ... ‘|‘PA:1 + th + ¢ + ...+ dny < 7.

Xét mét chi 56 k3 sao cho

prtrprtotpgtaitget oot P2t TP 20
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va mot chi a6 1y nho nhdt sao cho
et tptatet. g, Aot P TG T G, <o

Tiép tuc qud trink trén ta tim dude hai ddy ki, ks. ... va 1y, N, ... va phép doi
ché tuong ung doi vdi chudi dang xét. Bdt 5, la t6ng riéng thé 1 cia chudi.
Khi do

Sp <o véi n <k onhung S,>ovdik <n<k +rny.
Hon nia

Sp L0 v ky Aty Sn< km—i—l + i,

Sy =0 vot kg oy S0 << Ry A et

voi m = L., 2, ... Ti cach xdc dinh day {ky,} va {n,} ta o

JL'ST"I"::Q, j1—=14+0m = O—| < .plr"-m 11
19,{,-

Al -
‘(71.',7?4.1 b 1L O-| < Phg vl | = 19 29 ey Moy )1 — P — ]-a

PRI PO - G| < pl‘\':'m—'l!

4

T .
'S-I"-m+1 Fita 1 T O-| < |q”n.-.+1

Sk (1t 1=t T U| < |ff'n,,‘ I | vdi 1 =1.2, . Kmya — B — 1,

Vi lim p, = lim ¢, = O suy re lim 5,, = o.
I AT MDD

LI

(> =]
3.7.16. Ky hiéu {S,,}. {T )} lacde diy tong riéng cia Y v Y iy, triong
1=1 L=1
ting. Vi {'r:r..k — ﬁi?} I day bi chéin nén ton tai | € Nsao cho bk —1 < np < bk +1
vdimoi kh € N Néum > lwan, <m—I1thik—1<n, <m—1 Vivay
k <, va ti dé suy ra

(1) {1,2,....m—1} C{ny,no ...,

That vdy, néu s la mot 6 nguyén duong khong lon hon e — 1 thi t6n tgi duy
nhdt mét sé nguyén duong k € N sao cho 5 = ny,. Pidu d6 cho ta khdng dinh
o < hay néi cdeh khde s € {ny, na, ..., ty b Theo (1) ta thdy rang ede phdn
B2 iy, = 1.2, m— 1 déu xudt hién trong Ty, Mat khde, néu k < i thi
iy < h 4+ <4 va ta ¢ thé suy ra rdng moi s6"hang dy,, Gy, ..oy Uy,
déu xudt hién trong Smyy. Vi vdy

|Sm — Tl < lameirt| + oo+ |@met|. vdi m > 1
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Suy ra lim S, = lim T,
Fr— G 1 —2

Néu déy {ny, — R} khong bi chan thi cde béi tap 3.7.2 - 3.7.6 cho ta cde vi
du vé viee khi doi ché mot chudi ¢o thé lam cho nd phén ky hode thay doi (ong
cita né. Ta dua ra mot vi du khong lam thay doi téng cie mot chudi khi doi

ché cdc phan ti ciia ching. Ta xéy dung day {n} béng cdch doi chd cde vi
nintl1} . alntd)
5 vd ——

tri ting vdi cde chi s6 nguyén dudng , con loi giit nguyén. Vi

(n+3 a1l e : R o .
”"”2 - ”U’., ! = 1 ta co ddy {ny — k| khong bi chan. Hon niia
0 néu  yir = nlits)
.;F]"H - S‘m = .. .2 ' .
T e re(ne+1] . re(re+3)
Aplngs)fz = Ouin-1/2, MU ——— <m < —5 -

3.7.17. [R. P. Agnew, Proc. Amer. Math. Soc. 6(1995), 563-564] Ta st dung

iH iH

dink Toeplitz (xem 3.4.37). Pat Sy, = > apva T = > . Gid thiét
k=1 k=1

rang m du lon sao cho 1 € {n1.nu, ...y}, V& sdp xép cdc phén tif cla tap
{ry. na, . Ty, b dé tao thank mét day tang

1-. 2 3. .D,O,-m.s V1, + 1. Q1 T 2, ,Dll,-m.s
LA ST + 15 V2 m + 2, _."32,_-:??.1 cons Ly om + 1_- Qi + 2-. _-'f-ijm,_m..\

trong dé
0 < .-"-.af_l,m < k| < .:3I,m‘ < ¥ m T = -‘..i_-jm,m-
Do dé téng riéng T,, ctia ddy vica nhan duoe sé duoe viet la

Tfm = *5':30,??1 + (S_Sl.m - Sa-l:-m) + ...+ (5.8_,',,, m Sﬁjm -.'r’??J'

HE
Suy ra Ty = D ¢y 1Sy, trong do
k=1
1 e k= Jpm L=0.1, . jm.
Crnr kb = —1 néu k= s {= (] L. H-_-('}Ir.rr._-

{ trai lai.

Vi lim By = +oo, ¢y = 0vdi mei € N, Hon nita > ¢y = L vdi
-

TN Tk L—1

o o]
m=1.2,.. va Z |Cm_‘;,-_| = 253, — 1, trong do I3, Ia 6 cac BRI 86 nguvén
k=1

duong khong giao nhau trong tip {0 02 ... 1, }. Cudi ciing si dung dinh Iy
Toeplitz ta c6 1l Ty, = lim S, khi va chi khi tén tai s6° N sao cho B, < N
n— n—2C

vdi moi . € N,
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e 8
3.7.18. Gid sit ring chudi ), ¢, la héi tu tuyée dbi va 6 tong la 5. Khi db
=1
vdi moi < > {) ton tai hy sao cho
e

<§ i S ol <

I=ky+1

ottt eg — S

[N ]

Vdi mn, n diz lon sao cho vdi meil € {1.2, .. ko) téntait, bk, i € {1.2.....im},
ke {l.2,...,n}, sao cho ¢) = a; . Thé' thi
[

<lev+ea+ .o+ — S|+ Z les| < 2.
I=kn 1l

=l "
| Spem — S

Vi vdy chudi kEdp 5 hoi tu. Tuvng ti nhu vdy ta ching minh dwde tinh héi tu
tuyét dii clia chudi kép.

3.7.19. Ddr

oc X
5 = Z |tz e ™= Z |¢al,

thi—| n—1
mon n
1 _ . g i
*-Sm.n - E E |”-z,lc|-. 1 = E |f,n|,
i=1 k=l =1

Cho tride cde 86 thue ditong © va 56 nguyén duong [ € N bat ky. Xét cde chi sé
th, 7t dit Ion sao cho mot s6 hang cia T} déu thuée S}, , va |5 — 55 | < <

o0
Thé thi T} < 57, < S* 4 2, c6 nghia la chudi )y ¢, héi tu tuyét déi. Dat
n=1
“ o P x . i o
téng riéng thit n va téng cua chudi Z ey lén luot la T, va T. Dé ching minh
n=1

déng thize

e v} o0
E G‘i._k = E [
i.k=1 n=1

ta cé dinh & > 0 va xét | du lon sao cho

T =T <= ve |I;-T|<=.
t
' 2 2
) HE Tt
Néw Syn = Y. > aiy va néu n,m di lon sao cho moi s6 hang cia T; déu
i=1 k=1

nam trong S, thi ta cd

Sy — T < [T =T} +|T* =T} < <.
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3.7.20. Day la hé qua cua hai bai tap trén.

3.7.21. Khéng mdt téng qudt ta co thé gid s rdng chudi lip Z (Z |{Lf‘k|)

hoi tu. Dt Z |leti ] = 0, va Z o; = 0, thé thi méi chudi Z dig. t=1.2,.
i=1 h=1

Z 0k

déu héitu va = |5 | < g;. Tir k6t gud nay va su héi tu cie chudi ZO}

k=1 i=1
ta suy ra su héi tu tuyét doi cia chudi Y S;, vasuy ra Y, S; = E Z ik
i=1 i=1 i=1 \&
ol e ) 1 i
3722, Bar > aip = 8, Y |aig] = Stvadg Spa = D> i va
e Sy =1 k=1
M T . N
Se =33 |aix| Tasé chi ra rang chudt lip
=1 k=1
e [9s]
> D Jaid
i=1 h—1
héi tu vé S5*. That vdy, vdi moi & > (), ton tai s6' 1 sao cho S* — 2 < Spa <O
vdi m,n > ng. C6dinh m, day {5}, } sé tang don di¢u va bi chén, vi vy no
hoituve lim S, = 5; . Tic bai édp trén ta c6 mot chudi lap hoi tu tuyét dot
K E L o)

thi A6 tu, vi vay chudi Z t; o AOL 1 vOE mol ¢ tdi S, tie ld vdi moi = > 0 tén
=1
tai nyy sao cho

(S + 85+ ..+ 50) =S| <& vdi m>my.

Tiz gic thiét rdng chudi kép héi tu tuyét doi ta cb

| S — S| < E va |5, — 57| < 5 vl T, T M.
Suy rovdi >y ta oo
Mmoo oc
(C"1+S+ +qm)_u E E (L,;L—q
i—1 k=1
n 0
S 'S'm,n - E E Uik < |*5m no |-'m n 15'*| < £

i=1 k=n+1

Chitng minh twong tu doi vdi cde truong hdp con lai.
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T

3.7.23. Chi ¥ rdng chudi > (tty | + g2+ Qu_23+ .. + ) ,) ld mét chubi
n=l1

kép duoe siap. Néu mét trong ede chudi

. -
S ekl D (anal + lancol + lancss] + oo+ Jara])
4“.}.‘.:] n=1

hol tu thi ta nhan dwde didu phai chitng minh tir bii tdp 3.7.18, 3.7. 19 va 3.7.22.
Vi thé ta chi edn chiing mink rdng tic tinh hoi tu tuyét ddi ciia mét trong edc
chudi lap ta sé suy ra tinkh héi tu tuyét doi ciia chubi kép duge sap. Ta gid thist
rang chudi > > |a; .| hoi tu tdi St Xét day {¢, | gém edc phén t cia ma

i=1 k=1
irgn vo han (g )ik=12... ThE thivdi | € N tén tqgi hai s6 110, 1t dit Ion sao cho

T n

el + Jeal oA el < D)0 sl <57,

=1 k=1

OC.
Vi vdy chudi Y c, hoi tu tuyét doi, tie lo chudi kép héi tu tuyét doi (xem bai

=1
tép 3.7.18).
i ™
3.7.24. Vi RZ‘E] (”L’) 2" ta o ;0 ﬁ = n. Vi vy
T, —

b n=m

n

1 Z?I'I
n%::() Wkl n+k+1)  (m+ 1

fe—v=w1t

Sit dung két qud bai 3.7.23 ta suy ra

z:a'l.‘{?z—l—k+1 Z Z nli! ?H—R—l— 1)
n.k={) m=0 k=0
n+h=m
o0 pn 1 x ont | 1

p— _— = — -.‘2 pa—
Z (114 1)1 ‘2;} (i 4+ 1! ‘2({'

déng thite cubi cing suy ra tic bai 2.5.7,
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3.7.25. Ti bai tap 3.7.23 ta cb

an(n—l—f.—FZ an (‘._'n_.—l—k—l—Q)

=1 1 =I] =1
B nn+9) 23 "+ 2

2 no n(n+2) 2 3 n+2

3.7.26. Ti bai 3.7.23 ta co6

— nlk! AR ! n
Z (rn+k+2) B Z:: 41 Z ((n.. Fh+ T (k42

n., k=0 k=0 n={
= k! ! > 1
_;£+1(ﬁ._:+1)' Z(A—i—l)

Tir bai 3.1.28 ta suy ra didu phdi chiing minh.
3.7.27. Chi ¥ rdng téng cita mbi hang trong ma tran la hitu han. Thdt véy
téng cua hang déuw tidn la 1, hang thi haila ©(1— 1), hang th bale v(1— 1),
v.v. Hon nifa

r+a(l—u)+a(l—a)+ . =1
Mt khde tong cde edt ehi 6 thé bing 1 hode -1 lién tiép, vi thé chudi lap sé hoi
tu. Theo bai 3.7.23 ta suy ra chudi lap khong thé héi tu tuyét dél.

3.7.28.

o 50

fa) Ti sy hoi tu tuyét déi cha chudi Y 1% va > y*’ ta suy ra dige sig héi
i=0 E=0)

} (S T o f e
tu tuyét doi cia chubi lip > | > :f,"""y”IC L bdivi YOS |,'I.';j5’}k|
=0 \Ek=0 =0 \E=0
_ 1 g o JURVR
E |.I‘ | (1 |y|) TEEEER T do suy ra sw hoi (u (uvél dot clia

=)

chudi kép da cho.
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th) Tir chudi ldp ta cb thé suy ra chudi ciia ta héi tu khi va chi khi o >
1, 3> 1

fe) Xét cde s6 hang sao cho i+ K = 1 ta ¢

> o

1 1
(i + k)7 =2 (=1

k=1 =2

Vi vdy chudi kép héi tu khi va chi khi p > 2 va phan ky trong trdng hop
7= 2

3.7.29.

fa) Ta chi cén tink tong cia chubi lip. Ta ¢o

g R | > 1 1 1
2 (; (p+f.)’{"') :;(eri'eri—l) T+l

=2

th) Twong tw () ta di tinh téng cia chudi lip

e =9 s 1
Z(Z(gmi): (7A(2L—1 ;(91%1 i)

k=1 i=2

Dén.g Lhite con lai dwoe suy ra (it 3.1.32(a).
{e) Tuong tif (b) ta cé

(s ! Ny 1 L.

=1 =1
- o i D
3730, ViSun =3 aip= by, tathdy ring
i—] k=1
1,1 = b1_.1 = 51,1,
1 = Sl_.n, - 51,?;—1 = E)l,_-n - bl,-n.—1~ = ]-.!
qip1 = Sm.l - Sm—],] = bm—]_.] - 'bm._l-. m > 1.
Twong tif voi ne, 1t > 1 ta oo

r T r R
(-"r'n,_n = *c’m_.n - *Sm 1 = (*c’m_.n | -Sm L. l_}

= bmn — br—1n — {(bma—1 — bm—1n-1)y mom> L
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3.731. Tacé Sy, = (—'l)m'"n(._)% + i) Vi vdy vdi ¢ > () tén tai ng sao

cho udi M, M > Ny ta 6 |Smn| < =, tide i chudi kép s€ hii tu vé 0. Tuy nhién
cd hai chudi ldp déu phan ky. Thédt vy, ta c6
T

. -1 < : 147 3 1 i l
Zn.?._._ =5, —Si_1n= (—])'+ 15 + (—l_}"+ '—2n T
k=1

Lo 3
cho ta théy ring moi chudi > g, § € N déu phén ky.

k=1
3.7.32, Tacé
plH ] — |
Z ZM’I" Zl_mi'
i—1 =1 i—1

Ta 6 thé thir rang vé phdi ciia ding thite trén la hoi tu, didu nay co nghia chubi
ldp sé& héi tu tuyét doi, do do thea 3.7.23 thi

E i,ik —

=

o >

&k
1— ak

1

—_

A

Chon edc cdp (7, k) ¢6 ciing tich ik ta ¢é

wtk = Z Binle",

[l jax)
=1 =1

ik

do 6 cde bdi ciia n bang s6 cdc odp (i, k) vdi ik = n. Hon nita véin = 2.3, ...
ta co

- .
S — f—’-n—l,n—l =

2N

— " 4+t 4 .'IT(”' 1int + :r.,-n3 + :r:-.rr.t:'u 13 + ..+ :r:'n.-Z

-+ 'I"”’
TL 'H"
£ = 2
— 2— + rn .
l _ 'IT”'

Hién nhién ta c6 51 ) =& = 29=" + . Do dé ta tinh duge

Sn.u = (Sﬂ,-n - Sn; 1.n 1} + (S'u 1w 17— S-n 2. 2) 4+ ...+ Sl,lr

ta thdy rang

. . o] , 2 oo}
&€ at— ot P
=2 E — 4+ E .
Z 1 — Tﬁc 1 — pn

k=1 - n=1 n=1
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3.7.33. Tu bai tdp trén ta chi ra dige rang chudi lip héi tu tuyét déi, do do
ding thite ddu tién ditde suy ro truc tiép i 3.7.23. Dé chiing minh dang thic
con lai ta xét mot su sap xép lai cia chudi kép dude trinh béy trong bai 3.7.32.

3.7.34.

fai Tie 3.7.23 ta ¢

e e ) 1 o 1
ZSP_Z2?1+ZJ?1 me[}x—l\ﬁ L.
=2 11=2 h=2
(b} Ciing nhut céu (a) ta ¢o
= 1
—1)¥5. —.
D (1S Z o L =3
p—2 n—=2

3.7.35. Bat B la tép cdc s6 tu nhién khong phdi la luy thita cua mét $6 nao
do thé thi
A={"  neN,n>2kecB}

o0
Vi _ﬂil = 5" L 0> 2, st dung két qud ctia bai 3.7.23 va 8.7.34 ta ¢d

j=1
1 =1 e 1
P D I D D DI
nEA ned y=l1 keB n—2 j=1
o 1 oc 1
=220 a2t
heB j=1 n=2 =2 n="

3.7.36. [G. T. Williams, Amer. Math. Monthly, 60 (1953), 19-25] V& trdi ctia
ddng thitc bing

1 1 1 1
(*) 11111 Z Z ( ZH 2 Fj?n—-l .t k?-n—? ?) ’

j=1 f—

Tinh todn ta dude

N e
(%) lim ZJH—;}—I—(-H— l)J

N—ng
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Tiz dé sit dung (* * *) ta nhan duge

=1 \ k=
AN =+
N N
IV 1 - 1 1 1
=|n+-= — — - - + ...+ = - ] .
( 2) J; ‘?2” le Jzn—l (J\ _ } +1 J‘\, _|_}>
Hon nita vi 0 < \,_;ﬁl + ...+ %ﬂ g ;\,f§+l ta thdy ring
\
1 1 1
0 < - —
;JJH—] (A" _ I+]- 7\ +J>
N N
1 1 1 1
< 2 -
;;2”—3\—_;’+1 ;;'\—;H
2 & L1
SN+ —\j N-j+1
ML I 3% S BT
_\'+1?-=1J_.-'\-"+1 T /)

trong dé v la hing s6 Euler (xem 2.1.41). Cuéi cing theo (*) ta cd
( 1 1 n 11 - I 1 )
B2 gm—2 | pdgen—1 7 pm—2 2
g J J J

1\ o= | 1
= '\IT;: (-‘n + 5) Z o = (’n + 5) C(2n).

=1

Jim > 0>

NN
j=1 k=1

3.7.37. Thay gid tri 1 = 2 trong bai todn trén ta dilde
y 1
(@202 = {2+3 ) )

Vi((2) = T (xem 3.1.28(a)), ta dive (xem 3.1.28(b))
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Tuang tie khi cho n. = 3 ta duc

Va tuong tu oo

3.8 Tich vo han

38.1.
{a) Ta co
- 1 Tlk=Dk+1l) n+1 1
j?’_H(l_ﬁ)_ _ ;2 I oo 2
k=2 h=2
b)

k-2 + k41

S (R DR =k + 1
_H(;‘_U(;“Fl) —(k+1)+1 2P +n+1) 2
B (k+1)(k2-k+1  3nn+1) o 3

=2

{ej Voi x =0 gid ¢ri cua tich la 1. Néu ¥ # 2”’( + k), thi cos 7w # Qva
sin 57 7 0 do do

H 1 8in 5=7 sin x sin @
(0-% = — :
E . ¥ -
- 2 sin 5T T Ongin o oo
{d) Su dung cde e¢dng thic
sinh x

sinh{2z) = 28inhzcoshar va  lim =
w—{ i

fuiong b cdu trén ta o

20 i -
I T cos: x_ R el z#0,
s 2 1 nén x =10,
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fe) Ta co
H N it 1__1._2!“.|| l_‘{zzll _]_
1+ ) - _
H(+T H | fi'.-’QL 1—1r mooe | — T
h=() k=0
i
- 1 SE+HDE 2n+1
[[(1+ L) _ppev 2o+
h(hk +2) ,l.(‘l, + 2} 4+ 2 n—oc
k=1 k=1
fel Vi
1 : Mok
[—1} T
a & :ak—l
=1

s dung tinh [ién tuc cic ham luj thita va 3.1.32(a) ta suy ra rdng

OC gy -
[[a— =a

=1

th)
.

Eal

it w R
=1

H & : I.ZI %_ lit 7 2
= = Er= . .
1 ; :
k:ll—'—E n+1 n+1

Do dé sir dung bai 2.1.41, ta cé

Hlj_nl =€

n=1

trong do ~ i hing s6 Euler.

{i) Ta co

. ﬁ (3k ﬁ (3k)? 3l |
* (3k — 1) m +1) 1t Bk —13RGBA+1) T (Bn+ 1)
Su dung céng thitc Stirling
n! = ay,v2rn (E) ', odi i ooy = 1,
[ =00
ta nhén dude
JBI!(2T) f.)_”3n+3 ‘2 —3:1

lim £, =
e TL (2}'{")'-"2(3?'?- + l)dn—H+I;_F:,_—3h.—1

. 31 i 1 32 27
= 2ore lim | - _ = )
n—oo \ 311 + 1 In+1 d\/g
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3.8.2.
{et
A Y
(—1}" 3 2 5 4 1
1) o= ]_ — — 4 — s — . — 1 R
2 H(+ k 2345 "o
=it
3 2 5 4 2n—12n =2
Py =2-2.2.2. —
2 3 4 5 2n—22n -1
() Ta co
1 3 1 n+1
lr"ﬂ = 1 2 ..... A = : 1 .
E( +f2> 2 3 7 n e

do dé tich [] (1+ 1) phan k.

=1

o

(e) Tich [] (1 — ) phén k3, thét vy,
n=1
i 1 1 23 n—1 1
P = l— =] ==-=.— .. —— — 0.
E( L:) 203 4 11 Fl n—oo

3.8.3. Truve hét chii ¥ rang doi vdi cde s6 hang khéng am a, ta co
(1) a1+ oz + .ot o, < (L4 a1+ a2)...(1 4+ a,).
Hon nita siz dung bét didng thite ¢ > 1+ 1, x > 0 ta duwve
(2) (14 a)) {1+ ag). (1 +a,) <entoat to

Tir cde bédt dang thice (1) va (2) va tinh lién tue cia ham luy thia ta su,y ra st

hot tu cua tich H (1+ tty,) & tuong dvong vét su héi tu ciia chudi Z .

h=1 =1

[ [

3.84. Gid thiét rang chubi > an hoi tu, te lo voi N di lon thi > 0, <
n=1 n—N

T 1.2.1 ta co

b=

ﬁl—ﬂ;, I—Z{£L>§

b=
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n T
. . . . N . 3 5 - I
ViF, = A-l:[|{l —ay) = Py L-l—_[\'(l — ) nén cé thé suy ra ring ddy { KA__.}
don diéu gicm bi chdn dudi, tic I né hoi tu, gid thiét rang chudi do hoi tu vé
I the thi P ¢ H 1]. T d6 suy ra lim I, = Py_1 PP # 0. Dé chitng minh
- n— 2
-
didu con lgi ta gid thidt Y a,, phén ky. Néu day {a, | khong hét tu vé 0 thi
=1
day {1 — o, } khong kéi tu vé 1 va khi do di¢u kién cdn cho tinh hoi tu ciia tich
20
[T (1 —a,) khéng dwde thed mdan. Vi thé ta gid thiét ran lim «, = (), va déng
n=I n—s

thei 0 < a,, < 1 v n bdt ddu tic mot chi s6' N nao dé. Tic cong thite (xem 2.5.7)

-'r._l wz 1.3 ;{A ;t:‘:’
S T A TR B

taduge ] —x < e Vool 0 < i < 1, vi ede 86 hang trong cde diu ngodc don la
dudng. Tie do suy ra

1 n
. Z .

0= H(l —ap)<c N8 =N,

L=

n

e
va duong nhién lim [ (1 — ax) = 0. T dé ta két lugn rang [] (1 — o)

N n=1
phdn ky.
385, Chuy ring

21t !

H(:l +ay) = H(l + agp_ 1) (1 + )

k=1 k=1

-

Do ds s dung 3.8.4 ta suy ra tich hoi tu.
386,

{a) Vi ('108$ =1- (l — 008 %) val#1-— (‘:03# >0, n € N, st dung két

qua cua bai 5.8.4 suy ra su héi tu cua tich sé dude suy ro tid su RSE tu el
e al

chudi Y, (1 —cos +) (xem 3.2.1.(e).

n=I1
(b) Tuong tu eau (@) ta co sit hoi tu clia tich duge suy ra ti su héi tu cita chudi
o

> (L= nsind) (rem 3.2.1.4d)).

n=1
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fc) Ta co
T 1 14 tan i _ 2tan %
tan [ -+ -} = ———F =1+ ———.
4 n I —tan = I —tan =
n T
. 2tan+ " o .
Vi - i Dudion > 2va
1—tan i
2tan 11—?
I —tan+
liim =2
N -

theo cdu 3.8.3 ta suy ra tich phdn k3.

) . , 1—nlnfl-4" L - 2 ,
td) Chu ¥y rang lim # = % va sw dung két qua cia bai 5.8.4 ta swy
=G '

ra tich dang xét la héi ttu.

ke
(e) Sy phan ky cia tich duge suy ro tif tinh phén ky cia chudi > (y/n — 1)
n=1
{xem 3.2.5(c)).
1. a N . e N . = lnn
{fi Vi lim ﬁ = 1, sit dung két qud bai 2.5.5 ta suy ra rang lim 25— =
N0 n—ao Tyn—1

0
1. Do do sy héi tu ciia tich duwge suy i sy héi tu clia chusi » I::—j’
=2

o0
38.7. Ti gid thiét ta suy ra chudi Y «, héi tu va khéng mdt téng qudt ta
n=1

c6 thé gid thiét rang |a,| < 1. Vi

(1) lim = oy +1) _

1
n—oc a2 2

va chudi D @y, hOL ty, nén sy hoi ty cia chudi a';’; tuung diiong vdi sy hoi tu
n=1 =1
-

.

cia chudi > In{l+a,), tife la tuong duong vdi sy héi ty cia tich [] (14 ay,).
\ Tt oo ‘ T

Chis ¥ rang néu Y a> héi tu thi theo (1), véi n di ldn ta cé

n=|

. 1.
tn — In(1 + a,} > Zaz‘

[a- ] [
Do dé chudi Y In{L + a,) phan ky téi —oo, tie la [ (1 + @,) phdn ky tdi 0.

n=1 n=1
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3.8.8. Két qua duwoc suy ra ti 3.8.7.
3.8.9 Swdung 3.87 va 3.8.8

3.8.10. S8i dung ding thirc
(1 + ap) — 0 + 502 1

lir - = =
1 >130 |(.',.” |‘3 .j

va tién hanh nhu cdch gidi cue bai 3.8.7.

38.11. Khong. Thét vay, st dung k8t qua bai trude ta thdy ring tich dude
néu trong phan goi y sé hoi tu khi 0 > l% Mat khde cde chudi

L (L 1y _ L (L, 1y_ 1,
20 A 30 NI S o 7T
va

LA S S T S A T S S S R AN B
oo 90 2o S R G20 qa "

cung hoi tu khi o < 3.

3.8.12. Chu y ring néu lim a, = 0 thi

=20

P . (115 o
lin |In{l + a,) — @, + a2 — 1af + .. + =L ak| _ 1
H—00 |an|k+l E41 '
3.8.13. 8w dung cong thie Taylor
1 3 2
Il + ay) = ay — m(j“ = 1y, — Onar,,

trong ds (—2] < O, < 2néu |ay| < % Do d6 voi 1iq. 1y du lon va 1y < ng thi

%) o Ha . 2
Z 111(1 =+ f_';.n) = Z —(;) Z !’Ii, trong do (_) e (62) .

n=n, n=n, n=n)

o0
Tit d6 suy ra chudi Z (i, hBi tu theo tiéu chudn Cauchy.
n=1
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o o) s}
3.8.14. Néucdetich [[ (1+ay,)va J]{(L—u,) cing héi tu thitich [ (1—a2)

n=l1 f1=1 n=1
]
cing héi tu. T d6 suy ra chudi Z (.I-_f; hoi tu . Piéu phai chitng minh dude suy

=1
ra ti bar tip trén.

3.8.15. Co, that vay vi day {a,} don didu gidm vé I nén ta viet duge , =
L + cx, trong d6 {cry} la mét day don diéu gidm ddn vé 0. Su héi tu ciia tich
dang xét twong duvng vdi si héi ty eta chudi

jolw]

S0 (L + ay,).

=1
Ro rang chudi dang xét la hii tu theo tidu chudn Letbniz vé chudi dan ddu.

3.8.16.

fey Vi lim (@, + b,) = 1+ 1 = 2 nén tich dang xét khong thod mdn diéu
T

kién cdn edo tinh hoi tu.

. .
{b) Tinh héi tu cia tich H a?,_ dudc suy ra ti su ROt tu cia chuot Z 111 a;)?_.
n—1 fi—1

(e, (d) S héi tu cia cde tich dude suy ro ti si hdi tu ctia ede chubi

Z i@yl ) = z It + Z Inb,

n=1 n=1 n=1

Zl (o) Zhla” Zlnb,,

n=1 r=1 n=1

v

m .
38.17. Gid st ta co chudi > x2 héi tu, khi do lim x,, = 0, tink héi ty clia

n=1 n—0C

hai tich vé han duve suy ra ti 3.8.4 ve to di'ing thite

S
o1 —rcosa, 1 . 1= . 1
lim ————=-, ve lim ——5"—=—.
N—IC x > n—00 s G

Bay gio gid thiét rang mot trong hai tich héi tu, thé thi lim x, = 0 va tink héi

R

o]
tu ctia > xZ cing duge suy tit cde dang thite ké trén.
n=1
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3.8.18. Chiy ring

i 1 "
. Sk

@ 14 = =a = 5,.
JL(+ g ) ~all 5

k=2 - k=2 "

3.8.19. Xem bai tép 3.1.9.
3.8.20. Xem bai tdp 3.1.9.

3.8.21. 8w dung bai tap trén vdi a,, = "

e

3.8.22. Gid s rang tich [| an héi tu, tie la lim F,, = P # 0, trong do

n—1 T

T
o= H ay. Tir diéu nay ta suy ra ton tei mét s6'a > O sao cho |FP,| > « véi
=1
n € N. Ddy héi tu {13} la mét day Cauchy, do dé véi mei & > 0 t6n tai s6'tu

nhién ng sao cho |F . — Paoy| < svvdin > nova k € N, Thé' thi

=0k

|P-n—l|

<z vd N Zoay.

¥

1Dn+.f.:
Pn—'l

. 1‘ <
Gid thiét rang vdi moi & > ) tén tai 86 tw nhién 1y sao cho
%) |f-1-n.an.+l g — 1| < E
vdin > nova k € N Chon & = % ta ch

3}
n—1

JF::‘TU

3
< 5 pdi 1 oy

| =
FAN

(%)

Trong (*) thay £ bdng il% ta tim dide mot sé it nhién 1 sao cho

1

2=

37 vGi > g, ke N

Hf+k
Pn—l

-1/ <

ol

Do dé vdi n > max{ng, m} ta duge

D= 3
~ n—1
He B 1_:;4—1 = £.
+ :
3| B,

Biéu nay ¢ nghia la day { P, } la diy Cauchy, hon nita ti (x%) ta suy ra gidi

han cua no khdc 0.
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2 2n H (l - ?rzk)

) & 11— 5
HL].—I—T )=H 1 — ¢k = =

k=1 k=1 H (]_ — J_y’t)

k=1
2n ) 2n .
[T(1—=z%) IT (1 —2%)
- =1 - h—n+1
! n i n i N
[T(1 =28y TT(1 — w221y [T — 221
k=1 =1 =1

Siz dung tidu chudn Cauchy (xem bai 3.8.22) ta suy ra didu phdi ching minh.
3.8.24. Pay la mot hé qud cla 3.8.3.

3.825. Chivriangvdia, ay, ... 0, € R thi
1+ a4 ag). L4 a,) — 1] < (1 + |ar| WL+ Jazg])..(1+ [a,]) — 1

v si dung tiéu chudn Cauchy (xem 3.8.22).

3826. Pat Iy = (1+a){1+as)..(I+a,) neN Thethi I, — P =
Ra—lan va

o=+ =P+ o+ (= F)
=P+ Pay+ Pas... + F.a,.

Cho nén

17')}1 = f:l —|—{I]) -+ (Lg(]. +{I]) -+ (1;5(1 +(£1)(1 + (1’-2)
+ .o F a1+ ) (I + a1+ ani),

hay lo tuong wng

By = (14 ay) + (a0 + aras) + (a3 + ayaz + aseg + ajagas)
+ o+ (g, +aray + asty + oy,

ST o) STy SR/ S O o1 SR SN SV P

-
Chii y rang tic sw héi tu ciia tich [[ (1 + a,,) ta kéo theo sy ki tu tuyét dét ctia

=1

jo 4]
chudi 1+ + 3. an (L + o )L+ ag)...(L + wy—y). Chudi nay tgo thanh ti

n==2
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viéc sdp xép chudi kép c6 cde 6 hang thude mét ma trdn vé han

ay ¢ {8 1.
A5 145 fd10y oy {16ty
yQotiy ol di1dalty  doadiatly

Tir 3.7.18 ta suy ra chudi kép hoi tu tuyét doi va ti 3.7.22 ta duve chudi ldp
dang xét la héi tu, va ti d6 chitng minh duge déng thite trong dé bai.

ke ) o0
3.827. Tirsw hoi tu tuyét doi ciia chudi > a, ta suy ra chubi » , a, héi tu
H=1 u:l

tuyét dot vdi moi 1 € K. St dung két qud bai trén to suy ra diéu phdi chiing
ninh.

=]
3.8.28. Hién nhién voi |q| < lva x € R thi tich T[ {1+ ¢"x) héi tu tuyét
=1
K

doi. Trong bai trén chon a, = ¢" ta dwoe ham f(z) = [[(1 + ¢"z) =

- N R n=1 - A
1+ Az + Asz’ + ... Bay giochi y rang f(z) = (1 +qzx) flqr) va dong nhdt
hé s0 ta difoe

T

q . 4
va A, = A,

_'4 -
! 1—g 1 =g

vdi n=23..

Cudi cing ta chi duge ra rang (st dung quy nap)

i l]
4, = LA
=gl (1= g7
3.8.29. Dgt f{r)= 1_[ (1 + ¢® 1) va chi § rang (1 + qr) f(¢®x) = f(2)
H=1

ta bién ludn nhir d cau 3.8.28.

3.8.30. Taed

> . yy - = Ak = 44}'\'
H(1+an-r} (1—}—7) = 1+ZA;,-_-1. l—I—ka
n=1 =1 h=
k & A
DN EREIED WD B
k=1 - k=1 k=1
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o

Tw sy hot tu tuyét dot cua Z _.4;,.:;: 2] Z ta suy ro sy hol tu cua tich
=1 h=1

Cauchy cua ching (xem bal gidi ciia 3.6.1). Cha vy réang tich Cauchy nay tao

thanh mét chudi kép tuvng ing vdi ma tran vé han
1'11 ;’1| 4’124 3 1 A I
;"12,-’;111 (T + Ji) ‘-‘1'13_"’12 (I' -+ %) ;‘"1_1 4 (.l + = )
A;;./‘ll (."If2 + ) .-"14.;"’13 (,'},’2 + %) .r"l;_'-,.'fl‘j (F + %)

S

i
Do dé tir 3.7. 18 va 3.7.22 ta suy ra

Z Az Z (Ardr + Aoy + AzAz + ) + (Ao Ay + 4340 + )
=1

1 o 1
(.‘?? + :) + [.-"113;"111 + Ag s+ ) (;'IT“ + ;) —+ ...

3831, [4] T 3.8.30 ta 6

ﬁ(l T ) (1 1 7 ) Bo + Z B, ( x'**) .

=1 =1

Dt

o0 gin—1
Fr) = H(1+q2” L, )(1+Q"’bL )

=1

va st dung déng thie qrF(¢?z) = F(x) ta duge
B, = Bog. B, = B¢ .
st dung quy nap suy ro
B, = Hoqnﬁ, n=172 ..

F(x) = By (1 + Zfinz (:f:” + F)) .

Khi do

=1
Pé xde dinh By ta si dung két qud bai 3.8.29 va 3.8.30. Pgt F, = [ {1 —¢**)
k=1

va P = H g2}, thé thi

n=1

Bog' = By= A, + A1 A, + (i + g +
{ = P, = 7 At . = = —_
f Tl 1] 141 P”_ P-npn+1
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ta dige

q‘zn. g

P pr

4n

P.By—1<« + ...

Cho 11 — o0 ta ditoe By = ‘%

3.832. Su dung két qua bai 3.8.30 vdi

fa) ¥ =—1
by x=1.
e © =4q.

3833, Chiyringuvdin>1iacé

. n—1 7]
1 X —k xr—Kk
a”_i( T+k’_£[1m+kt)'

k=1

—

Vi thé
r—k

N H N
) 1 1 1
bn—kz;a'k—1+;E+§;(Ik_§_§}nif+k.

—1
1

Néu v la mét s6 nguyén dutong thi véi v dit ldn ta co Sy, = 3. Ta phdi chitng
minh rang véi ¥ % 1.2, .. thi lim S, = % bing cdch nhdn xét rang vdi k di

N—

In thi |25 | = 1 — 25 Do db sit dung két qud bai 3.8.4
T

) n—k
lim | |
1
k_

. r+k

ta diwve diéu phdi ching minh.

faLnd
3.8.34. Gid thist rang [[ (1 + can) héi tu véi ¢ = g va ¢ = 1 ma g # L.

=1
Khi do cdc tich
= ) 2 (14 cpag)e
[ +ao)® w [[EEam”
L + epter
n=l1 n=1
cang hot tu. Hon nita
(‘]_ + O (1’-,;._) “l _ (’.1_]{0(_] — ) .

= (14 2a),
1+C0a” 2 f”.( + ?I).
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tmng ds s — D EAL n — 0. Do dé st dung bai 3.8.3 ve 3.8.4 ta suy ra chum
z 0: hoi tu. Thém nita khi stt dung £ét qud bai 3.8.13 ta duve chubi Z (ly

n=I n=1
>

ciing hoi tu. Ti d6 suy ra véi ¢ € R bét ky cd hai chubi > (ca,)? va chudi
n=1

=
S cay héi tu. Ta suy ra didu phdi chitng minh £ bai 3.8.7.
n=1

oC T

3835, RG rang chudi > ay [[ (2% — &) hoi tu 16i O voi & la 86" nguvén
n=1 k=D

duong. Gid s né ki tu tdi mot gid tri Ty khong nguvén duong. Véi xr € R ta

xét day {b,} ma

123 .
{1 % - 2
iy
Khi do
MR g2 " 22 _ g2
ll)ﬂ_ = Y ., — (J. =+ 70 .
g xg — k2 P A

Tit d6 suy ra bat ddu tiz mét chi 86 nao do day sé don diéu. Hon nita vi tich

° LY R - - . - . .
Sz hOl tu nén day {b.,} bi chén, ta ciing c6
k=0 """

S I - = S T[t -
n=1 n=1 f—{}
Theo tiéu chudn Abel chudi dang xét héi tu vdi moi 2 € R.

3.8.36.

fa) Ta co

—1 it
(1— i) =1+Z%'

Py

Nhan N dang thite diu lai voi nhau dioc

N 1 -1
T TS

n=1 Pr

I
in
]2
T -
I
=
_|_
] ¢
T =
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!
trong do E la ky hidu tong trén cde 6ty nhién 6 cde wie sé"chi I ede

56 nguyén 8 pr. Po. ..., pv. Khi do
P 1 20 l oo l
0 < H Z - Y o< Z =
pﬂ
=1 =1 h=pa—1 h=px
e

Vi lim 3 L =0t duge
N—20 k=pn—+1

(b) Tir (i) trong phéan {(a) ta suy ra

Ti s phin ky ctia chuéi E % ta suy ra tich
n=]
[m

[T (1 — —) phén ky vé 0, tiée 1o tuong duong vdi su phan ky cta tich

n=1
=]

[1 5 fwem 3.8.4.

r—l

3.837. [18]

fa) Dung cong thite De Moivre cosmil + isinml = {cosl + isint}™ cho
m=72n+1tacoé

_ Zn+1
sin{2n + 1)t = (2n + 1) cos™ tsint — ( 5 ) cos™ 2 tsin’t
o (=D sin® 1
Hay la ta viét duoe thanh

(/) sin(2n + 1)t = sintW (sin” t).

trong dé W (u) la da .tht.?c bée < n. Vi ham & vé trdi cia ding thite béng
0 tai cde diém t) = . déu thude vao khodang (0, %) ta

2?1+l
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suy ra da thite W (u) bdng 0 tai cde diém wy = sin® iy bk =1.2....,n

Wiy = A[] (1 - qi; m-) .

k=1

va ta co

Do vdy s dung (1} ta dutve

ki -1
. . 8- {
(2) sin{2n + 1)t = Asint H l— ———
k1 SN 3,47
Ta cdn phdi di tim A. Ta c5 A = lim SR = 2 + 1, thay gid tri A
N o . Fy —
vao (2) v chon | = Tyt 1 drive
+ 2
. _ . xr S oo
{3) sinx = (2n + 1) sin T H 1 - 273’;;1
ot l k=1 S 2n41

Béi vai v € Ruva m € N nao dé cho trude sao cho x| < (m—+ 1)7 ta ldy
1t idn hon i, theo (3) ta duoe

(4) sing = P Quns
trong do
" O .
v x - P!
Fow=02n+ 1)sin 1 <
' f=1 T |
i, I iy
sl ——
- . a1
Qm,'n = H 1 — i 2 e
= T =
k=ne+l i1

Cho n — o¢ duoc

o - m B ;172
(‘5) -]ilE:_!)lQ I?n:ﬂ- =¥ H (J' ;“2'}'{'2) .

k=1

Tie (4) vdi & # kw ta dwoe im Q,,,, = Q. Pé ddnh gid (), ta chi ¥
T
rang it gid thiét 6 trén,

|z krw T

< i k=m-+1,...n
2+ 1 P24+ 7 2+ 1 vot '

<

b3 | =)
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Sz dung cdc bat ddng thic %u < sinu <, 0 < u < 5, ta thdy rang

i 2 oo o .
I1 (] — %) < Qe < 1. Vitich [] (l — ﬁ) ROt tu ta o
=41 n=1

- @
H (l - m) § Qm,'n 5 l
be=tri 41

Tir do suy ra

{6) lim ¢, = 1.

H— I

Cudéi cing ddng thiic cdn tim duoc suy ra ¢ (4), (5) va (6).
thj St dung (a) va chit ¥ rang sin 2x = 25010 cos .
3838 Thay x = g trong bidu thite néu trong 3.8.37(a).

3.8.39.

{a) St héi tu cia tich duge xét sé tuong dudng vdi su héi tu et chudt
e
o &
S(+5)-1)
. T T
—1

con st kol tu fuyét doi ciia chudi duge suy tir déng thire

Lin t
N

‘hl(l-l—f_) - £

Lo —

£
e

(b T co

12

- xr :_2
l+ﬁ _.)Tr'l

14+ 4y rlz—1 1
( N.) _ 1 + ( } + ) ( ]
Tir 3.8.3 ta suy ra tich héi tu tuyér doi.

(')
3.840. R6 rang tich [[{l + ap). an > —1 héi tu khi va chi khi chudi
. n=1 ., )
> In(1+a,,) héi tu. Hon nita néu P la gia tri cia tich va S lé ¢éng ctia chudi

n—I

thi P = ¢°
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Gid s rdng tich hii tu tuyét doi, tit ddng thite

I- ]- T
(1) lim M =1. (vi lim a, = 0.

00 |G-”| OG0

=]
chudi > WLl + ) héi tu tuyét dbi. Hién nhién ld ( tit 3.7.8) ts c6 moi thay

n=1
46t cia chudi déu hoi tu vé mot téng. Cudi cung sit dung chi y ti ddu ching
minh to suy ra moi thay doi cde phdn tw ctia tich déu khéng lam thay doi gid
tri cua tich.

Béy gic gia thidt rdang gid tri cia tich ﬁ (14 a,) khéng phu thude véo trit
n—1 g
£ el ede H nhan tF cla tich, didy nay cé nghia la tong cta chudi > ln{l+a,)
cing dbe lép vol trdt tu cde s6 hang cua minh. St dung dinh Iy Rr;;?iann ta suy
ra chudi héi tu tuyét dot, tize la tiv (1) ta suv ra chudi § |1 + ﬂ?,| hii tu, ta co
n=1

diéu phdi ching minh,
3841 [20Par R, = 3.5 1. bl _ GetLR g

R 2 {2m !

1 1 1
(1+§) <1+1) <1+ 2”) = R,
| 1 | 1 | 1 1

3 5777 23 +1) Ry

Thé thi tich riéng thit o + 3 ciia tich dang xét sé bing ﬁ‘; Sit dung cong thic
Wailis (xem 3.8.38) ta duge '

2n+ Dl 2
lim (on ) =

F— o (2”)“\/5 - \/—E

lim ﬁ = /E
—3D R .»3 \: 3

va tie do ta dwde

Ty,

ja

3.842. Néu tich [](1+ a,) kéi tu nhung khéng hoi tu tuyét dot thi chudi

n=|

=0

ST In(1 + ) héi tu co didu kién (xem 3.8.40). Tit dinh Iy Riemann ta suy ra
n=1

cde s0 hang ctia chudi c6 thé sdp lai dé tao thanh mot chudi mdi kot tu ¢d téng
la mét s6 bat ky cho trude S hode phin ky (t6i o). Diéu phdi ching minh
duce suy tir bidu thite 17 = ¢ (xem 3.8.40).
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