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LOI GIOI THIEU

Trong dé thi thir cta céc truong hay trong dé thi THPT Qudc Gia thi cac bai toan vé chu dé
nguyén ham tich phan chiém khodng 7 cau tir dé dén khé, nham gitip ban doc phan nao c6
cai nhin toan dién vé cac cau hoi lién quan t6i van dé nay trong cac dé thi cia ndm vira rdi
va dong thoi c6 thém nhiéu kién thic hay va kho khéc thi trong chuyén dé nay minh da dé
cap toi rat nhiéu cac van dé kho nhu céc bai toan lién quan téi phuong trinh vi phan, bat
dang thuc tich phan... Dé c6 thé viét nén dugc chuyén dé nay khong thé khong c6 sy tham
khao tir cac ngudn tai liéu cta céc céc group, cac khoa hoc, tai liéu ctia céc thay c6 ma tiéu
biéu la

1. Thay La Duy Tién - Gido vién truong THPT Binh Minh
Group Nhom toan: https:/ /www.facebook.com/groups/nhomtoan/
Group Hs Vted.vn: https:/ /www.facebook.com/groups/vted.vn/
Group Nhom Toén va Latex: https:/ /www .facebook.com/ groups/toanvalatex/
Website Toan hoc Bic - Trung - Nam: http:/ /toanhocbactrungnam.vn/
Website Toanmath: https:/ /toanmath.com/
Anh Pham Minh Tuén: https:/ / www.facebook.com/phamminhtuan.2810
Thay Lé Phuc Lit - Cong tac tai phong R&D Cong ty Fsoft thudc tap doan FPT.
. Thay Bang Thanh Nam - Giang vién Vted
10. Thay Huynh Btic Khanh
11. Thay Nguyén Thanh Tung
12. Ban Nguyén Quang Huy - Sinh vién dai hoc bach khoa Ha Noi

Y N o Ol WD

Trong bai viét minh c6 suu tAm tir nhiéu ngudn nén co thé sé c6 nhing cau hoéi chua hay

hogc chua phit hop mong ban doc bé qua. Trong qua trinh bién soan khong thé tranh khai
nhimg thi€u s6t, mong ban doc c6 thé gép y tryc tiép véi minh qua dia chi sau:

Nguyén Minh Tuan

Sinh vién K14 - Khoa hoc may tinh - Pai hoc FPT

Facebook: https:/ /www.facebook.com/tuankhmt.fpt

Email: tuangenk@gmail.com

Blog: https:/ /lovetoan.wordpress.com/

Ban pdf duoc phat hanh mién phi trén blog CHINH PHUC OLYMPIC TOAN, moi hoat

dong st dung tai liéu vi muc dich thuong mai déu khong dugc cho phép. Xin chan thanh

cam on ban doc.
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CAC BAI TOAN NGUYEN HAM TICH PHAN
VAN DUNG - VAN DUNG CAO

Nguyén Minh Tudn
Nguyén ham tich phan c6 thé dugc coi la mot phan toan tuong d6i hay va khé ludn xuat
hién trong dé thi THPT Qudc Gia, dé cing mé dau vé chuong nay, minh xin giéi thiéu va
khai quat doi nét vé lich st ctia cac bai todn nguyén ham va tich phan va so qua vé chuong
trinh ta sé hoc sap toi.
GIOI THIEU POI NET VE LICH SU
Céc y tudng gitp hinh thanh mén vi tich phan phét trién qua mot thoi gian dai. Cac nha
toan hoc Hi Lap la nhitng nguoi da di nhiing budce tién phong. Leucippus, Democritus va
Antiphon da c6 nhiing déng gép vao phuong phép “vét can” cua Hi Lap, va sau nay duoc
Euxodus, s6ng khoang 370 tru6c Cong Nguyén, nang lén thanh 1i luan khoa hoc. Sé di goi
la phuong phap “vét can” vi ta xem dién tich cia moét hinh dugc tinh b::ing vo s6 hinh,
cang luc cang lap day hinh d6. Tuy nhién, chi c6 Archimedes (Ac-xi-met), (287-212 B.C),
moi 1a nguodi Hi Lap kiét xuat nhat. Thanh tyu to 16n dau tién cta 6ng la tinh dugc dién
tich gi¢i han boi tam giac cong parabol bang 4/3 dién tich ctia tam giac c6 cung day va
dinh va béng 2/3 dién tich cta hinh binh hanh ngoai tiép. Dé tim ra két qua nay, Ac-xi-
met dung mot day vo tan cac tam gidc, bdt dau véi tam gidc c6 dién tich bang A va tiép tuc
ghép thém céc tam gidc mo6i ndm xen gifra cac tam gidc da c6 véi duong parabol. Hinh
parabol dan dan duogc 1ap day boi cac tam gidc c6 tong dién tich la:

A,A+é,A+é+é,A+é+é+é....
4 4 16 4 16 o4
4A

"3
Ac-xi-met cling diing phuong phép “vét can” dé tinh dién tich hinh tron. Pay 1a mo hinh

Dién tich gi6i han bdi parabol la: A| 1+ 1 + 1 + il +...
4 16 o4

dau tién cua phép tinh tich phan, nho d6 6ng da tim dugc gia tri gan dung cta so pi &
khodng gitra hai phan s6 3 10/71 va 3 1/7. Trong tat cad nhing kham phé cta minh, Ac-xi-
met tAm d&c nhat 1a cong thic tinh thé tich hinh cau. “ Thé tich hinh cdu thi bing 2/3 thé tich
hinh tru ngogi tiép”. Thé theo nguyén vong lac sinh thoi, sau khi dng mat, ngudi ta cho
dung mot mo bia c6 khic hoa vin mot hinh cau noi ti€p mot hinh tru. Ngoai toan hoc, Ac-
xi-met con c6 nhitng phat minh vé co hoc, thuy dong hoc. Tat ca hoc sinh déu quen thudc
v6i dinh luat mang tén 6ng vé stic ddy mot vat thé khi nhing vao mot chat 1ong cung véi
cau thot bat ha “Eureka! Eureka!” (Tim ra réi! Tim ra r6i!) khi ong dang tdm. Ong tim ra cac
dinh luat vé don bay cting cau néi ndi tiéng “Hay cho t6i mot diém tua, t6i sé nhic bong qud
)
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Dut 6ng c6 vé thich toan hoc hon vat li, nhung Ac-xi-met van la moét ky su thién tai. Trong
nhing ndm quan xam lugc La Ma hting manh tan cong dat nudc Syracuse qué huong 6ng,
nho c6 nhitng khi tai do 6ng sdng ché nhu may ban da, can truc kéo lat tau dich, guong
parabol dot chdy chién thuyén, da giup dan thanh Syracuse cam chan quéan dich hon 3
ndm. Cudi cing quan La Ma cling tran duoc vao thanh. Dut ¢6 1énh tuéng La Ma la Marcus
khong dugc giét chét 6ng, mot tén linh La Ma tho bao xo6ng vao phong lam viéc khi ong
dang mé mai suy nghi canh mot sa ban mot bai toan hinh dang dé. Khi thay bong cua n6
d6 1én hinh vé, 6ng quat lén: ” Ding quéy ray dén cac duong tron ctia ta 7. Thé la tén linh
ndi cau, dam chét ong. Sau khi 6ng mat, nén toan hoc hau nhu roi vao trong bong tdi cho
dén thé k¥ tht 17. Lac nay do nhu cau k§ that, phép tinh vi tich phan tré lai dé giai quyét
nhimg bai téan vé sy bién thién cac dai lugng vat ly. Phép tinh vi tich phan duoc phét trién
nho tim ra cach giai quyét dugce bon bai toan 16n cua thoi dai:

1. Tim ti€p tuyén cia mot duong cong.

2. Tim d¢ dai cia mot duong cong.

3. Tim gia tri 16n nhat, nhé nhat cia mot dai lugng ; vi du tim khdang cach gan nhat
va xa nhat gitta mot hanh tinh va mit troi, hodc khoang cach t6i da ma moét dan dao
c6 thé bay t6i theo goc ban di ctia né.

4. Tim van t6c va gia toc ctia mot vat thé theo thoi gian biét phuong trinh gio cta vat
thé ay.

Vao khdang gitta thé ky 17, nhiing anh tai cua thoi dai, nhu Fermat, Roberval, Descartes,
Cavalieri lao vao giai cac bai toan nay. T4t cd c6 gdng cta ho da dat dén dinh cao khi
Leibniz va Newton hoan thién phép tinh vi tich phan. Leibniz ( 1646-1716) Ong la mot nha
bac hoc thién tai, xuat sdc trén nhiéu lanh vyc: mot nha luat hoc, than hoc, triét gia, nha
chinh tri. C)ng cling gidi vé dia chat hoc, siéu hinh hoc, lich st va ddc biét toan hoc. Leibniz
sinh & Leipzig, Ptc. Cha 1a mot gido su triét hoc tai Pai hoc Leipzig, mat khi ong vita sau
tu6i. Cau bé sudt ngay vui dau & thu vién cta cha, ngdu nghién tat ca cac quyén sach vé
dii moi van dé. Va thoi quen nay da theo cau suo6t doi. Ngay khi méi 15 tudi, dng da duoc
nhan vao hoc luat tai Pai hoc Leipzig, va 20 tudi da dau tién si luat. Sau dé, ong hoat dong
trong nganh luat va ngoai giao, lam ¢6 van luat phép cho cac 6ng vua ba chaa. Trong
nhimg chuyén di cong can & Paris, Leibnz c6 dip gdp g& nhiéu nha toan hoc néi tiéng, da
gitp niém say mé toan hoc cua 6ng thém gia tdng. Pdc biét, nha vat li hoc ling danh
Huygens da day ong toan hoc. Vi khong phai 1a dan toan hoc chuyén nghiép, nén c6 nhiéu
khi 6ng kham pha lai nhiing dinh 1i toan hoc d& dugc cac nha toan hoc khéc biét trude.
Trong d6 c6 su kién duoc hai phe Anh Puc tranh cai trong sudt 50 ndm. Anh thi cho chinh
Newton 1a cha dé cua phép tinh vi tich phan trong khi Prc thi néi vinh du d6 phai thuoc
vé Leibniz. Trong khi hai duong su thi khong c6 y kién gi. Pung ra la hai ngudi da tim
dugc chan 1y trén mot cach doc lap: Leibniz tim ra nam 1685, mudi nam sau Newton,
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nhung cho in ra cong trinh cta minh truéc Newton hai muoi ndm. Leibniz séng doc than
subt doi va méc du c6 nhiing dong gop kiét xuat, ong khong nhan duoc nhing vinh quang
nhu Newton. Ong trdi qua nhing nidm cudi doi trong c6 doc va ndi cay déng.
Newton(1642-1727) - Newton sinh ra tai mot ngoi lang Anh Qudc. Cha 6ng mat trude khi
ong ra doi, mot tay me nudi nang va day do trén nong trai nha. Nam 1661, 6ng vao hoc tai
truong dai hoc Trinity & Cambridge mic dt diém hinh hoc hoi yéu. Tai day dng duoc
Barrow, nha todn hoc tai nang cha y. C)ng lao vao hoc toan va khoa hoc, nhung tot
ngghiép loai binh thuong. Vi bénh dich hoanh hanh khdp chau Au va lan truyén nhanh
chong dén London, 6ng phai trd lai lang qué va tra ngu tai d6 trong hai ndm 1665, 1666.
Chinh trong thoi gian nay, 6ng da xay dung nhiing nén tang cua khoa hoc hién dai: kham
phéa nguyén tic chuyén dong cdc hanh tinh, cta trong lyuc, phat hién ban chat ctia 4nh
sang. Tuy thé 6ng khong phd bién cac kham pha ctia minh. Ong trd lai Cambridge nam
1667 dé 1ay bang cao hoc. Sau khi t6t nghiép, dng day hoc tai Trinity. Nam 1669, 6ng gitt
chtic gido su truong khoa toén, ké nhiém gido su Barrow, moét chttc danh vinh du nhat
trong gido duc. Trong nhitng ndm sau d6, 6ng da cong thic hoa cac dinh luat hip dan,
nho d6 gidi thich duoc su chuyén dong ctia cac hanh tinh, mét tring va thay triéu.Ong
cting ché tao ra kinh vién vong hién dai dau tién. Trong doi 6ng, 6ng it khi chiu cho in céc
kham pha vi dai ctia minh, chi pho bién trong pham vi ban be déng nghiép. Nam 1687,
trude su khuyén khich nhiét tinh cda nha thién van hoc Halley, Newton m&i chiu cho xuat
ban cuén Nhitng nguyén tic toan hoc. TAc phdm nay ngay lap tic dugc danh gia la mot
trong nhiing tac phdm c6 anh hudng 16n lao nhat ctia nhén loai. Cling tuong tu nhu thé,
chi sau khi biét Leibniz da in cong trinh cta minh, dng mai cong bd tac phdm cta minh vé
phép tinh vi tich phan. Vi dai nhu thé, nhung khi néi vé minh dng luén cho réng sé di 6ng
c6 doi khi nhin xa hon ké khac vi 6ng ding trén vai cta cac vi nhan. Va v6i nhitng kham
pha 16n lao ctia minh, dng néi: “ Téi thay minh nhu mot dita tré choi dia trén bii bién, may mdn
Qap dugc nhitng vién soi tron tria, hodc mot vo so dep hon binh thuong, trong khi trudc mat la mgt
dai duong bao la cila chin Ii ma t6i chua duoc biét”.

NOI DUNG CUA CHUYEN DPE
1. TICH PHAN TRUY HOI
Trong bai viét nay chu yéu la cc bai toan & dang tu luan, minh sé gi6i thiéu qua dé c6 thé
khong may dé thi thir ctia cac truong c6 thé ra thi ta 6 thé xi Iy dugc. O phan nay ta s&
cting tim hiéu cac dang tich phan truy héi dang I, = J.ff(x,n)dx v6i cac cau hoi hay gip
la:

1. Thiét lap cong thuc truy héi I, =g(I,,, )(k = 1,_11) :

2. Chung minh cong thuc truy hoi cho trude.
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3. Sau khi thiét 1ap dugc cong thac truy hoi yéu cau di tinh 1, tng voi mot vai gia tri
n nao d6 hodc tinh gidi han cua ham s6 hodc day s6 ¢6 lién quan voi [ .

Ta cting xét cac vi du sau:

T

Vi du 1: Xét tich phan 1_ = ,[05 sin” xdx voi neN'.
1. Tim m&i quan hé gitta 1,1

2. Tinh I,1I,.

n+2

3. Tim cong thic téng quét cta I .

4. Xeétday so (u,) chobdi u, =(n+1)I,I,,. Tim lim u,

n—>+0

n+l°

Loi gidi

1. Tim moi quan hé gitta I, 1

n+2
x x x

Taco: 1, = I2 sin™** xdx = J.z sin” x(1-cos” x)dx =1, —_[2 sin" x.cos” xdx (1)
0 0 0

du = —sin xdx

St dung cong thac nguyén ham timg phan ta dit sin™ x
V= J.sin“ x.cos xdx =
n+1
ki s N+l E L
= jz sin, x.cos’ xdx = cosxsn X| '[2 sin™2 xdx = Lo (2)
0 n+1 ‘0 n+170 n+1
Thay (2) vao (1) ta duoc: 1, =1, L -] = n+2 I,

n+1 "+l
2. Tinh 1,1, .

I _éls _ﬁll T fsmxdx——
Str dung két qua & trén ta duoc: 5° 15 15
5 15 153 . 157
I,=-1,=—1I,=—]2sin” xdx=—
6 24 24 6

3. Tim cong thic tong quat cda I .
5 I = [2sinxdx =11 = [2sin? xdx =~
Taco: I, = J.O sinxdx=1,1, = IO sin” xdx =

+2

Tadacokétqua I = n—11n+2 , dén day xét 2 truong hop:
n

X . ) 4 6 2k
+ Truong hop 1: n= 21<(k eN ) .Tacé: 1, =§I4,I4 2316,...,12](_2 :ﬁlzk .
Nhan theo vé cac dang thic ta duoc:
4.6..2k n 4.6..2k 3.5..(2k-1) =
T o e S T T e ym———————
3.5..(2k-1) 4 35..(2k-1) 46.2k 4
N pu 2 2 3 5 21(—1
+ Truong hop 2: Véinlé hay n=2k-1,tacé: I, = 513,13 = ZIS,...,IZIG3 = 3l

Nhan theo v& cac dang thuc ta duoc:
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24.(2k-2)  24..(2k-2)

1735, (2k-1) " 35..(2k-1)

4. Xétday s6 (u,) chobdi u, =(n+1)I I ,,. Tim limu,

n—>+0w

n+2

Taco: u, =(n+1)[ I, :(r1+1).m1m21n+1 =(n+2)1,,,1I
T T T
Vavu . =u =..=u, =2, =—=limu_ =lim —=—
dy U, n 1 1 Ty = M =575

n+2 =

u

n+1

Vi du 2: Xét tich phan 1_ = J.Ol(l -x* )rl dx

1. Tinh I
2. Tinh Iirrololi‘—+1
Lovi gidi
1. Tinh 1
Dt JU= (1 -x? )n . du= n(l -x? )n_l (—2x)dx
"~ |dv=dx V=X
=1 =x(1—x2)n : +2nJ‘01x2 (1—x2)nf1 dx

=on (1-(1-%))(1- )" c1><=2n(j01(1—x2)“'1 dx- [ (1-x)' dx)=2n(In_1 -1,)

2n
Vay I =2n(I_, -1 [ =—1 . (*
ay n n( n-1 n)<:> n 2n+1 n—l( )

2n 2n 2n-2 4.6.8..2n

T (*) taco I, =

1

2

I = . =
2n+1 """ 2n+12n-1 "7 579..(2n+1)"

24.6.8..2n

3
Miit khac ta lai co: 1, = I:(l —x? )dx = [x —%j

0

2. Tinh limI“—+1

no+oo |
2(n+1
Tacé;lnzz_nln_ljlmz (n+1) ) I, _2n+2
2n+1 2(n+1)+1 I 2n+3

n

= lim

n—+0

Ly,

j— = .
377" 3579..(2n+1)

2n+2

=1
no 20 +3

Vi du 3: Xét tich phan 1_ = JE tan” xdx v6i ne N,
1. Chtng minhridng I, = S I
n+1

2. Tinh L1,

Loi gidi

1. Ta co:
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—J. tan™? dx = Jn((tan X +tan” x)—tann x)dx

:J‘Z(tan“x(tan2x+1)—tan“x)dx J- i tan” de I“tan xdx
0 0 cos” x
:J‘Ztan“xd(tanx)—lnzi—l
0 n+1
Ta c6 diéu phai chtng minh!
2. Ta co:
smx (cosx)
o [ =|*tanxdx= =— —1n2
! J- IO cosx I COSX
. IZ—'[‘*tan xdx = J.E ! -1 dx:(tanx—x)‘g:4_7E
cos” x o 4
Ap dung cong thic truy héi I, = Ll -1 ta dugc:
n+
° 15:1_13:1_(1_IJ 11 2_1
4 4 \2 2
S
5 " 513 %) 15 4
Vidu 4:
. . R ﬂXd en_l_l
1. Xéttich phan I —I v6i ne N, Chtng minh rdng 1 = -1 ;.
01+e" n-1

2. Xettich phan I, = I03(3 —x)"e*dx v6i neN'. Ching minhrdng I, =-3" +nl

Loi gidi
1. Ta cé:
x(n— % 1
J‘1 e dX J'l ex(n—l)dx ~ J’l e ( 1) (e +1)dx ~ ex(n—l) B en—l _1
014+e* 0 T4e* 0 1+e* n-1 o n-1

Tt d6 suy ra diéu phai chting minh!

2. Xét tich phan I = J-OB(S —x)"e*dx v6i neN". Chting minh rdng I, =-3" +nl, ,

n n-1
it {u_@_x) :{du_ nEx) A yye “+n[’(3-x)"" e'dx=-3"+nl,,
0 0

dv =e*dx v=e"

T day c6 diéu phai ching minh!

In

Vidu5:Cho I_ :J:xnxll—xdx voi neN'. Biét (u, )la day cho bdi u, = :

n+1

Loi gidi
_ n-1
fu=ve du=nx""dx
bat

dv:\/de Jﬂdx- (mf
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Lz nJ‘( ) X" dx
= gn(J:m.x“_ldx—jo \ll—x,x“dx) = %n(ln—l _In)

n

=1 :—éx ( 1- x)

Vay In:zn(lnq—ln):ﬂn:z—nln,lz n+1:2n+21 =limu, —hml“+1 =1
3 2n+3 2n+5 I

n
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2. NGUYEN HAM - TICH PHAN HAM PHAN THUC HUU TY

Nguyén ham phan thac hitu ty 1a mot bai toan kha co ban, nhung cting duoc phét trién ra

rat nhiéu bai toan kho, trong muc nay ta sé tim hiéu cach gidi quyét dang toan nay. Tong

quét voi ham hiru ti, néu bac cta t& 16n hon hodc br?mg bac ctia mau thi phai chia tach

phan da thic, con lai ham hiru t v6i bac ti bé hon mau. Néu bac cua tir bé hon bac cua

mau thi phan tich mau ra cac thtra s6 bac nhét (x+a) hay (x2 +px +q) bac hai vo nghiém
A Bx+C

roi dong nhat hé s6 theo phan tir don gian: = . Bong nhat hé s6 & t thuc thi
x+a x*+px+q

tinh duoc cac héng s6 A, B, C, ... Két hop v6i cac bién ddi sai phan, thém b6t dic biet dé
phén tich nhanh.

CAC DANG TiCH PHAN PA THUC HUU TY.

b
HP(X)‘ dx : Chia mién xét ddu P(x),

x(mx+n)” dx: Ddt u=mx+n hogc phan tich,

(mx+n)(p><2 +qx+1r)°c dx: Ddt u=px* +qx+r,

(x+m)“.(x+m)ﬁdx: Néu a < thi dit u=x+n.

[ ]
D — T D —T D —T D

CAC DANG TICH PHAN HAM PHAN THUC

1. Dang I4dx Lap A=q” —4pr.
* PX° +qx+r

e NéuA=0=> .[—) , duing cong thac caa ham da thc.
(mx+n

. NeuA<0:>j k ,dat x=ktant
+

° NeuA>0:>I , bién d6i 21 2:i 1 _ 1
-k* 2kix-k x+k
2. Dang J.Lmdx.Leip A=q’ -4pr
© PX” +qxX+T
e Néu A>0= Phan tich va dung cong thuc.
A(px® +gx+r)'
e NéuA<0= 1211x+n = (p2 d )+ Bz

px° +gx+r px° +qgx+r (x+a) +Kk?
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b

3. Dang

=Jj X" 1dx

aX(1+X 1+x

Chii yj: Cho ham s6 f(x) lién tuc trén doan [-a;a].

a

Néu f(x) 1é thi J.f(x)dx:O. Néu f(x) chan thi If(x):ZIf(x)dx.

-a a 0
CAC CONG THUC NEN NHO.
1 1 X—a
— = dx=—-1 C
I(x—a)(x—b) X a—-b n x—b "

. I%dx = 1arctan§+C

X" +a a a
1 arctan(ax+bj
. I—zdx= < +C
(ax+b) +c? ac
CONG THUC TACH NHANH PHAN THUC HUU TY
Py
(x—b)(x—c)X:a
° P(X) :A+B+C:>B:L
(x—a)(x-b)(x-c) x-a x-b x-c (x—a)(x—c)X=b
o P()
(x—a)(x—b)X:C
PR
2
P(x) A Bx+C ax +bx+cX:m
) (x—m)(a><2+bx+c):x—m+ax2+bx+c:> P(x)—A(ax2+bx+c)|
Bx+C=
X—m
x=1000
Vi du : Tim cac nguyén ham, tinh céc tich phan sau:
xt=2 %8 xd
1. d =
Jorax 6. N £x8—1
dx
2. I—S © 8x +2
7. = d
x(1+x) Q ‘!X(1+x7) X
x? =1
3. | —————dx x*+2
IX4+X2+1 1 8. ]:JX6+1dX
x —x+
4, K= 3 x"
'([ x> +4 0. 4X3+1dx
x4+ x3 +1 2
5. L= 1x° -1
_([ X +1 10 J‘;X4—dx

Loi gidi
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CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

oxt=2 x? =2 x> =2
1. Ta c6 3 =X+— =X+ .
x> —X x> —X x(x—1)(x+1)
2
bat X =2 :é+ B + € =x*-2=(A+B+C)x*+(B-C)x-

x(x-1)(x+1) x x-1 x+1

Doéng nhat hé s6 thi duge A=2,B= —%,C = —%, do do:

If(x)dx:'[(x+z—1 1 1.1 jdx:1x2+2ln|x|—1ln‘x2—1‘+C
x 2 x-1 2 x+1 2 2

X+ =
X

8
2.Tacéj dx - =I xdx —I —lnx—8+C
x(1+x) 1+x 1+x 1+x
1
d il
., x> -1 d (Xerj 1 X -x+1
3. Taco jﬁ X=|——7"—==In|7——
X +x"+1 ( 1) 1 2 (x"+x+1

4. Dit x=2tant,xe[0;2] < te{O;g}.

:K_“j-416tan4t—2tant+1 2dt 1
0 4(tan2t+1) ‘cos’t 2

nj.4(16’can4 t—2tant+1)dt
0

71:/4

=— J. (16tan t(1+tan t) 16tan®t— 2tant+1)d

Tt d6 tinh dugc K = —% 17n —In \/_

3
5. Tacoé L= j + 2x° dx:j[ dx +Z'lf d(x)
X +1 x"+1 0

. 5
Lan luot dit x = tant,x® = tanu thi L = %

6. bat t=x> thlxdx——dt Khi x=0 thi t=0,x=—= thi t= 1

J§ NG
1 1 1
Nl

=%ln(2—«/§)—%

1
——arctant
4 j

0
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2 6 2

2 1
=In(x®+x])| + —dx—ln129+
( )‘1 -[ (1+x ) 7!x7 1+x
7 2

:1n129+11n -| =In 129+1ln@

7 1+x7| 7 129
8. Tacod J= J.( + ! )dx C+arctanx+.[i
x*+1 x*=x*+1 X —x"+1

Nhu vay ta chi can tinh K = I —1
X" —x"+

Vi truong hop x =0 lam dé dang, xét truong hop x =0 ta c6
dx d(lj
— X’ _ X
K _I R 1~ _I %
X =1+ (x—) +1
X X

1 t*dt 1 1 1 dt
Pit t=—=>K=[——== + dt— [ ——
T x It‘*—t2+1 Z(J.[t2+1—\/§t t2+1+\/§t} It4—t2+1j

1j( +11 J3t t+11+\/—tJ 1K K_lj( +11 V3t t+11+\/_t]

Phan con lai xin nhuong lai cho ban doc!

9. Bién d6i tich phan can tinh ta duoc

10
_[3 ;( dx=r(x7—x4+x— > 1 + 31 ]dx
4 x"+1 4 x —-x+1 x> +1

X =x*+x— + dx

s d(x+1) N d(x+1)
Tinh T= JX +1dx—f4 (X+1)[x2—x+1]_j4 (x+1)[(x+1)2—3(x+1)+3}

2_ J—
Datt=><+1:>dt=ob<:>1=1j4(t 3t+3) ('~ _ 4ﬁ_1 42t;3
37 t(t2—3t+3 542 —3t+3

1 @_lFr 2t-3 ——I }
355 ¢ 3|25 2-3t+3 3t+3

bén day xin nhuong lai cho ban doc!

1
1X2_1 1(1_X2jd
10.Taco I= [ = —dx=|
1 x"+1 X2+l

1 1
2 2 X2
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bat x +1 =t khi d6 ta duoc:

¢ odt § dt 1 1 1
e m ) 2ﬁ£(t—ﬁ_t+ﬁjdt

1 d(t—ﬁ)_ 1 jd(t+f) 1
t—«/E */_E t+\/— 2

(19—6\5}
t+\/—‘ 17
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3. NGUYEN HAM - TiCH PHAN HAM LUONG GIAC

Dé lam t6t duoc céac bai todn nguyén ham - tich phan ham luong gidc ta cdn ndm chéc

N 2. N e N 2 p X
dugc cac bién doi ha bac lugng gidc, tich thanh tong, theo goéc phu t=tan—,...

1 1 sin[(x+a)—(x+b)]
* sin(x+a).sin(x+b):sin(a—b)'sin(x+a)sin(x+b)
. 1 _ 1 1
asinx+bcosx a2 +b? sin(x+a)
. 1 _ 1 1
asinx+bcosx++a?+b? +fa?+b? licos(x+a)
. asinx+[3cosx+y:A(asinx+bcosx+c)'+ B
asinx+bcosx+c asinx+bcosx+c asinx+bcosx+c
1 1 1

[ ] = .
asin2x+bsinxcosx+coszx atan2x+btar1x+c C082X

Sin X cos x A(a2 sin? x + b? cos? x)'
[ ] =
a o
(a2 sin? x + b? cos? x) (a2 sin® x + b? cos? x)

DP4c biét can tich phan d6i, bu, phu thi dit tuong tng t=—x,t=n—x,t= g—x. Tich phan

lién két, dé tinh I thi d4t thém ] ma viéc tinh tich phan I+] va I-] hogc I+k] va I-m] dé
dang lgi hon. Tich phan truy hoi I, theo I, hay I, thi sin" x,cos" x tach lay thtta 1 va
dung phuong phép tich phan tung phan con tan"x,cot"x tach laiy thtra 2 va dung
phuong phap tich phan déi bién s8. Ngoai ra ta cAn phai nho:

1. Néuham sd f(x) lién tuc trén doan [a;b] thi:

f(cos x)dx;jxf(sinx)dx = gjf(sin x)dx
0

0

f(sinx)dx =

O | 3
ct— |3

2. Cac dang tich phan lugng giac:

b b
. IP(X).sinaxdx,IP(x).cosocxdx: ddt u=P(x),v'=sin hodc cosax

R(x,sinx,cosx)dx : dit x:g—t

[
O NV | A

o jR(x,sinx,cosx)dx: dit x=n—t
0
27

. IR(x,sinx,cosx)dx: dit x=2n—t
0
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CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

b
. IR(sin x,cosx)dx: dat t= tang, dic biét:

Néu R(-sinx,cosx)=-R(sinx,cosx) thi dit t=cosx
Néu R(sinx,—cosx)=-R(sinx,cosx) thi dit t=sinx
Néu R(-sinx,—cosx)=-R(sinx,cosx) thi dit t=tanx,cotx.

Pé tim hiéu sau hon ta sé cung di vao cac dang toan cu thé.
CAC DANG TOAN THUONG GAP.

dx
sin(x+a)sin(x+b)

LDANG1. I=|

1. PHUONG PHAP.
Dung dong nhat thuc:
_sin(a-b) sin[(x+a)—(x+b)]| sin(x+a)cos(x+b)—cos(x+a)sin(x+b)

- sin(a—b) sin(a—b) sin(a—b)

1 J~sin(x+a)cos(x+b)—cos(x+a)sin(x+b)
)

Turdosuyra: I= X

sin(a—b sin(x+a)sin(x+b)

dx

1 J- Cos(x+b)_cos(x+a)

- sin(a—b)”| sin(x+b) sin(x+a)
1
=—— | In|sin(x+b)|—In|sin(x+a)| [+C
(o) inlsin (e B)|-Infsin G+ )]
2.CHUY.
V6i cach nay, ta c6 thé tim dugc cac nguyén ham:
. . . in(a—b
o J= I dx bang cach dung dong nhat thic 1= w
cos(x+a)cos(x+Db) sin(a—b)
N . . -b
e K= j . dx bang cach dung dong nhat thac 1= M
sin(x+a)cos(x+b) cos(a—b)
3. Vi DU MINH HOA.
Tinh cac nguyén ham, tich phéan sau:
. I:J- dx
. . T
sinxsin| x+—
(%)
sin *© sinKx +nj —x}
., 6 6 . T T .
Tacé: 1= = :2{51n(x+—jcosx—cos(x+—jsmx}
. T 1 6 6
sin — =
2
: T T . T
[sm(x+6)cosx—cos(x+6jsmx} cos(x+6]
Tir do: 1=2] dx=2[| <> - dx
. . T sinx . T
SIDXSIH(X+6) Sln(x+6j
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+C

) d[sin[ernD ) ‘
gty W) | i
SN X

. I B . T
sin| X+— sin| X+ —
( 6) ( 6)‘

. I:I dx
COs 3x cos [3x + g)

. T 1
sin —

2

sin® sin [(3x+g)—3x}
Taco 1= 6 _ = Z{Sin(?)x + g) COS 33X —cos£3x + g] sin 3Xj|

dx

{sin(3x+gjcos3x—cos(3x+gjsin3x} sin(3x+nj 3
=1=2[ dx =2 0/ ax—o[ X

Ccos 3x cos(3x +nj cos (3x+n}
6 6

5 d[COS[3X+T6ED 2 d(cos3x) 2 3
=2 I _2p | cos3x | -

cos3x 3 ( nj
cos| 3x+ g

COS 3x

cos(3x+nJ 3
6

. I:J- dx

) T T
sin| x+— [cos| X+ —
:Jeos(xr 3
Ta co:

n H
1= 4 _ L 12 =+/2]| cos ><+E Cos(x+£ +sin x+E sin x+l
n 2 3 12 3 12
COSZ

=1=v2[ COS(Hgjcos(“£]+SiH(X+gjsin(x+1T;j N
Sin(x+gjcos(x+;2j
ﬁj@dx+\/§j@dx
sin(x+3j COS(X+12J
) \/Ejd[sm[”g)j ﬁjd[cos(ﬂlnzn . Si“(“ﬁ]

. T )y o T
sin| x+— cos| X+— cos| X+-—
( 3) ( 12} ( 12)
II. DANG 2. I:Jtan(x+a)tan(x+b)dx
1. PHUONG PHAP.

+C
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CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

Ta co tan(x+a)tan(x+b)= sin(x+a)sin(x +b)
cos(x+a)cos(x+b)
B sin(x+a)sin(x+b)+cos(x+a)cos(x+b)_1_ cos(a—b) 1
B cos(x+a)cos(x+b) - cos(x+a)cos(x+b)
dx
Tt d6 I= -b -1
rdo suy ra I =cos(a )Icos(x+a)cos(x+b)

bén day ta gdp bai toan tim nguyén ham ¢ Dang 1.

2.CHUY

V6i cach nay, ta c6 thé tinh dugc cadc nguyén ham:
o J= Jcot(x+a)cot(x+b)dx

. K=Itan(x+a)tan(x+b)dx
3. VI DU MINH HOA

° Iz.[cot x+E cot x+E dx
3 6

cos(x+n)cos(x+nj
P i T 3 6
Ta cod cot| x+— |cot| x+— |=
[x+5JeoF) (e o]
sin| X+ — [sin| X+ —
3 6
T T . T . T
Ccos| X+ — |cos| x+— |+sin| x+— |sin| X+ —
) T . T
sin| X+ — |sin| X+ —
[x+5 onl+¢)
cos (x+nj—(x+nj
_ 3 6)] ,_\3 1 .

o T . T 2 . T . T -
sin| x+— |sin| X+ — sin| x+— |sin| x+—
( 3) ( 6) ( 3) ( 6)

T do Izﬁj ! dx—Idx:ﬁll—x+C
2 . T . T 2
sin| x+— [sin| x+—
( 3) ( 6j
Tinh I, = dx
) T . T
sin| x+— |sin| x+ =
( 3] ( 6)
sin ~ sin{(x+nj—(x+nﬂ
3 6 3 6 ) T T T . o
Taco 1= = =2 sm(x+—]cos(x+—}—cos(x+—jsm(x+—j
T 1 3 6 3 6
sm6 >

. T T T . T
Sln(X—i-3)COS(X+6J—COS(X+3)SII1(X+6)
Turdo 1, =2 dx

. T . T
sin| X+ — (sin| X+ —
( 3) ( 6)
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cos(x+g) cos(x+gj sin(x+76tj
zzj—dx—2j—dx:21n—+c

) T ) T ) T

sin| x+— sin| x+— sin| x+—

( 6] ( 3j ( 3]

T T
sin(x+) sin(x+j
\/§ —6—X+C:\/§ln—6

Suy ra I=—.21In
2 . o ) T
sin| x+ — sin| x+—
( 3) ( 3}

° K:Jtan(x+2jcot(x+ﬁjdx
3 6
) T
sin| X+ — |cos| X+ —
) ( nj [ nj ( 3) ( 6)
Taco tan| x+— |cot| x+— |=
3 6 T . T
cos| x+— [sin| x+—
( 3) ( 6)
) T T T . T
sin| X+ — |cos| Xx+— |—cos| x+ — [sin| X+ —
( 3) ( 6) ( 3] ( 6)
— +1
T . T
Cos| X+ — |sin| X+ —
( 3) ( 6)
) T T
Sln|:(x+3j—(x+6J:| 1 1
= +1=—. +1
T . o 2 T . T
CcoS| X+ — |sin| X+ — cos| X+ — |sin| x+—
( 3) ( 6) ( 3) ( 6)

L ! dx+Idx:1K1+x+C
2

-x+C

3

T do: K=—

ol ol
Cos| X+— |sin| x+—
3 6

Dén day, bang cach tinh & Dang 1, ta tinh dugc:

. T . T
sm(x+j Sln(X-i—j
Klzj dx :iln—6+C:K:£1n—6+x+C
T . ) 3 T 3 T
cos| x+— |sin| x+— cos| x+— cos| x+—
3 6 3 3
IIL DANG 3. I = [ — dx
asin x+ bcosx

1. PHUONG PHAP.
Co: asinx+bcosx =+a’+b? _a
Ja?+b?

= asinx+bcosx=+a’+b’ sin(x+a)

sin x +

b
WC‘”XJ

X+o

=I= ! J. dx = ! ln‘tan +C
JaZ+b? 7 sin(x+a) /a®+b?
2. VI DU MINH HOA.
2dx dx dx
I = = =
* J.x/gsinx+cosx J-\/_ j

. T . T
jsinXJrfCOSX smxcosg+cosxsmg
2
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dx d(X+6j X+g X w
:'[ :'[ zlntan—+C:1ntan(—+—j+C
2 2 12

. s . T
sin| X+— sinf X+—
( 6] ( 6]

dx 1

° ]=J. \/— . _EJ. d>i/—
cos 2x —+/3 sin 2x 1COS2)(—235in2X

2
T
T o
dx 1 d(6 XJ

dx 1

_%j T T _2-[ T 4 T
sin — cos2Xx — cos — sin 2x sin| ——2x sin| ——2x
6 6 6 6

T
1 L2 T
=——In tan6 +C=-=In tan(——xJ+C
4 2 4 12
IV.DANG 4. I = [— dx
asinx+bcosx+c
1. PHUONG PHAP.
dx 2d’c2
1+t
. 2t
smx:1 e
P4t tan~ =t = t
2 _
COSX = >
1+t
tanx = 2t2
1-t
2. VI DU MINH HOA.
o I:J- dX.
3cosx+5sinx+3
dx = 2d’c2
1+t
bat tan> =t = Jsinx = 5. Tirdo taco
2 1+t
_ 2
COS X = 5
1+t
2dt
1 + ¢ 2dt 2dt
I:_[ 2 :I 2 2 :I
1-t 2t 3-3t"+10t+3+3t 10t +6
3. 5 +5 > +3
1+t 1+t
d(5t+3
=1JM=1In|5t+3|+C=lln 5tan~+3|+C
5 5t+3 5 5 2
o :-[ 2dX
2sinx—cosx+1

18 | Chinh phuc olympic todn Fanpage: Tap chi va tu ligu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

dx — 2d’c2
1+t
. X )
bat tan—=t=<sinx= >
2 1+t
_2
COS X = >
1+t
2dt
: 2 4dt 4dt
Tudé] = L+t = =
J I 2t _1—t2+ I4t—1+t2+1+t2 j2t2+4t I t+2
1+t2 1+t
—I[———)dt—ln|t| In|t+2|+C lntan2 lntan2+2+C
o K:IL
sin x +tan x
dx = 2d’c2
1+t
. X )
bat tan—=t=<sinx = 5
2 1+t
tanx = 2t2
1-t
2dt
NP 1+t _1 -t at 1
TudoK—I—Zt 5 _Zj —dt= j Itdt
2+ 2
1+t 1-t
:11n|t|—1t2+C:11ntan§—1tan2§+C
2 4 2 2
V. Dang5. 1= dx
$ang . a.sin’ x + b.sin x cos x + c.cos? x
1. PHUONG PHAP.
1= dx _
atan x+btanx+c) COSs” X
bét tanx=t= ———=dt.Suyra I= I—
Ccos” X at’> +bt+c
2. Vi DU MINH HOA.
. I=_[ _ 'dx : =I dx
3sin” x —2SIiN XCOSX —COS” X (3tan2x—2tanx—1)coszx
Pt tanx=t=———=dt = 1= [ — —j dt
cos? x 32 2t 1 J(t- 1)(3t+1)
3 J- dt— 1 d(3t+1)
- t13t+1 t14 3t+1
——ln t-1 _1 tanx—-1
4 |3t+1 4 (3tanx+1
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. :I dx _ dx
sin? x —2sin x cos x —2 cos’> x (tan2x—2tanx—2)coszx
bat tanx=t= d); =dt
cos® x
3]‘_[ dt d(t-1) _ t1[| 1 tanx1\/_|
—2t-2 (t-1)~(\3) 2[ t- 1+ﬂ tan x - 1+ﬂ

a smx+b COS X
1 1 dX

VI. DANG6. [ =
’ J.azsinx+b2cosx

1. PHUONG PHAP.
Ta tim A,B sao cho:a, sinx+b, cosx=A(a, sinx+b, cosx)+B(a, cosx b, sinx)

2. Vi DU MINH HOA.

. I=I4smx+3cosxdx

sin x + 2 cos x
Ta tim A,B sao cho 4sinx+3cosx = A (sinx+2cosx)+B(cosx—2sinx)
) ) A-2B=4 A=2
= 4sinx+3cosx = (A -2B)sinx+(2A +B)cosx = o
2A+B=3 B=-1

2(sinx+2cosx)—(cosx —2sinx)

T do: I=I - dx
sin X + 2 cosx
:2J-dx_jd(§1nx+2cosx) :Zx—1n|sinx+2cosx|+C
sin X+ 2 cosx

dx

_J-3cosx—ZSinx
cosx —4sin x

Ta tim A,B sao cho 3cosx—2sinx =A(cosx—4sinx)+B(—sinx—4cosx)
= 3cosx—2sinx =(A—-4B)cosx+(—4A -B)sinx

11
A=—

A-4B=3
{4A+B=2 510
17

—1(cosx—4sinx)—E(—sinx—4cosx)
Tt do: ]=J. 17 17_ dx
cosx —4sinx
d —4si
:Ej‘dx—E (cosx ?mx):Ex—mln|cosx—4sinx|+C
17 17 cosx—4sinx 17 17

3.CHUY.
1. Néu gap 1 :j a, sinx+b, cosx ~dx ta van tim A,B sao cho:
(a, sinx+Db, cosx)

a, sinx+b, cosx = A(a, sinx+b, cosx)+B(a, cosx—b, sinx)

nx+b; cosx+c
2.Néu gdp 1= j 1 SINX 2°X7%14x ta tim A,B sao cho:
a, sinx+b, cosx+c,

a, sinx+b, cosx+c, =A(a,sinx+b, cosx+c, )+B(a, cosx—b, sinx)+C
Chang han:
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Bcosx >dx. Ta tim A,B sao cho:
(\/gsinercos x)

8cosx:A(\/gsinx+cosx)+B(\/§cosx—sinx)

A3 -B=0 A=2
:>8cosx:(A\/g—B)sinx+(A+B\/§)cosx:> \/_ =
A+BJ3=8 [B=23

[ ] I:

(\/gsinx+cosx)+2\/§(\/§cosx—sinx)

2
Tt do: I:I 5 dx
(\/gsinx+cosx)
d \/gsinx+cosx
=2[—— dx +243[ ( 2):211— 'Ng +C
/3 sin x +cos x (\/gsinXJrCOSX) 3 sin x +cosx
. 3 dx 1 dx 1 dx
TlmIl_Ix/gsinx+cosx_§J.\/§ 1 _E : T . T
N2 Ginx + = cos X sin x cos — + cos x sin —
2 2 6 6
d(x-'-j X+E
zlj' dx zlj' 6 :1ln tan—& +C:11n tan(§+lj+(:
27 . ( n} 27 . ( nj 2 2 2 12
sin| x+— sin| x+—
6 6
Vay I=In tan[iJri] — 243 +C
2 12 \/gsinx+cosx

. ]:J-SSI.HX+COSX+5dx .Tatim A,B,C sao cho:
2sinx—cosx+1
8sinx+cosx+5=A(2sinx—cosx+1)+B(2cosx+sinx)+C

2A+B=8 A=3
= 8sinx+cosx+5=(2A +B)sinx+(-A+2B)cosx+A+C ={-A+2B=1<1B=2

A+C=5 C=2
Tr do: J:J-3(25inx—cosx'+1)+2(2cosx+sinx)+2dX
2sinx—cosx+1
=3jdx+2J- 2.cosx+smx dx+2— dx
2sinx—cosx+1 2sinx—cosx+1
=3x+2In|2sinx—cosx +1|+2],
dx — Zdt2
1+t
o Tim]lzj - dx .Béttan§=t:> sinx = 2t2
2sinx—cosx+1 1+t
—t?
COSX = >
1+t
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2dt
1+t dt ( j
j— = = = = — _
h I 2t 1-t It2+2t I t+2 I t+2
1+t 1+t
tan —
zllnL+C: In 2 IiC
2 [t+2 tan > +2
tan5
Vay: ]=3x+21n|25inx—cosx+1|+1n—2 +C
tan§+2

VIL. DANG 7. BIEN POI PUA VE NGUYEN HAM CO BAN HOAC 6 DANG O TREN.

o I= Icos 3x cos4xdx = %j(cosx+cos7x)dx
:ljcosxdx+ljcos7xdx :lsinx+isin7x+C
2 2 2 14
o I= Icosxsin 2x cos3xdx = %Isin 2x(cos 2x + cos 4x Jdx
= 1 j sin 2x cos 2xdx + 1J‘sin 2x cos 4xdx
2 2
1¢ . ) 1 ) )
:Z'fsm 2xd(sm2x)+Zj(—sm2x+sm6x)dx

:1sin2 2x+1cos2x—icos6x+C
8 8 2.

° I:jtanxtan E—x tan E+x dx
3 3

sin x sin(;E - xj sin (g + x)
Ta co: tan x ’can(E — xj tan (E + xj =
3 3 i b1
COS X COS (3 - xj cos (3 + xj

smx(cos2x cos) sinx(l—Zsin2x+;)

cos x| cos 2x+cosj cos.x(Zcos2 x—1 —;]

sinx(3-4sin’ x) _ 3sinx-4sin’x _ sin3x

cosx(4cos2x—3) " 4cos’x—3cosx  Cos3x

s1n3x ___J- cos3x

T dé: 1= I :——1n|cos3x|+C

COS 33X COS 33X

° I:jsin x sin 3xdx

3sin x —sin 3x
4

Ta co: sin3x =3sinx—4sin® x = sin’ x =

.3 . 3sinx—4sin3x .
= sin’ xsin 3x = 1 .sin 3x
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:%sinxsinfix—%sinz 3x = g(COSZX—COSZLx)—%(l—Cos6x)

:—C052x—§cos4x+1cos6x—1
8 8 8 8

T do: I:j(§C082X—§COS4X+1COS6X—1JC{X :isian—isinﬁlx+isin6x—1x+C
8 8 8 8 16 32 48 8

o I= J.(sin3 X C08 3X + cos’ xsin 3x)dx

L .3 3sin x —sin 3x 3 3 cos x + cos 3x
Ta co: sin’ x= , COS™ X =
4 4
. 3 3 . 3sin x —sin 3x 3cosx+cos3x .
Suy ra sin” xcos3x +cos’ xsin 3x = .COS3X + .sin 3x

=%sinxcos3x—lsin3xcos3x+§cosxsin3x+icos3xsin3x
= 3 [sin(—Zx) +sin 4x] + 3 [sin (—2x)—sin 4x] = 3 sin 2x
8 8 4

Vay I:—EjsinZde:Ecos2x+C
4 8

dx dx 1 1 dx ) dx
. I:I - = I :J- —— :J. (1+tan x) 5
SIN X COS~ X tanxcos” x tanx cos” x cos” x tan x COS” X
dx
bat tanx=t= —=dt
CcoSs” X

1= _[t +tdt Itdt J —lt +In |t|+C—%tan x+In|tanx|+C

. I:J' dx _I cosxdx

sin® xcosx * sin* xcos? x

dt 1—t* +t* 1+t dt
Pit sinx=t= cosxdx=dt=1= = dt=| ——dt+|——
' It“(l—t2) It‘*(l—tz) I t* J1—t2
=jd—f+jd—f—jL=—1t-3—1—1lnﬂ+c
th S (-1 (t+1) 3t 2 [t+1
_ '13 B '1 _llns%nx—l LC
3sin”x sinx 2 |[sinx+1
sm3xsm4x sm3xsm4x )
e |= j j _[sm4xc052xcosxdx
tan x + tan 2x sin 3x
cosxcost

= 1J‘(sin 6x +sin 2x) cos xdx = 1J‘sin 6x cos xdx + 1Isin 2x cos xdx
1p, . : ¢, . _
= ZI(SIH7X+ sm5x)dx+ZJ-(sm3x+ sinx)dx

:—lcos7x—icosSx—lcos3x—1cosx+C
20 12 4

28
u= 1 COS X
dx y & du=- dx
. I:I —— .Dbat sm(;( = sin” x
St X dv =— )2( v =-—cotx
sin” x
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cotx cotx.cosx cotx
Sl=——— [ ——dx=———,
sin x sin” x sin x
1-sin’x dx dx X
Tinh I, _ICOS X dx .[ dx j —.[ —— =]-Injtan=|+C
sin” x sin® x sin®x ¥ sinx
cotx cotx
=>l=—"—-1=—— T+Inltan 2|+ C
sin x sin x
t 1 x| cotx
= 21 =Intan 5| - &% [==In{tan—=|-——+C
sin x 2 2sinx

+C=>

. 1o Izl [1+smxj
1+cosx

Bién d6i gia thiét ta c6

.2 X [ X . X X
N 1+ sinx N sin (j+cos (2 +2$1nicos§
J‘Zln(—jdx:jzln
0 1+ cosx 0

dx

X

2cos* =

N

=1J.21n(tan2§+2tan§+1jdx
270 2 2
o X 1¢1/0 2
Pt tan= =t=TI=_] (£ +1)In(t +t+1)dt.
2 270
bén day st dung tinh chat J bf (x)dx = J ki (a+b-x)dx bai toan sé duoc giai quyét

T

Cich2.Taco 1= Izln 1+ sinx)dx - I In(1+cosx)dx

St dung nguyén ham timg phan ta dugc

F]n(l+sinx)dx:Eln2—F XCO.SX dx
0 1+sinx
I2h1(1+cosx)dx J.f XSIX 4x
0 1+ cosx
:>Iz£1n2— F—XCO.SX dx+P XSIinX dx
2 0 1+sinx 0 1+ cosx
Tur day ta sé di tinh J. XCOSX dx. bat t="_xta duoc
1+ sinx 2
JE xco'sx dx=nP sinx dx—P XSinx dx =10
0 1+ sinx 290 1+ cosx 0 1+ cosx
j-sm2x+smx dx
v V1+3cosx
. E25111xcosx+sinx Esmx 2cosx+1)
St dung tich phan ttimg phanta cé 1= X
8 P &P '([ J1+3cosx ‘([ J1+3cosx
u=2cosx+1 du =-2sin xdx

bat sin X d(1+3COSX) = 2
dv=——""2  dx=-—~_— "/ v=——+/1+3cosx
NJ1+3cosx 3+J1+3cosx 3

Khi dé
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s
I:—§(2c05x+1)\/1+3cosx ’ —éjsinx\/1+3cosxdx
0

0o 3
. z
:§+g£\/1+3cosxd(1+3cosx):§+% (1+3cosx)3 z :%
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4. PUA BIEU THUC VAO TRONG DAU VI PHAN
O noi dung bai viét nay ta sé nhic t6i mot s& bai toan st dung ki thuat dua mot biéu thic
vao trong dau vi phan, dé lam duoc nhitng bai todn nay can cht y dén k§ ning bién déi,

dao ham. Sau ddy sé cung xét cac vi du sau.

Vi duy 1: Biét :[TEX3 ;ixef;ﬁzx dx = i+ e1111n In (ere:;nj v6i m, n, p 1a cac s6 nguyén
duong. Tinh téng P=m+n+p
A.P=5. B. P =6. C.P=7. D. P=8.
Loi gidi

Nhimng bai todn cdn dén ky thuat nay da phan sé duoc phat biéu mot cach kha ling nhing
sé gay kho khan cho nguoi lam bai. Tuy nhién hau hét sé duogc don gidn héa bang cach

tach thanh 2 tich phan khéac, ma dé lam dugc diéu nay thi trén ti phai tach theo mau sé.

1 3 X 3x 1 X 1
Taco I= |7 t2 vex2 dx =[x+ 2 ax=1xt| 1a=tia
0 n+e2” 0 n+e.2 4 | 4
A 1
Tinh Az_[ ~dx Dit t=n+e2" =>dt=eIn2.2"dx= 2"dx= dt
o T+e eln2
n+2e n+2e
Khi d6 A =— .jﬁz Loy =L ojpmr2e_ ! ln(1+ ej
eln2 < t eln2 e €ln2 7m+e eln2 e+m
m=4
A 1 1 e
Vay [=—+ In| 1+ =>in=2 =>P=m+n+p=7.
4 eln e+m
p=1
Nhdn xét:

e Ma4u chét cda bai toan la ta nhan ra duge mau dao ham ra mot phan cua tir tur
d6 rat ra phép dat mau dé 1ay vi phan.
e Ngoai ra néu trinh bay tu luén thi ta cing khong can phai dt mau lam gi c3,
dua truc tiép tir vao trong dau vi phan r6i nhan thém hing sd bén ngoai.
Chony C.

2 .
X~ +(2x+cosx)cosx+1—sinx C . P
( ) dx=an’+b-In— véi ab,c 1a cac s6 hitu t.
X +COS X T

Vi du 2: Biét

ct—n

Tinh P =ac® +Db.
5 3
A.PZZ B.PZE C.P=2 D. P=3

Loi gidi
Van la mot bai toan véi cach phat biéu khong hé dé chiu, mau chét van 1a dua biéu thic

vao trong dau vi phan va tach thanh 2 tich phan nhu bai trudc !
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n (x2 +2XCos X + cos? x)+(1—sinx)

Tacc’)I:jE dx
0 X+ Ccos X
2
T(x+ T _qj L rd(x+
:I2(X cosx) dx + » 1-sinx Smxdx:fz(x+cosx)dx+jz—(x cosx)
0 X+4+cosx 0 x+cosx 0 0 xX+4+cosx
2
:(1x2+sinx+ln|x+cosx|j :1n2+1+ln2:1n2+1—ln%
2 .8 278 .
1
a=—
8
Vay <b=1=P=ac’ +b=2.
c=2
Chony C.
2
Vi du 3: Biét I = Inxtlnx g1 P 6ia, beZt. Tinh P=b-a.
1(lnx+x+1) a (e+2)
A.P=-8 B.P=-6 C.P=6 D. P=10

Loi gidi
Bai toan nay khong con don gidn nhu 2 bai toan trudc nita. Van bam sat phuong phap lam
ta sé phai don gian va lam xu4t hién biéu thic hop 1i dé dua vao trong ddu vi phan. Vay
bién d6i nhu thé nao dé xuat hién biéu thac d6?

e In’x+Inx e Inx+1 Inx

Ta co I ———dx= . 5 dx
"(Inx+x+1) PInx+x+1 (Inx+x+1)
Cha y rang [ Inx+1 ]': Inx - . Khi d6 tich phan can tinh tré thanh:
Inx+x+1) (Inx+x+1)
2
2 2 o2
L In x+1nx3dX:J-l Inx+1 d( Inx+1 j=j.f+2udu=—1t2 N :
(Inx+x+1) Inx+x+1 \Inx+x+1) *3 2 ! 8 (e+2)
Chon y B.
. 1 x> -1 a e
Vidu 4: Biét 1= - F > dx =— la phan s6 toi gian. Tinh P=b-36a.
2 x"—4x7 +6x" —4x+1 b
A.P=0 B.P=1 C.P=2 D.P=5

Loi gidi
Sau day ta sé tim hiéu mot s6 bai todn dua biéu thtc vao trong ddu vi phan v6i ham phan
thic hitu ti. Cach lam khong phai 1a chi dua tt vao trong d&u vi phan ma can phai bién ddi
bang cach sau.

Chia cd hai v& cho x* ta duoc:
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-1
(1—12jdx d(x+1—2j

-1 X -1 X 1 1

1=J' - -

- - 2 - 1
2(x2+12]—4(x+1J+6 ’ (x+1_zj X+==2
X X X X

o Ky thuét chia ca hai v€ cho s6 hang bac cao nhat cta tir sé dugc ap dung kha

)

Nhdin xét:

nhiéu trong nhiing bai toan dua biéu thtc vao trong ddu vi phan véi ham
phan thiic hitu ti.
e Cac bai toan nay hau hét cdn phai bién d6i mau s6 dé phan tich tr s6 ra mot

cach hop li tir 46 méi c6 thé dua vao trong dau vi phan.

Chon y A.
3+«/ﬁ )
2 3 9(x"+1
Vi du 5: Biét 1 = J' %X +22X + 4( 5 ) dx:n\/§+ln(b+6\/z).Tinh@.
T X ExT+T X x4+ C

A2 p. 38 ¢ p, 2

13 13 13 13

Loi gidi

Bai toan nay nhin hinh thtc kha khung b6, do yéu cau cda nhiing bai toan nay la lam don
gidn tich phan cho nén tranh viéc cong ca hai biéu thtc trong ddu tich phan ma can phai
tach chtng ra dé tinh don gian hon.

3+\/ﬁ 3+\/ﬁ 3+\/ﬁ

o 2 453 +2x 9<x2+1) 3 Z d(x4+xz+1) ? 9(Xz+1)
Taco I= J. (X4+X2+1+X4+X2+1de_ ! m‘f‘ ! x4l

dx
1

Tich phan tha nhat tinh rat d& dang bang cach dua biéu thiic vao trong dau vi phan roi,

con tich phan tht 2 ta sé& xt Iy thé nao? Nhu bai trudce ta sé chia ca t& va mau cho x*, ta co:

3+\/ﬁ
IR SE) 1 3413 1 1| 2
9 j XL g f e d 9? d(x_"j d fan X
n 5 X = X = 5 X = —=arctan
T X X+ 1 x2+1+l2 1 (X_lj +(\/§)2 \/_ \/_
X X 1
bén day dé dang tinh dugc:
3+\/§
11 2
3+13 9 X—;
_ 4 2 2 . —
I—ln(x +X +1)‘0 +\/§arctan—\/5 1n(66+18\/ﬁ)+x/§n
1

Chony A.

Nhin xét: O bai toan trén ta da st dung mot tinh chat ctia ham phén thac hau t.

du 1 u
I TR =—arctan—+C
u +a- a a
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5. TICH PHAN LIEN KET

C6 rat nhiéu bai toan tich phan ta khong thé sit dung céch tinh truc tié€p dugc hodc tinh
tryc tiép tuong doi kho véi nhiing bai toan nhu vay ta thuong st dung t6i mot ky thuat d6
1a tim tich phan lién két. Chu yéu cac bai toan sit dung phuong phap nay 1a cac tich phan
luong gidc hodc c6 thé 1a ham phan thic. Dé hiéu 16 hon ta ciing di vao phuong phap.

Xét tich phan 1= I:f(x)dx ta s tim lién két v6i tich phan K = I:g(x)dx va tim cac mdi
cl+dK=m

. Gidi hé nay ta sé tim
el+vK=n

lién hé gitta I, K. Ta di thiét 1ap moi lién hé gita I, K {

duoc calva K.
Kinh nghiém. Ta thuong gdp cdc truong hop sau:
e Haitich phan 1=K, tinh dugc I+K tir d6 suy ra L
e Kla mot tich phan tinh don gidn, khi d6 tir mI+nK =a ta sé tinh dugc L
Cdch tim tich phdn. K. Viéc tim tich phan nay chu yéu dua vao kinh nghiém, riéng d6i voi
tich phan luong giac thi ta thuong hay cht y dén viéc ddi chd sinx cho cosx dé tao tich

phan lién két!

Vi du: Tinh céac tich phan sau:
1. I= jog cos 2xsin” xdx
= sin x

2. I=|2 - dx
‘ (sinx+ 3cosx)

3 1= (3 .ccissxsinf dx
0 sin” X+ cos” X

1 dx

043

1x*+1

0x°+1

4. I=

5. 1= dx

Loi gidi
1. O ngay cau dau ta da thdy ngay su kho khan réi phai cha? Bay gio sé nghi toi tich phan

lien két. Cha y t6i dang thic sin®x+cos’x =1 ta sé thu tao tich phan lién két véi tich

phan K = Lg cos 2x cos” xdx

T

NG
T4

Taco: [+K= J.Ogcos 2xdx = %sin 2x

0

Mat khéc ta lai co6:

4

3 4

g 1[n \/5]

K-I= J.Ogcos2 2xdx =%j()6(1+cos4x)dx = %(x+%sin4xj

0
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Tt day suy ra dugc I:1 ﬂ—f
8 4 3
2. Chii y tich phan lién két ciia ta la K = [ €OSX  dx.
(sinx+ 3cosx)
i k3 g
Tacé:IjL\/gK:JAO2 4 de=1I=I02L=1cot(x+Ej _ﬁ
(sinx+ 3cosx) 4 SiHZ(XJrnj 4 3 3

Gio can tim mot moi lién hé nira gitta LK, cha y dén kién thic kién thic phan truée - Pua
biéu thic vao trong ddu vi phan, ¢ day ta thdy rdng (sinx)'=cosx,(cosx)'=-sinx, do d6

nghi cach lam sao d6 dé c6 thé dua mot biéu thiic vao trong dau vi phan. Ta cé:

g

K13 = 2> cosx—+/3sinx dx gd(sinx+ 3COSX): 1 2:\/5—3

(sinx+ 3cosx)3 ‘ (sinx+ 3cosx)3 2(SiHX+ 3COSX) 6

0
1+\/§
.

Tu day suyra I=

3. Chii yj néu tinh dugc tich phin K = fmdx

0 sin” X+ cos™ X
Ta cé: (cos4 x)' =—4cos® xsin x,(sin4 x)' =4sin’® xcosx = (Cos4 x+sin* x) = —sin 4x
= sin 4x
= 4(I-K)= _[O ——dx :—ln(sm X +COS x)‘ =0=1=K

sin® x + cos* x

. s T sinxcosx % sin2x 17 d(cos2x) =
béyrang [+K=|?—/—F——dx=|?————dx=—<|?————=—
yrang IO sin* x + cos* x IO 1+cos” 2x 2J‘0 1+cos’2x 4
T
Vay [=—
1y 3
2x d(e* 1 2
4. Chon tich phdn lién két K = jl e2 dx _1p 2( )—11 (e2x+3) =11n e +3
e 43 2943 2 o 2 4
2
Tac6 31+K = [ dx=1=T=2—In| >
0 3 6 4
2
5. Ta chii v t6i hiing diing thitc sau x° +1= (x +1)(x —X +1) ta chon K= I dx
x®+1
Ta co:
42 3
. I—I<=J.1X6—X+1dx=j1 5 dx =arctanx| =~
0 x"+1 0x"+1 0
1 1 d(X3 1

_J'Om _g . X3)2 arctanx

. 12
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. T

Vay 1= 3

LUYEN TAP

Tinh cac tich phan sau:
sin* x

1.I=|*—F———dx

0 sin* x + cos* x

4 1= J' sm X dx

sinx + VCOSX

7. 1= J.OE sin 2x.cos* xdx

10. 1= cos 2xClx
0 cos2x

13 1= J- cosSde
3 sin2x

Fanpage: Tap chi va tu ligu todn hoc

. 100
sin " x
2. 1= dx
0 sin'® x + cos™
2 cos’ x
5 1= dx

0 s1nx+\/§cosx

8. I:J‘(:;sin“ x cos™? xdx
1
11. 1= j mclx
14 1= J- sm5xdx
3 COSX

5. 1= [0 g,

O (sinx+cosx)
L4 i3
6.1=[2— X 4y
0 sin X+ cos X
9.1 (2 . 2sinx+1 dx
0 smx+cosx+1
12. 1= j dx
x+2)
15 1= _[ “2cotx— 3’camxdX

- cotx+tanx
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6. KY THUAT LUONG GIAC HOA
Khi tinh tich phéan ta sé gdp mot s6 bai toan dudi dau cin thic chta mot s6 ham c6 dang
ddc biét ma kho tinh nhu binh thuong dugc, khi do6 ta sé nghi t6i phuong phap luong giac
héa. V6i nhitng dang sau thi ta sé st dung phuong phép lugng giac hoéa.

e N&éu bai toan c6 chtta va? —x* thi ta dit x=asinthodc x =acost

a a

e Néu bai toan c6 chtta Vx> —a® thi ta d4t x=——hodc x=

sint cost

e Néu bai toan c6 chtra x*> +a* hodc Vx> +a’ thitadit x=atant

. . . , . X+a N «
e Neéu bai toan c6 chua |, / thi ta dat x =acos2t
a—x

e Néu bai toan c6 chtra /(x—a)(b-x) thita dit x=a+(b—a)sin’t

Vi du: Tinh céac tich phan sau:

1. I:Jj\/4—x2 dx

2.

I:J-1 dx
0(4—x2)\/4—x2

3. I:J-:xlel—xzdx
1 2

—[2 x“dx
e

5. 1=j2 /5+de

0 N5-x

Loi gidi
1. Hay thur dit biit lam cdu nay theo cich binh thuong xem vin dé ¢ diy 1a gi nhé!

bat x=2sint,t e{—g;g}:dx:Zcostdt

T
2
=T

=1= 4J‘OECOSZ tdx = 2.[()5(1+c032t)dt =2(t+%sin2tj

0

2. bdt x=2sint,t e{—g;g}:dx:Zcostdt

:>I=Jg 2 costdt :J'g dtz _1tant =—F=
. 0 4cos’t 4 0 43

\/(4—4sin2 t)

3. Pit x =sint = dx = costdt. Ta dugc:

:IzjisinZt 1—sir’12tcostdt:J.Esinztcosz’cdt:1'|‘5(1—<:os4:’c)dt:1 t—lsin4t
0 0 870 8 4
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4. Pat x:sint,te[—g;g}:dx:costdt

o la

sin® tcos tdt sin2 tdt J-E

1
O — = 6’tanz’td(tant):gtarft
,[ 1—sin? t cos" t

0
5. Dat x =5cos2t = dx =-10sin 2tdt

T |5(1+cos2t) L 5
1=-10[¢ [ 4t 206 cos? tdt =2 (23
- IZ 5(1-cos2t) IZCOS 5(273)

:>I.[
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7. NGUYEN HAM - TICH PHAN TUNG PHAN
Ky thuat timg phan 1a moét ky thuat kha co ban nhung rat hiéu qua trong cac bai toan tinh
tich phan, & trong phan nay ta sé khong nhéc lai cac bai toan co ban nita ma chi dé cap toi
mot s6 bai todn nang cao trong phan nay. Trudc tién ta sé di nhic lai va chtng minh cong
thtc tinh nguyén ham - tich phan timg phan.
Gid sir u(x),v(x) la cdc ham lién tuc trén mien D khi dé ta co:

d(uv)=udv+vdu= Id(uv) = judv+.|.vdu

S uv = IudV+J-Vdu = Iudv= uv—vdu
Cong thuc trén chinh 1a cong thic nguyén ham tung phan. Nhu vay ta da cung chang

minh cong thic tinh nguyén ham timg phan, sau day cung di vao cac bai toan cu thé.

3 8
Vi du 1: Cho ham s6 f(x) théa man Ix.f’(x).ef(x)dx =8 va f(3)=In3. Tinh I= jef(x)dx .
0

0

A. I=1. B. 1=11. C.1=8-In3. D. 1=8+In3.
Loi gidi
u=Xx du = dX 3 3 3
bat 04 = 1 Khido [xf/(x)e™dx=xe™)| - [e™dx
dv =f'(x)e"dx v=e™ ) -

3 3
—8=3.e _ Ief(x)dx = jef(x)dx =9-8=1
0 0

Chon y A.

Vi du 2: Cho ham s6 f(x) c6 dao ham lién tuc trén {O;g}, va dong thoi thda man hai

2
diéu kién |f'(x)cos®xdx =10 va f(0)=3. Tich phan jf(x)sin 2xdx béng?
0

O N | 3

A. 1=-13. B.I1=-7. C.l1="7. D. I1=13.
Loi gidi
2 , u = cos’ x du = —sin 2xdx
Xét If‘(x)cos xdx =10, dat , =
0 dv = f'(x)cos® xdx v =£(x)

3 -
=10= If'(x)cosz xdx = cos® xf(x)‘g + J-f(x)sin 2xdx
0 0

< 10=—f(0)+ | f(x)sin2xdx = | f(x)sin2xdx =10+£(0)=13

O NV | 3
O eV | 3

Chony D.
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Hai vi du m& dau ¢6 vé van dang chi ding ¢ muac dé dp dung cong thic, tr bai tha 3 trd di
moi thit s& nang cao hon nhiéu yéu cau phai bién ddi va c6 tu duy hon trong viéc dit u,
dv!

Vi du 3: Cho ham s& f(x) nhan gia tri duong, c6 dao ham lién tuc trén [0;2]. Biét

-3x°)f'
£(0)=1 va f(x)f(2-x)=e e v6i moi x €[0;2]. Tinh 1= j( f:; ()dx
X
A= B.1=_22. ) o.__16
3 5 3 s
Loi gidi

Mot bai toan van dung cao kha la kho, bat gio ta sé di tim biéu thic dv, ta c6 thé dé rang

dx 1n\f

thay rang j

Tur gia thiét f(x)f(2—x) e 5 f(2)=1

x> —3x? )f (x) u=x =3x° {du(3x2—6x)dx
Taco 1= I dx Dt f'(x), =
f(x) dVZTx)dX v =Inf(x)|
=1= (x —3x ln‘f ‘ J% 3x2 —6x ln‘f ‘dx:—3j‘(x2—2x)ln‘f(x)‘dx=—3]
0 0
Ta c6 ]:J%(xz—Zx)ln‘f(x)‘dx T[ 2(2-t }In‘f )‘d(Z—t)
0 2

|:(2—X)2 —2(2—x)}ln‘f(2—x)‘d(2—x) = (x2 —2x)ln‘f(2—x)‘dx

Il
N ) O
S —_

:>2]=j(x2—2x)1n‘f(x)‘dx+i(x2—2x)ln‘f(2—x)‘dx:i(x2—2x)ln‘f(x)f(2—x)‘dx
_I(x —2x)lne2" “dx = j.(xz—Zx)(sz—élx)dx:%:]:%

0

Vay I=—3]=—%.

Chon y D.

Fanpage: Tap chi va tu liéu todn hoc Chinh phuc olympic todn | 35



CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

Vi du 4: Cho biéu thic S=In| 1+ | (2-sin2x)e***dx | v6i s6 thuc m #0. Chon khéng

S D | 3

4+m?

dinh dung trong cac khang dinh sau.

A. S=5. B. S=09.
C.S=2cot( T 2j+2ln(sin T 2]. D.S=2tan( T 2j+21n( T 2).
4+m 44+m 4+m 44+ m
Loi gidi
3 2 >
Ta co I (2-sin2x)e***™dx =2 I e?odx — I sin 2xe”**dx (1)
4+m? 4+m? 4+m?

L L L
2 2 n > 2
Xét I sin 2xe***dx = J. ez“’txd(sin2 x) =sin’ x.e*|2 - J. sin’ x(— — jezc‘“xdx
n n 4?2 T s X
4+m? 4+m? 4+m?
T[
L 2
=sin’ x.e*° |2  +2 I e?*™dx (2)
4+m? T
4+m?
L 2cot i
. R , z . _
Tix (1) va (2), suy ra [ =sin’x.e**™ |2 =—1+sin’ ~e A
dom? 4+m

2c0L
=S =1In| sin® T 5.e e :2cot( T 2j+21n(sin T 5
4+m 4+m 4+m

Chony C.
Vi du 5: Cho ham s6 y =f(x) c6 dao ham cap hai lién tuc trén doan [0;1] déng thoi thoa
man cac diéu kién Ilexf(x)dx = jlexf'(x)dx — Ilexf”(x)dx 2 0. Tinh ef (1)-£'(0)
’ . 0 ef(1)—£(0)
A. 2 B. -1 C.2 D. 1

Loi gidi

Ta dat " f(x)dx = [ ef'(x)dx = [ ef"(x)dx =a . Stt dung tich phan ttmg phan ta co:
o o 0 g p gp

a :j:exd(f'(x)):e.f'(l)—f'(O)—jolexf'(x)dx =ef'(1)-f'(0)=2a _ ef'(1)-£'(0) »
a=[ ed(f(x))=ef(1)~£(0)- [ e*f(x)dx = ef(1)-(0)=2a ef (1)-£(0)

Chony D.
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8. DANH GIA HAM SO PE TINH TICH PHAN
Trong cac bai toan tinh tich phan ta sé gdp phai mot s6 truong hop tinh tich phan ham cho
bdi 2 cong thitc phai st dung dén danh gia dé so sanh 2 biéu thic tir d6 chia tich phan can
tinh ra thanh 2 phan.
Ta xét bai toan téng quat. Tinh tich phan 1= J.ab min (f(x),g(x))dx

e Budc 1: Giai phuong trinh f(x)=g(x)

e Budc 2: Xét dau cho ham h(x)=f(x)—-g(x) trén [a;b]

e Budc 3: Chia tich phan can tinh ra thanh cac tich phan nho.

Chil 1j: Yéu cdu bai todn c6 thé thay min bang max.

Vi du: Tinh céac tich phan sau:
1. I= J.Ozmin{xz,\/;}dx
2. 1= Eﬁ min {tan x, x} dx
4

3. 1= J? max {sin x, cos x} dx

4, 1= fﬁmin{tanx +2sinx,3x}dx
3

n 2
5 I= J.O‘* max{eX +cosx,2+x—%}dx

Loi gidi
x==1

1. Xét phuong trinh x* = /x c{ 0
X =

xe[0;1] = x* S&:min{xz;\/;}=x2

xe[l;Z]:>X2 Zx/zzmin{xz;\/;}:\/;

Ta thay rang khi

4

—

5

Vay I:Iozmin{xz,&}dx:j:xzdx+jlzx/§dx=

1

COS2 X

2. Xétham s6 f(x)=tanx—x.Taco f'(x)= ~1>0. Vay f(x) luon déng bién trén R .

Mt khac ta lai ¢6 £(0)=0 nén x =0 la nghiém duy nhat ctia phuong trinh f(x)=0.

. NéuxE{O;g}:f(x)2f(0)=0:>tanx2x
o Néuxe{—g;O}:>f(x)£f(0):0:>tanx£x
T T 2
Vay 1= IZH min {tanx, x} dx = Ion tan xdx+J‘Zxdx - iIn (ﬁj
- 1 0 32 2
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. . . i
3. Xét phuong trinh smx=cosx:>x=z.
- i .
e Néu xe{O;Z}:smxScosx
- T T .
e Néu xe{z;a}:aancosx

Vay = J-O5 max {sin x, cosx} dx = J.OZ cos xdx + JE sin xdx = /2
4

4. Xét ham s&: f(x)=tanx+2sinx—3x

= f'(x)= 12 +2cosx—3=

cos? x cos? x

(cosx—l)2 (2cosx+1) 20VX€|:—§,’§j|

Vay f(x) dong bién trén [—g ,g} , tir d6 suy ra phuong trinh f(x)=0 c6 nghiém duy nhat

x =0 trén doan {—E;E}.
3°3

L z ’
:>I=J-3nmin{tanx+281nx,3x}dx:J.On(tanx+25inx)dx+.|.33xdx:—1—ln2+n—
3 3 0

2
5. Xét ham s& f(x)=e"+cosx—2—x+X?:>f'(x)=x+e"—sinx—1:>f"(x)=1+ex+cosx

Ta thdy ring fn(x) >0Vx e {O;g} :>f(x)' > f(O) =0Vxe {0;%} =f (x) dong bién trén doan

{O;E} .
4
Ma £(0)=0 nén x =0 la nghiém duy nhét cta phuong trinh f(x)=0 trén doan [O ,g}

Vay IZJ-}(eX +COSX)dX:—1+L+e£

NA
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9. KY THUAT THE BIEN - LAY TICH PHAN 2 VE

Ky thuéat thé bién - 1ay tich phan 2 vé& dugc ap dung cho nhiing bai todn ma gia thiét c6
dang téng cta hai ham s6, khi d6 ta sé lgi dung méi lién hé gitta cAc ham theo bién s6 x dé
thay thé nhitng biéu thtc khac sao cho 2 ham s d6 ddi ché cho nhau, dé 16 hon ta sé ciing

N R 2 s
tim hiéu cac vi du sau.

Vi du 1: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa man diéu kién sau

1
2f(x)+3f(1-x)=+1-x" Gia trj ctia tich phan If(x)dx bang
0

AL B. ~ c. X .
5 10 15 20

Loi gidi
Mot bai toan kha hay c6 2 cach giai dugc dua ra, ta sé cling tiép can 2 cach giai sau day dé
thdy dugc noi dung cua phuong phép duge dp dung trong phan nay!
Cdch 1: Lay tich phan 2 vé.
Lay tich phan 2 v€ can tu 0 t6i 1 gia thiét ta dugc:
1 1 1

26(x)+3f(1-x) =v1-x" = [ 2f(x)dx 3] f(1-x)d(1-x)=[ V1-x*

= SI:f(x)dx = J:m: J.Olf(x)dx = 2—%
Cdch 2: Thé bién.
Cht y vao hai biéu thiic x,1-x bay gid néu ta thé x boi 1-x thi ta s& duoc hé phuong
trinh theo hai bién f(x),f(1-x).
Thé x bdi 1-x ta duoc:

2f(x)+3f(1-x)=+1-x

2f(1-x)+3f(x) =1 (1-x)’ = 4£(x) ~9F(x) = 201X =3 +2x

21— x% =32 +2x 1 T
:>f(x)= — :>I0f(x)dx=%

Chon y D.

L

Vi du 2: Cho ham s6 f(x) lién tuc trén [%;2} va théa man f(x)+2f(
X

} =3x. Tinh tich
2
f
phan I= J- () dx
1
2

B.I:E C.I:E D.I=
2 2

NN

Loi gidi

Tir gid thiét, thay x bang la dugc f (lj +2f(x) = 3
X X X
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f(x)+2f£ j 3 £ )+2f(lj 3x ,
Do d6 ta c6 hé ’ X 3 = X1 6:f(x)———
f —)+2f(x):— 4f (x)+2f —jz— A
X x) x
2 ¢ 2 2
Khidc’)I=Iﬂdx=j(%—1jdx=(—z—xj =§
10X T\X X 1 2
2 2

Chon y B.

Cdch khdc. Tt f(x) +2f(1J =3x = f(x)=3x-2f (1)
X X

1 1 1
Zf(X) 2 f - f 7 Zf 7
Khi d6 1=[——Ldx=[|3-2-24 |dx= 3jdx 2] dx Xét]=j X/ dx D4t t==suy
T X 1 X T X X
2 2 2 E 2
, 1
ra dt=—-—dx=-t"dx=dx=-—dt
X t
1

X=——>t=2 % 2 2
Déican] 2 | Khido ]:Jt.f(t)(—let:If(t) dt:jf—x)dXZI
x=2->t== 2 1 1
2 2 2

3
Vay 1=3[dx-2I=1=[dx=2
ay J X—= = J X 2

2 2

Vi du 3: Cho ham s6 y =f(x) lién tuc trén [0;1] va thda man x’f(x)+f(1-x)=2x—x"

1
Tinh tich phan 1= If(x)dx

A. 1:1.
2

Tir gid thiét, thay x bang 1-x ta dugc:
(1=x) £(1-x)+£(x)=2(1~ )—(1—><)4
@(x —2x+1) (1-x)+f(x)=1+2x—6x>+4x° -
Taco x*f(x)+f(1-x)=2x—-x* = f(1-x)=2x—x* —x*f(x).
Thay vao (1) ta duoc: (xz—2x+1)[2x—x4—x2f(x)]+f(x):1+2x—6x2+4><3—x4

<::>(1—x2+2x3 —x‘*)f(x)=x6 —2x°4+2x° —2x% +1
(1 x? +2x° — )

)=(
Vay I:l‘f(x)dx:j;( dx—( ~ 3]
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Chon ¥ C.
Vi du 4: Cho ham s6 y =f(x) lién tuc trén [-2;2] va thoa man 2f(x)+3f(-x)= 4+1x
Tinh tich phan I= T f(x)dx.
2
A. I=—%. B. I=—2—7:). C. I=2—TE). D. I:%.
Loi gidi
T gid thiét, thay x bang —x ta dugc 2f(—x)+3f(x) = 4+1x2
2f(x)+3f(—x):4+1x2 4 (x) +6f (—x) = 4+2X .
Do d6 ta c6 hé - T = 3 :>f(x):5(4+x2)
( x)+3f(x)—4+X2 9f (x) +6f ( X)_4+x2

. 17
Khi d6 I—Jf dx—gj;

Chony C.

Vi du 5: Cho ham s6 y =f(x) lién tuc trén {—g,g} va thoa man 2f(x)+f(—x)=cosx

2
Tinh tich phan 1= J. f(x)dx

T gid thiét, thay x bdng —x ta dugc 2f(—x)+f(x)=cosx.

2f (x)+£(—x) =cosx 4f (x)+2f (—x) =2cosx
Do d6 ta c6 hé S
2f(—x)+£f(x) =cosx f(x)+2f(—x)=cosx

Khi do I:Pnf(x)dx:ljincosdx: L
= 33 3

:f(x):%cosx.

,g 3
Chon y B.
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10. TICH PHAN HAM CHO BOI 2 CONG THUC
Ta hiéu ndm na tich phan ham phan nhanh ttc la cac phép tinh tich phan nhiing ham cho

bdi hai cong thitc, day 1a mot van dé dé khong c6 gi kho khin ca néu da timg gdp va biét

phuong phap lam.
, x+1 khix>0 z
Vidu 1: Cho ham so f(x)=1 , ‘ Tinh tich phan 1= jf(x)dx
e  khix<0 b
2 2 2 2
AT=2"1 B.1=7¢ 11 c.1=2¢1 p. 1=l 11
2e 2e 2e P
Loi gidi

Chii y la ddy la ham cho bdi 2 cong thitc nén ta sé tich tich phin can tinh ra thanh 2 tich phan khdic

0 2 0 2 9e2 _1
Taco I= .[f(x)dx+.[f(x)dx: Iezxdx+j(x+1)dx: =
-1 0 -1 0 2e
Chony C.
Vi du 2: Cho ham s6 f(x) xac dinh trén R\{%}, thoa f'(x) = 5 2 1,f(O):l va f(1)=2.
X_
Gia tri ctia biéu thtrc f(-1)+£(3) bing
A. In15 B. 2+In15 C.3+In15 D. 4+1n15

Loi gidi

’ 5 In(1-2x)+C, ;x<—
:f(x)zj dx=In|2x-1|+C=
2x -1

Taco f'(x)= 1
X_

In(2x-1)+C, ;x>=
Téi day ta xét 2 truong hop:

e Néuf(0)=1=In(1-2.0)+C,=1->C, =1.

e Néuf(l)=2=In(21-1)+C,=2->C,=2.

d6 f(x)=
Do d6 £(x) 17 ]£(3)=In5+2

) 1
In(l—ZX)+1 khi X<§ {f(_l)zln?)_i_l
In(2x—-1)+2 khi x>§

= f(-1)+£(3)=3+In5+In3=3+In15

Chony C.
Vi du 3: Cho ham s§ f(x) x4c dinh tréen R\{-2;1} va thoa man f'(x):%z,
X2 +x—
£(-3)-£(3)=0 va f(O):% Gid tri bidu thttc £(—4)+£(—1)—£(4) bing
A. %ln20+% B. %ln2+% C.In80+1 D. %lnngl

Loi gidi
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Tuong tu nhu nhitng bai trén, day 1a bai toan cling yéu cau tinh tich phan ham cho bdi 2
cong thi, chi c6 diéu bai toan nay c6 t6i 3 ham thi ta van x ly tuong ty nhu bai trudce
thoi!

Taco f'(x)=— 1 =1( L 1 j

X +x-2 3\{x-1 x+2

%(ln(l—x)—ln(—x—2))+C1 ;X <=2

:f(x):jz—dx: %(ln(l—x)—ln(x+2))+c2 ;2<x<1

%(ln(x—l)—ln(x+2))+c3 ;x>1

Xét 2 truong hop:
. Né'uf(O):1:1(ln(1—0)—ln(0+2))+c 1o e, =tn2e .
373 3773 3
o 1. 1
. Neuf(—3)—f(3):0:>C1—C3—51nE
. 5 1 1 1
Taco f(—4)+f(-1)-f(4 )=—1n += 1 21l +C,+C,-C, = 104l
2 3 2 3 3
Chon y B.
Vi du 4: Cho ham s6 f(x) xac dinh trén (0;+)\{e}, théa man f'(x)=m,
f(lzj:m va f(e?) =3 Gié trj biéu thirc f(1j+f(e3) béng?
e e
A. 3(In2+1) B. 2In2 C.3In2+1 D.In2+3
Loi gidi
Theo gia thiét ta c6 f'(x)= e tir day suy ra
In(1-1 C, khi 0;
:>f(x):j —I d(Inx-1) —ln|1nx—1|+C: n(1-Inx)+C, .XE( °)
lnx 1) (Inx— In(Inx—1)+C, khi x & (e;+)
Ta xét 2 truong hop:

. f(lzj:ln6::>hr1(1—lnl2j+C1 =ln6=C, =In2
e e

e f(e’)=3=In(lne’-1)+C,=3=C,=3

|~

In(1-Inx)+In2 khi x (0;e) f[ j=1n2+1n2
%

Do d6 f(x)={ :
ln(lnx—1)+3 khi xe(e,+00) f(e3):1n2+3

:f(%j+f(e3):3(ln2+1)
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Chony C.

Vi du 5: Cho F(x) la mot nguyén ham cta ham s6 y=; v6i diéu kién:
1+sin2x

A. P=0 B.P=2-43 C.P=1 D. Khong 3

Loi gidi

Vi xe(—g+kn;—g+kn), keZ taco:

F(x)= [ —2 -, B[O Ttan(x+ e

. - . 2
1+sin2x s1nx+cosx) 2 cos> (X+n
4

Ta xét 2 truong hop sau:

. 1ln (m 5= N
e Tacd m;,— €| —;,— | nén:
12 4 4

F(n)—F(lll—znjzétan(x—gj

Vay P :F(—EJ—F(“—“) =1
12 12

Chony C.
11. TICH PHAN HAM AN
Nhiing bai toén tich phan trong phan nay khong kho, tat ca dugc che gidu dudi mot 16p

11n 2 2

12

cac 4n s8, viéc lam cta chting ta 1a phat hién ra dugc cach dit an dé dua tat ca vé dang
chudn thi bai toan sé dugc gidi quyét hoan toan.

2017 N
Vidu1:Cho [ f(x)dx=2 .TinhtichphanI= |

0 0

A 1=1 B.1=2 C.1=4 D.I=5

X

x> +1

£ In(x* +1) |dx.

Loi gidi
Thoat nhin thi c6 18 twong d6i khiing, nhung tuy nhién bang cach dit &n phu thi bai toan
nay trd nén vo cung don gian.
2xdx _ xdx _dt
x*+1  x*+1 2

Dt tzln(x2+1), suy ra dt=
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D cs x=0—->t=0
01 can
x =+ -1 > t=2017

2017 2017

Khldol——j dt_lj =

Chony A.

Vi du 2: Cho ham s6 f(x) lién tuc trén R va

3
dx =4, If(sin x)cosxdx =2 .Tinh
0

3
tich phan I = jf(x)dx
0

A I1=2. B. I=6. C.1=4 D. I=10.

Loi gidi

O day c6 2 gia thiét can bién ddi dé dua vé tich phan lién quan t6i ham f(x).
H(x)
o Xét [~ =Ldx=4.Djt t=\x =t =x=2tdt =dx,
1

X
()

x=1—>t=1
x=9—>t=3 Ix

9 3 3
Déican{ Suy ra :>4=J. dx=2_[f(t)2dt:>_[f(t)dt=2.
1 1

|a

2
o Xét I smx cosxdx 2 Pidt u =sinx = du = cos xdx
0

x=0—>u=0 3
Déi can T . Suyra 2= I sinx)cos xdx = If
- 0

vaylzjf(x) = [£(x dx+J.f )dx=4.
0

Chony C.

TE

Vi du 3: Cho ham s6 f(x) lién tuc trén R va If (tanx)dx =4, I B 1) dx =2. Tinh tich

1
phan 1= jf(x)dx
0

A.I=6. B. I1=2. C.1=3. D.I=1.
Loi gidi
Xét tich phan '[Zf(tanx)dx:él.Dét t=tanx = dt= dx = (tan2x+1)dx:>dx: dt2
0 cos” x 1+t
x=0—->t=0
20 A z 1 f(t) 1 f(x)
Paoi can: x:g—n:l :>4:j04f(tanx)dx:jom IOX +1dx
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1 1
Tur d6 suy ra I=[f(x)dx= [ fx )dx+j f09 4y 4126
0 Ox +1 x*+1

Chon y A.

Vi du 4: Cho ham s6 f(x) lién tuc trén R va théa man déng thoi hai diéu kién

e2

tan x.f(cos2 x)dx =1, j

O'—,JA\:I

2
dx =1. Tinh tich phan I = I
1
4

A I=1. B. I=2. C.1=3. D. I=4.

Loi gidi

T

o Xét A= itemx.f(cos2 x)dx =1.
0

. dt
DPit t =cos® x = dt = —2sin x.cos xdx = —2 cos” x. tan xdx = —2t. tan xdx = tan xdx = ——

1
2 1 1 1
Khi d6 1:A:—1jf(t)dt=1jf(t)dt=1jf—x)dx:>jf—x)dx=2
23 21 21 1
2 2 2

2
e XétB= J(ln x)dx=1
xIn x

e

2
Dt u=In?x = du= 2 X gy = 2" X g 20 4 dx _du

X x1nx xInx xInx 2u
4 4 4
Khi d6 1=B=1jMdu=1jmdx:jf(x)dx=2
29 29 X

u T X

e Xét tich phan can tinh 1=

1
2
4 4 1 4
Détv=2x:>I=J.f—V)dv J.f(x)dx J.f(x)dx+.[f(x)dx=2+2=4.
1 1 1 1
2 2 2

Chon y D.

Vi du 5: Cho ham s6 f(x) lién tuc trén R va théa man f(x5 +4x+3) =2x+1VxeR. Tinh
8
tich phan J_zf(x)dx

32

A. EY B. 10 C.72 D. 2

Loi gidi
Véan dé & cau nay ndm & gia thiét, vay lam sao dé st dung gia thiét dé tinh dugc tich phan
ma dé bai yéu cau day? Y tudng rat don gidn d6 la dat x =t +4t+3.
Dit x=t" +4t+3=dx= (5’c4 + 4)dt khi &6 ta duoc:
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[L£(x)dx=["£(£ +4t+3)(5t +4)dt = (2t+1)(5t" +4)dt=10
Chon y B.
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12. TEICH PHAN POI CAN - POI BIEN
Céc bai toan tich phan ddi bién déi can la céc bai toan tuong déi hay, xuét hién thuong
xuyeén trong cac dé thi thtr va dé thi THPT Qudc Gia. Dé 1am t6t dang nay ta can phai nho

nhiing kién thic sau:

Tinh chat 1. Cho tich phan 1= Ibf(x)dx

e DPitx=a+b-t :>dx:—dt:>I=J.bf(a+b—x)dx=_|.bf(x)dx

a

e V6i2sdmmntaludned 1=

Ib(m.f (x)+nf(a+b— x))dx

m+n-a
Tinh chat 2. Néu f(x) 1a ham chdn thi ta c6:

. J-_Oaf(x)dx:rf(x)dx
. I_af( )dx = 2-[ x)dx = ZJ

o 1=[ f(x )d a—f_(—X) dx = » DA )dx:>21 I
ab*+1 b +1 -a b*+
Chitrng minh

dx

O day sé chimg minh mot tinh chat tiéu biéu, céc tinh chat con lai s& chimg minh tuong tu.

Ta chting minh: 1= I )d aﬂdx— » DA )dx:>21 I x)dx

ab*+1 ab™+1 -a b* 4+
Do f(x) 1a ham chdn nén ta luén c6 f(x)=£(—x)
_ a t. a x.
Dt x = —t = dx = —dt :I:—I_a@d(t):j D) g og o D) g
a b'+1 - b'+1 -2 b +1

Tt d6 suy ra diéu phai chimg minh!
Tinh chat 3. Néu f(x) 1a ham 1é thi ta c6:

SRBESNE

. I_ f(x)dx=0
Tinh chit nay chitng minh tuong tu nhu v6i ham chan!
Tinh chat 4. Néu f(x) la ham tudn hoan chu ki T, f(x+T)=f(x) thi ta c6:
T a+T
. IO f(x)dx:L f(x)dx
nT T
. IO f(x)dx:nj0 f(x)dx
. Ibf(x)dx =Ib++ff(x)dx
Tinh chat 5. Ky thuat x& ly mot s6 bai toan st dung tinh chat J-bf(a +b—x)dx = J‘bf (x)dx.

Cdch lam chung cho nhiing bai thudc dang nay do la:
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I= Lbf(x)dx

Viét 2 lan gia thiét X
I:I f(a+b—x)dx

=2l = I x)+f(a+b- x))dx

V6i cach 1am nay ta sé c6 cach giai quyét tong quat rat nhanh nhiing bai todn c6 dang ma

gia thiét cho f(x)f(a+b-x)=c>0.Khi d6 ta c6 tinh chat sau: Ib 1 dx _b-a

a \/E+f(x) 2\/_

Chitng minh

Ta viét lai 2 14n gia thiét nhu sau:

b 1
:L mdx

1 1
_J-b 1 dxjﬂ I[JEJJ( )+\/E+f(a+b—x)JdX
~a \/E+f(a+b—x)
Ta c6:
2x/€+f(x)+f(a+b—x) 2x/€+f(x)+f(a+b—x) 1

g(x)= C+\/E(f(x)+f(a+b_x))+f(x)f(a+b_x) - c+\/g(f(x)+f(a+b—x))+c :$

=2]= jb%dx =I= b-a diéu phdi chitng minh
a e

2\c

Vi du 1: Cho ham s6 f(x) lién tuc trén R va théa f(x)+f(—x)=+v2+2cos2x v6i moi

3n
2
xeR. Tinh I= [ f(x)dx
3n
2

A.I=-6 B.I1=0 (&, [[==2% D.[=6
Loi gidi
Gid thiét c6 tong nén goi y ngay dén sir dung tinh chdt 1. Ta co:
32n 1 % 1 32n
— | (f(x)+f =— I 2+2cos2xdx =6
ﬂ JERERH 2 %
2 2 2
Chon y D.
Vi du 2: C6 bao nhiéu s6 thyc a €[-2017;2017] théa man P _COSX  4x= ﬁ
-2 2018 +1 2
A. 1284 B. 1285 C. 1286 D. 1287
Loi gidi
Bai nay chinh la tinh chat 2! Ap dung tinh chat 2 ta cé:
T
a=—+k2n
Ia&dx=£<:>rcosxdx:\/§<:>sina:£<:> 3 (keR)
-2 2018 +1 2 -a 2 2n
= ? + szC
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e Néu a:§+k2n:>—321£k§320

e Néu a:%+k2n:>—321sk3320

Vay c6 1284 s6 a thda man yéu cau.
Chony A.

Vi du 3: Cho f(x) lién tyc trén R théa man f(x)=f(x+4)VxeR, I x)dx=1va
2 7
L f(3x+5)dx =12. Tinh _[O f(x)dx

A. 35 B. 36 C. 37 D. 38

Loi gidi
Nhin qua ta nhin thay ngay diu hi¢u ciia ham tuin hoan, tuy nhién phdi xi Iyj gid thiét thir 2 dal
Ta c6: j f(3x+5)dx=12 <= j (3x+5)d(3x+5)= 12<:>I x)dx =36

Ap dung tinh chat tht 3 ctia ham tudn hoan j x)dx = J. g (x)dx ta co:

+nT

7+4

Iof(x)dx:jof(x)dx+j4f(x) jf Jdx+[ " f(x)dx=37
Chony C.

Vi du 4: Cho a+b = 2018 val—jb Jx
T X +42018—x

A - B. —— c.-2 p. -5

27 3n T T

dx=10.Tinh J = J-sm(ledx.

Loi gidi
bay la bai toan c6 gia thiét a+b=2018va tich phan cac can tir a t6i b nén ta sé chu y dén
tinh chat tha 5.

Ix J2018 —x

Taco f(x)= = (2018 —x) =
() Jx ++/2018 - x ( ) Jx ++/2018 - x
Theo cach lIam ctia tinh chat 5 ta cé:
21 = j x)+£(2018 - x))dx = 2j dx=10<a-b=-20

K&t h G oid thié ira d a=999 d 1019 (7Tx dx 9
et hop vo1 gia thiet ta giai ra duoc b=1019:>] J.sm 3 X = Ig sin ? X——2—n

Chon y A.

Vi du 5: Cho ham s6 f(x) lién tuc trén [0;2] thoa man f(x):f(Z—x),I;f(x)dx:lo.
Tinh Ioz(x3 —3x2)f(x)dx
A. 40 B. 20 C. 40 D. 20

Loi gidi
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Van la y tudng cti dang toan cii st dung dén tinh chat 5.

Ta co:
I= J.Oz(x3 —3x2)f(x)dx

) . i =21 =4[ f(x)dx =40 = = -20
I=] ((2-%)-3(2-x)")(2-x)dx

Chon y D.
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13. TICH PHAN CO CAN THAY POI

Néu nhu binh thuong ta hay xét véi nhitng bai tich phan c6 can la cac hdng s6 ¢d dinh thi
trong phan nay ta sé cung tim hiéu céc bai toan c6 can la cac ham theo bién x. Trudc tién
dé lam duoc nhitng bai todn nay ta can nhé kién thic sau:

Dinh ly: Néu f(x) 1a ham kha tich trén [a;b], lién tuc tai moi x €[a;b] thi ham s& F(x)

xéc dinh boi F(x)= [ f(t)dt kha vi tai x va F'(x) =f(x).

Téng quét ta c6 F'(x) = ( [ V((X))f(t)dt)' — v () (v (x))-u' (x)f(u(x))

Phuwrong phdp chung: Dé gidi nhiig bai toan & phan nay tat cd déu theo 2 budc chinh:
e Budc 1: Pao ham gia thiét
e Budc 2: Bién d6i két qua cua dao ham dé suy ra yéu cdu ctia bai toan.

Sau day la nhitng vi du minh hoa:

Vi du 1: Cho ham s6 f(x) lién tuc trén R va 3x’ +96 = J.Xf(t)dt. Tim a?

A. 96 B. -2 C. 4 D. 15

.....

Nhiing ai 1dn dau gip bai nay &t hin sé rat kh6 khan, tuy nhién ta da c6 phuong phap rdi
do d6 s€ bam sat no!

Lay dao ham hai vé ta dugc 15x* =f(x)

Tir day suy ra 3x° +96 = [ 15x*dt =3¢

X
a

=3(x’-a’)=>a=-2

Chon y B.

Vidu2: Cho [£(x)] = [} ([£(t)] ~[£(t)] +3(5)[ ()] }dt-+2018. Tinh £(1).

A. 2018e B. —2018e C. 2018e D. —3/2018e

L4y dao ham 2 vé& ta dugc

[FG)T =[EC)] (£ () +3£ () ()]

& (f(x)-f'(x)) =0 f(x)=f'(x) = f(x) = ce*
Thay vao gia thiét ta co:

(ce) = [7((ce)’ ~(ce') +3ce’ (ce') Jat+2018

X

+2018

3t

& (ce) = [7(3c%™)dt+2018= 3.5

= ¢=3/2018 = f(1) =e/2018

0
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Chii y:
o O 1oi giai trén c6 chd f(x)=f'(x) = f(x)=ce* vdn dé nay ta s& duoc tim hiéu &
phan sau!
e Budc tim hang s6 ¢ & doan sau cht y 1a ta dang coi x cd dinh dé tinh tich phan

cho ra mot ham theo bién x.

Chony C.
Vi du 3: Tim tap nghiém cda bat phuong trinh J.X L 4t>0
0 t2018 +1
A. (—oo;+oo) B. (—oo,'O) C. (—oo;+oo)\{0} D. (O;+oo)

.....

X

dt=1f'(x)= M'(x)=0=x=0

< x t
Dat f(X)=J‘O W

Ta c6 bang bién thién nhu sau:
X —00 0 +00
f' (X) - 0 +

. \ /
0

Nhin vao bang bién thién ta suy ra dugc x € (—o0;+0)\ {0} .

—00

Chony C.

Vi du 4: Cho ham s6 f(x) >0 xéac dinh va c6 dao ham trén doan [0;1], thoa man déng

=1+2018|f(t)dt :
thoi diéu kién 8(x) ! (®) . Tinh I=I1/g(x) dx
g(x)=£(x) '
A 1009 B. I = 505. o lo11 D[ 2019
2 2 2
Loi gidi

Theo cich lam chung thi ta van di ldy dao ham hai vé!
g'(x)=2018f(x)

g'(x)=2f"(x).f(x)

© 2f(x)[ 1009-f'(x) =0 <

= 2018f (x) = 2f'(x).f(x)

f(x)=0 (L)

£'(x)=1009 = f(x)=1009x+C

Tu gia thiét, ta c6 {

Thay nguoc lai, ta dugc 1+2018[(1009t+C)dt = (1009x+C)’
0
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X

1+ 2018(¥t Ctj =(1009x+C)* = C* =1.

Suy ra f(x)=1009x+1 hogc f(x)=1009x—1 (loai vi f(x)=1009x-1).

1 1 1
Khi d6 I:J'Jg(x) dx:jf(x)dx:_“(1009x+1)d><:&211
0 0

0

0

Chony C.

Vi du 5: Cho ham s6 f(x) nhan gia trj khong am va lién tuc trén doan [0;1], thoéa man

X 1
2 (x)<1 +3If(t)dt =g(x) voi moi x €[0;1], tich phan J-Jg(x) dx c6 gié tri 16n nhat 1a?
0

0

AL B. .. c 2. D. 2.
3 4 5 2
Loi gidi
Tt i thic I . |8(0)=1 \ .
Ut gia thiét g(x)—1+3jf(t)dt tacod 1~ va g(x)>0, Vxe[0;1].
g'(x)=3f(x)

Theo gié thiét > f? [g ] 8'() <3,
eo gia thiét g(x)>f*(x) 5 2\/7 >
Lay tich phan can tr 0 > t ta dugc:
j 89 4«3
12y8(x) 0
3 3
@./g(t)—Jg(O)SEtQJg(t)SEHl.
1
Do d —x+1 |dx=—
o oj,/— j( o o=

Chon y B.
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14. BAI TOAN LIEN QUAN TOI F'(X) VA F(X)

Trong phan nay ta sé cing nhau tim hiéu vé mot 16p bai toan lién quan t6i quan hé ctia hai
ham f'(x),f(x), day la mot dang da xuét hién trong dé thi THPT Qudc Gia 2018 cta B
GD&DT va trong rat nhiéu dé thi thir cta cc trudng chuyén, ta sé ciing bt dau tim hiéu
van dé nay ngay sau day.

1. BAI TOAN LIEN QUAN TOI TICH.

Ta sé bit gip céc bai todn c6 dang f'(x)=g(x).h(f(x)), v6i g(x) la ham theo bién x thi

khi g&p nhimg bai todn nay cach lam chung ctia ta sé 1a 1dy nguyén ham 2 vé&, cu thé:

f'(x)=g(x)-h(f(x))= hf('f((t())) =g(x)= I hf('f((xx))) dx = Jg(x)dx

Hodc c6 thé 14y tich phan 2 vé, dén day thi tity thudc vao yéu cau va gia thiét ctia bai toan

thi ta c6 thé suy ra két qua can tinh.
Dé cuing hiéu rd hon ta sé bat dau v6i nhimg vi du sau:
Vi du 1: Cho ham s6 f(x) théa man f(2)= —% va f'(x)=4x° (f(x))2 vx eR . Gi4 tri clia
f(1) bang?
L 51 M b1
100 10 400 40
Dé thi THPT Quéc Gia 2018
Loi gidi
Phan tich: Néu ban dau gdp dang nay thi c6 18 ta sé khong biét cach st ly thé nao, tuy
nhién bam sat vao bai toan tong quat ta sé c6 huong lam nhu sau:
. f!
Gia thiét tuong duong voi: f'(x)=4x"(f (x))2 =3 L)Z =4x°.
(F(x))
Dén day ta sé 1dy nguyén ham hay tich phan? Cht y la vé6i nhiing bai todn bt tinh gi tri
ctia ham s& tai mot diém nao d6 ma gia thiét da cho gia tri ctia ham tai mot diém nao do c6
gia tri xac dinh thi ta s& 14y tich phan hai vé. L4y tich phan can tir 1 dén 2 ca 2 vé ta dugc:
f' f'
L)Z =4x° = J'lzl)zdx = J.f 4x°dx =15
(F(x)) (F(x))
@—L :15<:>—L+L:15:f(1):—i
f(x))], f(2) f(1) 10
Chon y B.
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Vi du 2: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] thoa man £(0)=2 va
[f(x)]4 [f'(x)]2 (x2 +1) =1+ [f(x)]3 Vx e[0;1]. Biét rang f'(x)>0,f(x)>0vxe[0;1]. Ménh
dé nao dudi day dung?
A.2<f(1)<3 B.3<f(1)<4 C. 4<f(1)<5 D. 5<f(1)<6
Deé thi thir chuyén Lé Khiét - Qudng Ngii

Loi gidi
Van la y tudng d6 nhung c6 vé da dugc tac gia chon giau ky hon!
Ta bam sat bai toan tong quét, ch ¥ voi bai toan tong quét thi f'(x) chi ¢ bac 1 vay lam

sao dé dua vé bac 1 bay gio? R4t don gian thoi ta sé 14y can hai veé!

Ta cé:
. 2 > 1. 11f(x <:>f'(x)f2(x): 1
For (X)\/X 1_\/1 F) \/1+f3(x) I +1
jW —j de:ln(x+\/x2+1)::ln(1+\/5)
—J.ld\/% dx—ln(l+[) g 1+£3(x ) (1+I)
@g(\/l+f3(x)—\/1+23)zln(1+\/§):f(1):2.6051m
Chon y A.

Vi du 3: Cho ham s6 f(x) f(x) c6 dao ham f'(x) lién tuc va nhan gié tri khong am trén
[1;+), thoa f(1)=0, e2f(x).[f'(x)]2 =4x*—4x+1 v6i moi xe[1;+»). Ménh dé nao sau

day dang?
A. -1<f'(4)<0. B. 0<f'(4)<1. C.1<f'(4)<2. D. 2<f'(4)<3.

Loi gidi
Cau nay thoat nhin c6 vé thdy kha kho khian nhung van y tudng giong bai cta chuyén Lé
Khiét thoi ta sé 18y cdn hai vé!

L&y c&n hai vé ta dugc e ™f’ ( ) 2x—1 dof'(x) khong am trén [1;+wx)

:>j IZX 1)dxc>e() x> —x+C.
Thay x =1 vao hai v€, ta dugc e(): 1"-1+C=C=1.
Suy ra ef("):x2—x+1:>f(x):1n(x2—x+1):>f’(><):Xzzi(;jlL1 f’(4):%.

Chony B.
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Vi du 4: Cho ham s6 f(x) c6 dao ham xac dinh, lién tuc trén [0;1], théa man {'(0)=-1 va

{Ef( : ] =f"( véi moi x €[0;1]. bat P=£(1)-£(0), khang dinh nao sau day dung?
=0

A 2<P<-1. B. -1<P<0. C.0<P<1. D.1<P<2.

-----

Ta da nhin thdy chut bong déang cta P = j x)dx =£(1)—f(0) nén ta can tim f'(x).

Tu gia thiét ta co:

£'(x) :1:>I £'(x) dx=x<— 1 =x+Cef'(x)=- 1

()] ()] £(x) e

Y , 1 . t e t1
Maf(O):—1:>C=1:>f(x):—X+1.VayP:_([f(x)dxz—!XJrl

dx=-In2~-0,69.

Chon y B.

’ _[fB=-x)f(x)=1 |
Vi du 5: Cho ham s6 y =f(x) c6 dao ham trén [0;3], théa man v6i moi

f(x)=-1

3 |
x €[0;3] va f(O):%. Tinh tich phan I:'[ Al dx
0

B. 1=1. C.Izg. D.I=

N | Gt

T gia thiét

Do f(3-x)f(x)=1
Khi d6 ta duoc:

Chon y A.
Tém lai: Qua 5 vi du vira réi ta da lam quen duoc v6i dang toan c6 f'(x),f(x) va da
tim hiéu qua cach gidi ctia cac bai toan nay, nhimg thtt ta cAn phai cha y d6 la:

e Chuyén f'(x) va ham theo bién f(x) sang mot bén, chu y f'(x) phai luon bac
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nhat
e Lay nguyén ham hodc tich phan tay thudc vao dé bai
e Ngoai ra c6 thé nh6 nhanh két qua sau: f'(x)=kf(x) = f(x)=Ce"
2. BAI TOAN LIEN QUAN TOI TONG.
Xét bai toan tong quét sau: f'(x)+k(x)f(x)=g(x). Goi G(x _[g )Jdx voi G(x) 1a mot
ho nguyén ham ctia g(x). Nhan ca hai v& véi e“™ ta duoc:
e“Mf'(x)+g(x)e“VE(x) =k (x)e
N (eG(X)f (x))' =k (x)eG(X) =f(x)= efG(X)Ik (x)eG( )
Ngoai ra con mot s6 dang nira ta sé tim hiéu trong cac vi du.
Ta sé cuing giai quyét dang toan nay thong qua céc vi du sau:
Vi du 1: Cho ham s6 f(x) lién tuc trén R\ {0;-1}, théa man x(x+1).f'(x)+£f(x)=x>+x
voi moi x e R\ {0;-1} va f(1)=-2In2. Biét f(2)=a+bln3 vdi a, be Q, tinh P=a*+b*.

A.le. B.P:E. C.P:E. D.Pzg.
2 4 4 2

Theo nhu bai toan tong quaét thi f'(x) dang doc lap thé nén ¢ bai toan nay ta cting cn phai

doc lap f'(x). Bién d6i gia thiét ta duoc

x(x+1).f'(x)+f(x):x2+x<:>f'(x)+ ( 1)f(x)zl
x(x+
Ta c6 j dx = [1— 1 jd =1n( j:eln("”)— X
x(x+1) x x+1 X+ x+1
Nhén ca hai vé véi 1 ta thay rang: X+1f'(x)+(xj1)2f(x)=[f(x) le} Do d¢ gia

thiét tuong duong voi :

{f(x). X }: X = f(x). X _[X dx:J‘(l— L jdx:x—ln|x+1|+C.
x+1 x+1 x+1 x+1 x+1

Ma f(1)=-2In2 = C=-1=f(x). "1
X+

=x—In|x+1|-1.

3

Cho x =2 ta dugc f(2). :2—1n3—1:>f(2):%—51n3:>

WIN

Chon y D.
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Vi du 2: Cho ham s6 f(x) théa man [f'(x)]2 +£(x).£"(x)=15x" +12x v6i moi xeR va
f(0)=£'(0)=1. Gia tri ctia f*(1) bang

A. § B.
2

N | O
0N
Qo

D. 10.

Chuyén Bai hoc Vinh

Loi gidi
bay 1a mot cau nhin qua tuong d6i la, tuy nhién y tudng cta bai toan van nhu bai trén do6
1a van bién d6i mot vé 1a dao ham ctia vé& kia chi c6 diéu cach thuc hién khong tuong tu.
Huodng giai cta bai toan nhu sau:
Nhan thdy duge [£'(x)] +£(x).f"(x [f ()]
Do d6 gia thiét tuong duong voi [£(x)£'(x ] =15x" +12x.
f(x).f'(x)= j(15x4 +12x)dx =3x +6x° + C— O 5 C =1 = f(x) £ (x) =3x° +6x° +1
6

£(x d S x4 1)dx o L) X o !
:>J- '(x)dx = I(Bx +6x° + ) XQT_?+ x> +x+C".

e £2(0)
Thay x =0 vao hai vé ta dugc T=C':>C'=—
Vay £2(x)=x°+4x> +2x+1=£*(1)=8.
Chony C.

Vi du 3: Cho ham s6 f(x) c6 dao ham dén cap 2 dong thoi lién tuc trén R thoa man
£(0)=£'(0)=1 va f(x)+2f'(x)+f"(x)=x*+2x*Vvx e R. Tinh I x)dx .

A 07 21 5 107 12 c 107 21 b, 107 12
12 e 21 e 12 e 21 e

.....

bay lai 1a mot dang nhin rat la phai khong, nhung thuc chét chinh la bai toan téng quat
ban dau, tuy nhién phai c6 chut tinh y nhan ra diéu sau:

£(x)+ ( ) (f )+f"( )) X+ 2

'(x
< f(x +(f
Mt khac £(0)=f'(0)=1 nén C=4
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Ta lai co:
£(0)=1=C=13= f(x) =x* —4x* +10x—12+(4x+13)e™ :j:f(x)dx:%_ﬁ
e

Chon y A.

Vi du 4: Cho ham s6 f(x) c6 dao ham dén cdp 2 déng thoi lién tuc trén doan

[0;2] £(0)=1,£(2)=e* va £(x)>0,(£(x)) —£(x)f"(x)+(f'(x)) =0vx €[0;2]. Tinh £(1).

] 3

A. e B. ot C. e? D. o2

.....

Bai nay nhin qua thi thay giong bai trudc, c6 1é ban doc dén day sé tap chung dua vé nhu
bai tru6c nhung diéu nay gan nhu khong thé béi vi sur xuat hién “vo duyén” cta dau “-“.
Vay lam sao dé xu ly dugc dau “-“? Y tudng thi van la thé tuy nhién dé y rdng dao ham
ctia ham nao ra dau “-“? R4t don giadn d6 la ham phan thic! Dén day ta bién déi bai toan:

2
f' f(x)f"(x)—(£'(x f' 2
L (X)]': (") ( ( )) =1= () :x+C:1nf(x):I(X+C)dx:%+Cx+D

£(x) (£(x))’ f(x)

Mt khac:

2

D=0 C=1 2 L
f(O):l,f(2):e6:>{ :>{ :>1nf(x):x—+x:>f(x):e2
4=2+2C+D D=0 2
3
Do dé f(1)=e5.
Chon y D.
BAI TAP TUONG TU

1. Cho ham s6 f(x) c6 dao ham cap 2 lién tyc trén doan[0;1] thoéa man f(0)=-1,£(1)= —%

va f"(x)f(x)—2[f'(x)]2 = x[f(x)]3 ,Vx €[0;1]. Tich phan J:(sz +2)f(x)dx bang?

A. —lnE B. —31nE C. —2111é D. —61nE
2 2 2 2
Chon y D.

2. Cho ham s6 f(x)>0,Vx >0 c6 dao ham cdp 2 lién tuc trén ntra khoang [0;+) thoa man

£'(x)f(x)=2[£'(x)] +xf*(x)=0,£'(0)=0,£(0)=1. Tinh £(1)?

A2 B. > c.b D. 7
3 2 7 6
Chon y D.
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Vi du 5: Cho hai ham f(x) va g(x) c6 dao ham trén [1;2], théa man f(1)=g(1)=0 va

2

1) g(x)+2017x =(x+1)f'(x)

3

2
 wxe[1:2]. Tinhlzj[ 2 g(x)—x+1f(x)}dx.
1 X+

X

| _ 2
18 (x)+1f(x)=2018x
1

A I= .I=1. C. 1=
5 B

Loi gidi
Bai nay c6 vé tuong ddi kho khin rdi do day 1a 2 ham doc lap, tuy nhién ta cha y van bam

sat y tuong cua céc bai toan trong muc nay!

s (x)- 2 ) 2017
T gia thiét ta c6 (x+1) x . Cong lai vé theo vé ta dugc:
X 1
X+1g(x)+xzf(x) 2018
1 (x+1) 1
(x) |- fi(x)-—f(x)|=1
e e o - K]
X ' (x+1) (x+1)
= f 1 - f(x)=x+C
o[ 27800] - 00| 1= a0 )<
[ x x+1 . 1
Ma talaicc’)f(l)zg(l)zO:Cz—l:I:J.{ (x)- f(x)}dx [(x-1)d >
1 X 1
Chon y A.
LUYEN TAP

Cau 1: Cho ham s8 f(x) c6 dao ham lién tuc trén doan [0;1] va 2f(x)+x.f'(x)>673x*" .

Gié tri nhd nhat cua tich phan J x)dx bing

A. 1 B. 1 C. 1 D. 1
3 3.2017 3.2018 3.2019
Cau 2: Cho ham so6 f(x) nhan gia tri duong va c6 dao ham lién tuc trén nta khoang
[0;+00) théa man f'(x)= X _  va £(0)=1,£(1)= Ja+by2 véiablacacso nguyen.
(x+1)f(x)
Tinh P=ab.
A.P=-3 B. P =-66 C.P=6 D. P=-36

Cau 3: Cho ham 8 f(x) thoa man f'(x)=2f(x) va f(0)=+/3. Tich phan _[ x)dx bang
2

A 23(e 1) B. V3 (2e-1) c (2 1) . J§(22e—1)
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Cau 4: Cho ham s6 f(x) nhan gia tri &m va c6 dao ham lién tyc trén R thoa man
f'(x):(2x+1)[f(x)]2 va f(0)=-1. Gia tri cua tich phan jolf(x)dx bang

A 1 ~ 213 /3

B. —-In2 C. D. ——
6 9 9

Cau 5: Cho ham s6 f(x) c6 dao ham cap 2 lién tuc trén doan [0;1] théa man f'(0)=-1 va

£'(x)=[f'(x)] . Gia trj cua biéu thuc £(1)-£(0) bing

A.In2 B. ~In2 C. %1112 D. —%mz
Cau 6: Cho ham s6 f(x) nhéan gia tri duong va c6 dao ham lién tuc trén R thoa man
£'(x)=—e*f* (x) VxR va f(O):%. Tinh £(In2)

1

A. In2+= B. C. D. lr122+1
2 2

W | =
| =

Cau 7: Cho ham s6 f(x) nhan gia tri duong va c6 dao ham lién tuc trén [0;+x) va thoa
man f(1)=1,f(x) :f'(x)\/m. Ménh dé nao dudi day dung

A.1<f(5)<2 B. 4<f(5)<5 C.3<f(5)<4 D. 2<f(5)<3
Cau 8: Cho ham s6 f(x) nhan gié tri duong va c¢6 dao ham lién tuc trén [0;+c0) thoa man
£(3) :é va f'(x)=/(x+1)f(x) . Ménh dé nao dudi day dung?
A. 2613 <f*(8)<2614 B. 2614 < f*(8) <2615
C. 2618 <£*(8) <2619 D. 2616 < f*(8) <2617
Cau 9: Cho ham s6 f(x) c6 dao ham lién tuc trén R thoa man f(x)f'(x)=3x"+6x>. Biét
ring £(0)=2. Tinh £*(2).

A. 144 B. 100 C. 64 D. 81

Cau 10: Cho ham s6 f(x) nhan gia tri &m va c6 dao ham lién tuc trén [1;4] thoéa man

2018
f'(x)=(2x+1)f*(x) va £(1)= % . Gia tri ctia biéu thuc ) f(i) bing

i=1
A 2010 g, 2017 c 2016 D, 2018
2019 2018 2017 2019

Cau 11: Cho hai ham s§ f(x),g(x) c6 dao ham lién tuc trén [1;4] thdéa man

£(1)+g(1)=9e va f(x)=—x’g'(x);g(x)=—x*f'(x). Tich phan fng(x)dx bang
X

A. g(e—é/é) B. 9(e-e) C. $(e—4e) p, e~Ve
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Cau 12: Cho hai ham s6 f(x),g(x) c6 dao ham lién tyc trén [1;4] théa man f(1)+g(1)=

va f(x)=-x"g'(x);g(x)=—xf'(x). Tich phan J )+g(x))dx bing
A. 8In2 B. 3In2 C. 6ln2 D. 4In2
Cau 13: Cho ham s6 f(x) va c6 dao ham lién tuc trén [0;+) va thoa man diéu kién

f(x)+f'(x)=e™v2x+1. Ménh dé nao sau day dung?

A 'E(4)-£(0) = B. c'f(4)-£(0) -
C. e'f(4)-£(0) =3 D. ¢'f(4)-£(0)=—3

Cau 14: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1] thoa man f(0)=0 va
2xf (x)+f'(x) = (x —1) Tich phanf xf(x)dx bang
e—4 B. L c. D.
8e 6 6 4e
Cau 15: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;n] thoa man f(O):\/gvé

f'(x)f(x)=cosx1+£*(x). T1chphanf f?(x)dx bing
NPT LR ey N
2 2 2 2

Cau 16: Cho ham s f(x) c6 dao ham duong lién tuc trén [0;1] thda man f(0)=1 va

7 e—4

A.

f(x)=(f'(x )) Tich phan I x)dx bing

A2 B. = c.2 p. 2
4 12 2 3

Cau 17: Cho ham s6 f(x) c¢6 dao ham lién tuc trén [0;1] thda man diéu kién
2018f (x)+x.f'(x)=x*",vx €[0;1] . Gid tri nho nhat cta tich phan I x)dx bang

A L B, - c._ 1 D+
4037 2018.4037 2019.4037 2020.4037

Cau 18: Cho ham s6 f(x) théa man cosxf(x)+sinxf'(x) =

2

VX e F ;E} va dong thoi
Ccos” X 6 3

f(AJ 242 Tich phan E‘ )dx bang

A. 1n(1+¥} B. 21n(1+¥] C.In (i—lJ D. !

2020.4037
Cau 19: Cho ham s6 f(x) c6 dao ham lién tuc trén R thoa man f(0)=0, f(x)>-1 va dong

thoi f'(x):\/x2+1 :2x\/f(x)+1,Vxe]R . Tinh f(\/g)?
A. 12 B. 3 C.7 D. 9
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Cau 20: Cho ham s6 f(x) lién tuc va déng bién trén doan [1;4], f(1)=0 va déng thoi thoa
man x+2x.f(x [f ] Vxe[1;4]. Bat I= J- x)dx. Ménh dé nao dudi day dung?

A.1<I<4 B.4<1<8 C.8<I<12 D. 12<1<16
Cau 21: Cho ham s6 f(x) thoa man [f'(x)]2 +f(x)f"(x)=2x>-x+1,Vx e R, va déng thoi
£(0)=£'(0)=3. Gia tri ctia f*(1) bang?

19

A. 28 B. 22 C. ? D. 10

(x

Cau 22: Cho ham s8 f(x) théa man £(0)=1 va f'(x)+2xf(x)=2xe™ ,vxeR. Tinh gia trj

cua tich phan I xf(x)dx?

A1-2 B. c1-2 D. <
2e 2e 2 2
Cau 23: Cho ham s6 f(x) théa man f(1) _? va f'(x)+3x*f(x) =(15x4 +12x)e‘x2,Vx eR.
e
Tich phan _[ x)dx bang?
4 4
A-3+g B. 2e-1 C-3—g D. 2e+1

Cau 24: Cho ham s6 f(x) théa man f (x)f"(x)+2f(x)(f‘(x))2=15x4+12x,‘v’xe]R va
£(0)=1,f'(0)=9. Tich phan _[ x)dx bang?
N b 27 2 . 1%
14 42 14 42
Cau 25: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [1;4], c6 £(1)=0 va déng thoi
x+2x.f(x [f ]3,Vxe[1;4]. Tich phan _[14(2f(x)+1)2 dx bang?

1 1 1

. B. — C. - D. —

Al 5 3 4
Cau 26: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [1;2], c6 f(1)=4 va déng thoi

f(x)=xf'(x)-2x>—3x*,Vx €[1;2]. Tinh gia tri ctia £(2)?

A. 5 B. 20 C. 15 D. 10
Cau 27: Cho ham s6 f(x)#0thda man diéu kién f'(x)=(2x+3)f*(x) va f(O):_?l. Biét
2018 a
rang Zf (a €Z,beN ) va 5 1a phan s6 t6i gian. Ménh dé nao sau day dung?
a a
A.E<—1 B.B>1 C. a+b=1010 D. b—a=3029
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Cau 28: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] théa man f(0)=1 va déng
thoi diéu kién f'(x)=f(x)+e*+1,Vx €[0;1]. Tinh tich phan j x)dx

A. 2e-1 B. 2(e-1) C.1-e D.1-2e

Cau 29: Cho ham s§ f(x) c6 dao ham cap 2 lién tuc trén doan [1;3], f(1)=f'(1)=1 va

£(x)>0, £(x)f"(x) = (£'(x)) =(xf(x))", ¥x €[1;3]. Tinh Inf(3)

A. 4 B. -3 C. 4 D. 3

Cau 30: Cho ham s6 f(x) théa man déng thoi f(2) = lnz,f‘(x)ef(x)=%,Vxe[2;2018].Bié't
18

rang Zf(i):lna—lnb+lnc—lnd v6i ab,c,d 1a cac s6 nguyén duong va ac,d la s6

nguyén t6 déng thoi a<b<c<d. Gid tri ctia biéu thic a+b+c+d bang?

A. 1968 B. 1698 C. 1689 D. 1986
Cau 31: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;3], £(3)=4 va ddng thoi
[f'(x)]2 =8x* —20—-4f(x), vx €[0;3]. Tich phan J x)dx bang?

A9 B. -6 C. 21 D. 12
Cau 32: Cho ham s6 f(x) dong bién, c6 dao ham cap 2 lién tuc trén doan [0;2], biét rdng
£(0)=1,£(2)=e® va [f(x)] ~£(x)f"(x)+[f'(x)] =0, ¥x [0;2]. Tinh £(1)

A.9 B. -6 C. 21 D. 12
Cau 33: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] thoéa man f(1)=1 va déng
thoi [ f'( x)]2 +4(6x° —1)f( ) =40x° —44x"* +32x* —4,Vx €[0;1]. Tich phan I x)dx bdng?

A2 B. -2 c. B D. -~
15 15 15 15

Cau 34: Cho ham s6 f(x) c6 dao ham lién tyc trén R va thoa man f(0) :% va déng thoi

diéu kién (x+2)f(x)+(x+1)f'(x)=e" . Gid tri cta f(2) bang?

e o o2

< e D. &

3 3 6

Cau 35: Cho ham s6 f(x) c6 dao ham lién tuc trén R\ {-1;0} thoa man f(1)=-2In2 va
x(x+1)f'(x)+£(x)=x*+x,Vxe R\ {-1;0}. Biét f(2)=a+bIn3(a,beQ). Gi4 trj cta biéu

A. B. C.

oo

thic a® +b* bang?
A. 2 B. J C. D. —
4 2 4

Cau 36: Cho ham s6 f(x) nhan gia tri duong va c6 dao ham lién tuc trén doan [0;1] thoa

13

N o1

man [ f(x ] —2+3I t)dt, vx €[0;1]. Tich phan I x)dx bang?
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3 11 3 15
A. —+4/2 B. — C. —++3 D. —
4 ( 4 4 [ 4

Cau 37: Cho ham s6 f(x) lién tuc va c¢6 dao ham trén khoang (0;+w) théa man diéu kién

3n
J.?f(x)sinxdx =—4 va f(x)=x(sinx+f'(x))+cosx. Ménh dé nao sau day dting?
2

A.11<f(n)<12 B. 5<f(n)<6 C. 6<f(n)<7 D. 12 <f(n)<13

Cau 38: Cho ham s6 f(x) c6 dao dén cap 2 lién tuc trén doan [0;1] thoa man diéu kién
[f'(x)]2 +£(x)f"(x)>1,vxe[0;1] va £ (0)+f(0)f'(0):%. Tim gia tri nhd nhat cua tich

phan .[01 f> (x)dx?

A2 B. 1 c D.”~
2 2 6 2
Cau 39: Cho ham s6 f(x) c¢6 dao ham lién tuc tréen R thda man f(1)=1 va dong thoi diéu
kién f'(x)[f(x)]2018 =xe*,Vx € R. 56 nghiém ctia phuong trinh f(x) = 1 1a?
e
A. 0 B. 2 C.1 D. 3

Cau 40: Cho ham s6 f(x) xac dinh va lién tuc trén R\ {0} thoa man f(1)=-2 va déng
thoi x*f? (x)+(2x-1)f(x) =xf'(x)-1,Vx e R\ {0}. Tinh sz(x)dx ?

A. _1r1_2_1 B. —1112—1 C. —1n2—§ D. 2.3
2 2 2

Cau 41: Cho ham s6 f(x) nhén gia trj duong, c6 dao ham lién tyc trén khoang (0;+) thda
man 2 (X)2 =f(x)(>3(+2),Vx>0 va f(1) 1 1 >
HOI 3 [£(x)]

A. E+1112 B. —1+ln2 C. é+1112 D. Z+1r12
2 2 2 2

== . Tich phan [ dx?

Cau 42: Cho ham s6 f(x) c6 dao ham lién tuc trén R théa man f(1)=e va déng thoi diéu

kién (x+2)f(x)=xf'(x)-x>,vxeR. Tinh f(2)?

A. 4e* —4e+4 B. 4e* -2e+1 C. 2e’-2e+2 D. 4e’ —4e+1
. f
Cau 43: Cho ham s6 f(x) nhéan gia trj duong thoa man f'(x) :ﬁ+3x2,Vx e(0;+%) va
X

2 3)(3 1 ., . s R . Y
I ———dx=—.Gi4 trj cta biéu thac f(1)+f(2) bang?

1£2(x) 9

AZ B. 2 b p. 2

2 2 2 2

Cau 44: Cho ham s6 f(x) dong bién va c6 dao ham lién tuc trén R théa man (0)=1 va
[f'(x)]2 =e*f(x),vxeR. Tinh ij(x)dx ?
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A.e-2 B. e?-2 C.e’ -1 D.e-1

Cau 45: Cho ham s6 f(x) nhan gia tri duong va f(x) c¢6 dao ham lién tuc trén [0 ,g} thoa

man f'(x)=tanxf(x),Vx e {O; g},f(O) =1.Tinh Ifcosxf(x)dx?

1+7 B.E C. 1nn+1

4 4
Cau 46: Cho ham s6 f(x) c6 dao ham lién tuc trén R va f'(x):e_f(x) (2x+3), £(0)=In2.

A.

D. 0

Tich phan sz(x)dx bing?
phan [ g’
A. 6In2+2 B. 6In2-2 C. 6ln2-3 D. 6In2+3
Cau 47: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] thoa man f(1)=1 va déng
N | _ 2 . . . R 1 5
thoi xf'(x)—f(x)=x*,vxe€[0;1]. Tinh tich phan IO xf (x)dx ?
AL B. c2 D. 3
3 4 3 4
Cau 48: Cho ham s6 f(x) c6 dao ham lién tuc trén R théa man f(0)=-1 va déng thoi diéu
kien f'(x)=f(x)+x%*+1,vxeR. Tinh £(3)?
A. 6€’ +3 B. 6e +2 C. 3e*-1 D. 9¢° -1
Cau 49: Cho ham s6 f(x) c¢6 dao ham lién tuc trén (0;+0) théa man f(1)=2 va dong thoi

f'(x)+M =4x”+3x va f(1)=2. Phuong trinh ti€p tuyén ctia d6 thi ham s6 y =f(x) tai
X

diém c6 hoanh d6 x=2 1a?
A. y=16x+20 B. y=-16x+20 C. y=-16x-20 D. y=16x-20

Cau 50: Cho ham s6 f(x) c¢6 dao ham lién tyuc va nhan gia tri khong am trén doan [0;1]

fF) T TE ()T
thdéa man [ (X)} 2[X (X)] =1+[f(x)]2,Vxe[O;1]. Biét f(0)=1. Ménh dé nao sau day
e
dang?

5 7 5 3
A. f(l)e(a;?)) B. f(l)e[?);zj C. f(l)e[2;5) D. f(l)e(z;Zj
DAP AN
Caul. Chony C.
Theo gia thiét ta c6 (x*f(x))'>673x*"*, 14y tich phan 2 vé can tir 0 t6i x ta dugc

X( 2 | x 2018 2 673x*""
J (x f(x)) dx > IO 673x* " dx < x*f(x) > 019

0

2017 2017 1

X 1 1x
= f(x)> 3 :J.Of(x)dxzjo 3 dx-3.2018

Cau 2: Chon y A.
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Céu 3: Chon y C.
Cau 4: Chon y D.
Cau 5: Chon y B.
Cau 6: Chon y B.
Céau 7: Chon y C.
Cau 8: Chon y C.
Cau 9: Chon y B.

Cau 10: Chon y D.

| 1
Ta c6 M:2x+1:>—izx2+x+CL>f(x):— 21 :—(1— L ]
f(x) f(x) X" +x X x+1
2018 2018 1 1 1 1 2018
fi)==3 (1L ][I __
321 (®) 21(1 1+1j (1 2019) 2019
Céau 11: Chon y B.
bit h(x)=£f(x)+g(x),h(1)=g(1)+ () 9e . Ta c6
f(x)+g(x)=—x [f x)]:h(x)+x2h'(x)20
1
= ():—%zln‘h(x)‘:1+(ﬁ—>h(l)=9e h(x):9e;
h(x) X X
1
:>J-14—f(x):(r2g(x) dx=L4%ede=9(e—é/g)

Cau 12: Chon y A.

Tuong tu cau 11

Cau 13: Chon y A.
Cau 14: Chon y A.
Cau 15: Chon y B.
Cau 16: Chon y B.
Cau 17: Chon y D.

Tuong ty cau 1.
Cau 18:
Cau 19:
Cau 20:
Cau 21:
Cau 22:
Cau 23:
Cau 24:
Cau 25:
Cau 26:
Cau 27:
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Chon y B.
Chon y B.
Chon y D.
Chon y A.
Chon y A.
Chony C.
Chony C.
Chon y B.
Chon y D.
Chon y D.
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Cau 28: Chon y B.
Cau 29: Chon y A.
Bién déi gia thiét ta c6
" ! 2 |
[fu(x)}"f(x)f (- _ )
(F(0) fx) 3

f(x)
4
O, C=Z = Inf(x)= J.—X— $ax=- —+4—X+C1
3 3 12 3
4
7 D=2 = Inf(x) -X—+4—X—§:>1nf(3)=—4
12 3 4
Cau 30: Chon y C.
Bién déi gia thiét ta c6
3
() e ™dx = [ 2 g o1 @y o
If(x)e dx—J.X3dx<:>e =~ C >C=1

—f(x )—In[l—lj zozwf {ﬁ(l—%ﬂ

i=2 1

[ (2221)(37-1).(2018°-1) | 1.32435.2017.2019
(2.3..2018)’ (2.3..2018)’

20191
20171 2019 3673 8
= > f(i)

== == = =In3-In4+1n673-In1009
(2018!) ©1.22018 221009 &

Cau 31: Chon y B.
Tu gia thiét ta c6 J.O3 [f'(x)]2 dx = J.OS(sz ~20—4f (x))dx =12 —4I;f(x)dx
Ap dung cong thic tich phan timg phan ta c6
ij(x)dx = xf(x)‘3 —J.Sxf'(x)dx = 12—stf'(x)dx
N f’[f ] dx=12-4(12- [ x'(x)dx]
<:>J dx 0=f'(x)=2x=f(x)=x*+C
%C:—Szf(x):xz —5:>_[03f(x)dx:—6

Cau 32: Chon y D.
Taco f(x)>f(0)=1,vxe [0'2] do Véy

! f 2
(f (X)j = [ ] —1:>1nf(x):X—+Cx+D
f(x) I:f ] 2
D=0 C=2 LS 5
Métkhécdof(O):l,f(Z):e6:{6_2+2C+D:{D_0:>f(x):e2 Yo f(1)=e

Céu 33: Chon y C.
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Lay tich phan 2 v€ trén doan [0;1] ta duoc

376

Iol [f'(x)]z dx +4I01(6x2 —1)f(x)dx = Jol(40x6 —44x* +32x7 —4)dx =15

Ap dung cong thic tich phan timg phan ta duoc:
J‘Ol(6x2 —1)f(x)dx = j:f(x)d(2x3 -x)
= (2x3 —x)f(x)‘; —j:(2x3 —x)f'(x) =1 —J‘:(ng —x)f‘(x)dx

Thay lai dang thtc trén ta c6

I:[f'(x)]zdx+4(1—I:(2x3—x)f'(x)dx):%

@Il[f'(x)]z dx—4j§(2x3—x)f‘(x)dx+%:0

<:>I( 2x —x)) dx=0<:>f'(x)=2(2x3—x):>f(x)=x4—x2+C
13

15

_ =t C:1:>f( x)=x"—-x +1:J‘ x)dx=—
Cau 34: Chon y D.
Cau 35: Chon y B.
Cau 36: Chon y A.
Xem lai phan tich phan c6 can thay déi
Cau 37: Chon y B.
Céu 38: Chon y C.
Bién ddi gia thiét tuong duong [£(x)f'(x)]'=[£'(x)] +£(x)f"(x)>1,vx [0;1]
Lay tich phan cén tir 0 dén x ta duoc

[TE()f'(x)dx = [ [£(0)F'(0) +x Jdx

f2 (X) fz (0) > | X2 2 > 2 + 2 + | X
<:>—2 - >f(0)f (0)x+—2 < 7 (x)=x*+£2(0)+2£(0)f'(0)
11

= [ £ (x)dx2 [ [+ (0)+2f(0)f'(0)x]dx:%+f2 (0)+£(0)f'(0) =

Dau “=" xdy ra chang han tai f(x)=vx* +x+1
Cau 39: Chon y B.
Ta c6 If‘ X ]zmdx Ixexdx:(x—l)eX+C

f 2019
[ 201]9 =(x-1)e*+C;{(1)=1 :Fllgz(i:f(x) =2091+2019(x—1)e*

1

~ 2019
e

Vay f(x)=—+ < 142019(x—1)e* =

< 2019(x-1)e** +e* +1=0
e

Xét ham so&

g(x) — 2019(x _ 1)ex+2019 129 11— g ( —~2019 I:ex+2019 n (X _1)ex+2019:| — 2019xe 21
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Do g'(x)=0 c6 dung 1 nghiém nén g(x)=0 c6 t6i da 2 nghiém
Cau 40: Chon y B.

Ttr gia thiét ta c6 x*f* (x)+2xf(x)+1=xf'(x)+f(x) = (Xf(X)+1)2 = (xf (x)+1)

Suy ra j

Suy ra [ f(x)dx = jf—( a

Cau 41:
Cau 42:
Cau 43:
Cau 44:
Cau 45:
Cau 46:
Cau 47:
Cau 48:
Cau 49:
Cau 50:

Chony C.
Chon y A.
Chony C.
Chon y D.
Chon y B.
Chon y B.
Chon y B.
Chon y D.
Chon y D.
Chon y A.

(xf(x)+1)'
(xf(x)+1)2

Mit khac f(1)=—2=C=0=xf(x)+1=—-—=f(x) =

dx:de:x+Cc>xf(x)+1:—

dx=-In2-=
2

Tuong tu vi cau trong dé thi thir Chuyén Lé Khiét , xem lai phan truéc
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15. BAT PANG THUC TiCH PHAN

Cac bai toan bat ddng thic tich phan dugc gidi thiéu trong phan nay nhat 1a phan st dung
bat dang thtcc Cauchy - Schwarz da phan chi mang tinh tinh tham khao, khong nén qua di
sdu do day la chuong trinh lién quan tdi toan cao cap cua bac dai hoc, chi nén hoc phan 1
va phan 2!

1. PHAN TICH BINH PHUONG

V6i dang toan nay ta can cht y t6i nhiing kién thtc sau day:

Vi f(x),g(x) la cac ham lién tuc trén [a;b](a <Db) ta co:

. Ib(f(x))zn dx>0.D4u “=" xay ra < f(x)=0Vx €[a;b]

b
<]
a

e Cong thtc tinh dién tich hinh phing giéi han prabol va mot duong thang:

e=(f; .

36a’

Véi x,,x, 1a 2 nghiém cta phuong trinh ax® +bx+c=0.

f(x)>0vxe[a;b]
f(x)<0vxe[a;Db]

[7£(x)dx

a

f(x)|dx. Ddu “=" xdy ra <:>{

2
ax’ +bx+c‘dx) =

Vi du 1: Cho 2 s6 thuc a,b thoa man a<b,a+b=ab+4. Tim gia tri nhé nhat cua tich
phan I:J‘b x’ —(a+b)+ab‘dx

A. 43 B. 12 C. 2./3 D. 48

Loi gidi
Pay chi la bai tdp md dau ap dung cong thic thoi do a,b da 1a nghiém cda phuong trinh

bac 2 trong dau tri tuyét déi roi!

Ta co:
12—(jbxz—(a+b)x+ab‘c1x)2—A—3
~a 36
3 3 2
a+b)’ —4ab ab+4)’ —4ab ab+2)’ +12
((aby —aab)((@bay-aab) ((@be2yer2]
36 36 36
Chon y D.

Vi du 2: Cho ham s6 y =f(x) ¢6 dao ham lién tuc trén [0;1] théa man f(1)=0 va
L 2 1 0 7 . A 1
_[0 (f'(x)) dx= —7_[0 x°f (x)dx—Z. Tinh tich phan _[O f(x)dx.

AL ’ D. ~
5

B. .=
8 10

C

RN

Loi gidi
Thoat nhin thi bai toan nay c6 vé kha la rdc r6i, nhung hay cht y néu coi f'(x) la 4n thi ta

thdy bong déng cua tam thtic bac 2, dén day ta sé giai quyét bai toan nhu sau:

72 | Chinh phuc olympic todn Fanpage: Tap chi va tu ligu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Bién d6i gia thiét ta dugc:

J.Ol (f'(x))2 dx = —7!01 xf'(x)dx —Z

2 3\2 _
=N l(f'(X)Jer3j dx— [’ X dx=—7
0 2 of 2 4

7x° —7x*

1

2
= O(f'(x)+%x3j dx:ch'(x):—TVxe[O 1]=f(x)= +C
< L . 7 1 7
Mitkhactalaico £(1)=0=>C===| f(x)dx=—.
8 0 10
Chon y D.
BAI TAP TUONG TU

Cau 1: Cho ham s6 f(x) c¢6 dao ham duong lién tuc trén doan [0;1], f(1)-£(0)>1 va

Iolf'(x)[?)f2 (x)+2]2[012 6f'(x)f (x)dx. Tich phanI £ (x)dx bing

Cau 2: Cho ham s6 f(x) c6 dao ham duong lién tuc trén doan [0;1] va f(l)—f(O) =1 thoda
man 2J. JE' () (x)dx >I (x)+1)dx. Tich phan Iol [f(x)]3 dx bang?
A3 B, 5\/7 . 533 + 54 D. 533 -27
2 18 18 18

Cau 3: Cho ham s8 f(x) ¢6 dao ham duong lién tuc trén doan [0;1] thoa man 4f(1)=£(0)

va [ £ (x)dx-3[ £(x)dx=2[ [(3x+1)f'(x)f(x)dx. Tinh £(0)?
1

o o o 3 b5
In4 In4 In4 In4
Cau 4: Cho ham so f(x) c6 dao ham duong lién tuc trén doan [0;2]thda man
6_[ ,/ x)f (x dx>2I )£? (x)dx+9. Tich phanj x)dx bing
2
A, — B. — . .
3 3 C.2 D. 29

Cau 5. Cho ham s6 f(x) lien tuc trén doan [0;1] théa man diéu kién

I:[fz (x)+2In? %}dx=2j@lf(x In(x+1)dx . Tich phan j x)dx bang

A. lnE B. lné C. lnE D. ln2
4 e 2 e

Cau 6: Cho ham s6 f(x) c6 dao ham duong lién tuc trén [0;1] thdéa man f(0)=1 va

SJ:(f'(x)f jdx<2j \/7f dx. Tinh tich phan_[ [£(x ] dx

Fanpage: Tap chi va tu liéu todn hoc Chinh phuc olympic todn | 73



CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

A. B. C.

N | W
| O

D.

(S IEN

Cau 7: Cho ham s6 f(x) lién tuc trén doan |0;

N3

— SN U

} déng thoi thdéa man diéu kién

a

IE 2 (x)+2+/2f (x )cos(x—gﬂdx:—Tz Tich phan sz x)dx bang
A. % B. 0 C.2 D. \2
Cau 8 Cho ham s6 f(x) lién tuc trén doan {0 ,g} va thdéa man diéu kién

I {fz(x)_Zﬁf(x)sin[x_gﬂ o 2;

Al B. 0 C.

ff(x)dx

=~ a
N3

Cha y xem loi gidi vidu 1 dé van dung!

Vi du 3: Cho ham s6 f(x) nhan gi4 tri duong va c¢6 dao ham lién tuc trén doan [0;1]

2
dong thoi théa man f(1)=ef(0)=e va _[01 (MJ dx <1. Ménh dé nao duéi day dang?

f(x)
A. f(%j:& B. f(%}:@ C. ij:i D. f[%j:@

2e

Loi gidi
bay la mot béi toan tuong doi kho c6 dang hoi hoi giong voi cac bai toan ¢ phan 5! Ta hay

dx ln‘f H lnll) =Ine=1. bén day ta c6 dinh huéng giai bai toan

(x) £(0)

nay bdng phuong phéap hé s6 bat dinh nhu sau.

dé y rang I

Gia st ton tai mot s6 a thoa man:

[[E] o 5] -t
< :{ff Jd j{za ((X)) az}dXZZa—gf

2
fl
Ma theo gia thiét ta c6 J‘S(ﬁ] dx<1=2a-a’ £1<::>(a—1)2 <0<a=1

£(x)

Vay khi d6 gia thiét bai toan sé dugc bién d6i tuong duong;:

K[%szxglQJ:(%—ljdeSOQ%zl:f(x):ke"
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Taco f(1)=ef(0)=e nén kzl:f(x):exzf(%J:\/g.

Chon y B.

1
Vi du 4: Cho ham s6 y = f(x) lién tyc trén doan [0;1], thoa man I[f(x)]2 dx=4va
0

1 1
f(x)dx = Ixf (x)dx =1. Gia tri cta tich phan I[f(x)f dx bang?
0 0

A. 1. B. 8. C. 10. D. 80.

Loi gidi
O day céc ham xu4t hién dui d&u tich phan 1a [f(x)]", xf(x), f(x) nén ta s ndy ra y
tudng lién két v6i binh phuong [ £(x)+ax+p] .
V6i mdi so thuc a, B ta co:
j[f(x)+ax+ﬁ]2 dx = J1’|:f(x):|2 dx+2}(&x+[3)f(x)dx+j(oax+[3)2 dx
0 0 0 0

2

=4+2(a+B)+%+aB+Bz.

2

1
Ta cAn tim a, B sao cho I[f(x)+ax+8:|2dx:0 hay 4+2(OL+B)+%+OL[3+BZ =0
0

<o’ +(3B+6)0+3p° +6B+12=0. Dé ton tai o thi A=(3B+6) —4(3p>+6B+12)>0

& 32 +12B-1220= 3(B-2) >0 =p=2=a=—6.

Vay j[f(x)—6x+2]2 dx=0=f(x)=6x-2, ¥xe[0;1]= j[f(x)f dx =10.

Chony C.
Vi du 5: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa man f(1)=0 déng thoi
1 1
I[f'(x)]z dx=7 v I =—. Tich phan J.f )dx bang?
0 0
7 7
B. — C. -
A. 1. 5 1 D. 4

Dé minh hoa THPT Quéc Gia 2018
Loi gidi

bay 1a moét cau timg xudt hién trong dé minh hoa THPT Qudc Gia 2018 cua bd va sau d6
da tré thanh mot trao luu trong céc dé thi thir va tham chi dén dé khao thi chat luong cta
bo ciing da timg xudt hién bai toan nay, tuy nhién céc cach giai trén mang da phan la st
dung dén bat déng thac Cauchy — Schwarz tuy nhién day cé 1& khong phéi y tuong ra dé
cia Bo béi day la kién thic bac Pai hoc. Dudi day 1a sé tiép can bai toan bang kién thic
cta bac THPT.
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Y tudng ctia bai toan van la dua vé binh phuong tuy nhién ham duéi dau tich phan la
[f ] ) khong c6 méi lién hé v6i nhau. Vay lam sao dé lam xuét hién binh

phuong day? Co f'(x) dang & dang binh phuong thi ta sé nghi ngay dén viéc st dung tich
1 1 N 1 11

phan timg phén cho Ixzf ta dugc: Ixzf(x)dx = gf(x) —gjx3f'(x)dx

0

0

1
Két hop vai gia thiét £(1)=0, ta suy ra Ix3f'(x)dx =-1.
0

1
I[f'(x)]z dx=7
Bay gio gia thiét duoc dua vé 1! . Ham duéi d4u tich phéan bay gio la

Ix3f'(x)dx =-1

0
[f ]2 , x’f'(x) nén ta sé& lién két v6i binh phuong [f +ox ]

V6i mdi sé thuc o tacod :

1 1
I[f'(x)+ax3}2dx:j‘[f ] dx+20cj *f'(x dx+0c_[ *dx=7- 20c+72:%(0c—7)2.
0 0
1
Ta can tim a sao cho I[f'(x)+ax3]2dx=0 hay ;(oc—7)2 =0 a=7.

0

Vay I[f x)+7x° ] dx=0=f'(x )——7x3,Vxe[O;l]:>f(x)=—Zx4+C

1
:>C=£:>f(x):—£x4+Z:>If(x)dx:z.
Chon y B.
Vi du 6: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoa man dong thoi
h 3 X) 3

f(1)=0, dx=—=-2In2 va dx=2In2-=. Tich phan |f(x)dx bang?

(1)=0, [[£:()T ax=3 Im) o Tk I 8’
A 1—ln2. B. 1—21n2. C. 3—21n2. D. 3—41112.

2 2 2 2
Loi gidi

Thoat nhin thi ta s& thay bai nay tuong tu bai truéc van phai lam xuat hién f'(x),(f'(x))2 ,

cting bién ddi dé xem c6 nhu bai truéc khong nhé!

1
v 4 f 2 e ~
Nhu céc bai truéc, ta bién doi .[ (X) ~dx = 21n2—% dé lam xuat hién f'(x) bang cach
0

(x+1)
u=£(x) du = f'(x)dx
tich phan timg phan. bat dv = 1 : x> . 1
(x+1) x+1
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Khi d6 ta duoc:
1 11 1
f f( ><)2dX (x| +J-f(x)dX:_f(1)+f(0)+If(x)dX
3 (x+1) Cx+1) 9 x+1 2 1 x+1
T6i day ta bi vuéng £(0) vi gia thiét khong cho. Do d6 ta sé thém bét hang s6 nhu sau:
u=f(x) du=1£'(x)dx
dv = 1 de:> . 1 Tk voi k 1a hang so.
(x+1) x+1

Khi d6 két hop véi £(1)=0 ta duoc:
f(x

i dx:(_xifk} . I( x+1 j (x)dx
_(_1+k)f(o)-i(- 1 +kjf'(x)dx

x+1

Ta chon k saocho -1+k=0<k=1

f'(x)dx = E—21112.
2

Kh 3_ 1
ido: 21n2———'[ dx-—'[ dx:>'[
0

2 x+1) x+1

2
Ham duéi dau tich phan la [f'(x)]2 , = T f'(x) nén ta can c6 [f'(x)+ OLLl:|
X+ X+

Ta tim dugc a=-1=f'(x) = dx =x-In|x+1|+C

X
f =
x+1:> (X) J‘x+1

=C=In2-1=f(x)=x-In(x+1)+In2-1. Vay j‘f(x)d _1-2In2

0
Chon y B.
2. CAN BANG HE SO VA BAT PANG THUC AM - GM
Trong phan nay ta sé ti€p can mot s6 bai toan khé hon phai st dung dén bat dang thic
AM - GM va céc ky thuat can bang hé s6 trong bat ddng thuac. Pau tién nhéc lai bat ddng
thitc AM - GM. Cho 2 s6 thuc duong a,b thi ta luén c6 a+b>2+/ab . Ddu “=" xay ra khi va
chikhi a=b

Vi du 1: Cho ham s§ f(x) nhan gi4 tri duong va c6 dao ham f'(x) lién tuc trén [0;1],

1 1
thoa man f(1 ) va -([fzd(i) +_(|;[f'(x)]2 dx <2. Ménh dé nao sau day dung ?
2e 2(e-2) 2e’ 2(e-2)
A f(1)=,— B. f(1)= C. f(1)= . =
(=47 W)== W=\z7 D iU)=y—=
Loi gidi

Luét nhin qua bai toan nay thi kha 1a “hai” nhung tuy nhién hai tich phan dang ¢ cung

can nén ta sé dua né vao cting mot tich phan va st dung bat ding thicc AM - GM nhu sau:
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1 1 M-cM L f

j].f2d(>;)+_|.[f'(x)]zdx J.Lzz +[f } Z 2_[ :((

=2Inlf(x)], =2In|f(1)|-2In[£(0)[ =2In

@‘ =2lne=2.

£(0)

Miit khéc theo gia thiét ta lai co:

j- dx +_1.[f'(x)]2dX32:>f'(x):LQf(X)F(X):l

2 £ (%) f(x)
:jf '(x)dx = dex@@:x+(::>f(x):\/2x+2(:.

1

Ta co: f(1)=ef(0) nén ta co J2+2C=e2C = 2+2C= e22C<:>C—

P e el

Chony C.
Vi du 2: Cho ham s6 f(x)>0 va c6 dao ham f'(x)>0 lién tuc trén [0;1], théa man
1
£(0)=1 va [[ £ (x)+4[£(x)] }dx<3_[f (x)dx. Tinh 1= jf
0
A. 1:2(\/5—1). B. 1=2(e*-1). C. 1:@‘1_ D. 1=e22‘1,
2
Loi gidi

Bai todn nay la mot bai toan khé nhung tuy nhién néu biét vé bat ddng thicc AM - GM thi
no tro lén kha la don gian
Ap dung bat dang thtc AM~GM cho ba s duong ta c6

£ () +4[F()] =4[ ()T +¥+f3(_x)

2

z3i/4[f'(x)]3.f3;").f3§x) _36(x)f (x)
:i[ﬁ(x)+4[f'(x)]1dx2 3If‘(x)f2(x)dx.

Mit khéc theo gia thiét ta co:

i[f3(x)+4[f'( de<3jf (x)dx = 4[f'(x)] L COTES €3 IR ST

:M=1:Imdx:—jdx:>1n‘f(x)‘:%X+C:>f(x)=e;

f(x) 2 f(x)

Tacé: £(0)=1=>C=0=f(x)= & :>jf Jdx =2(+e -1).

Nhin xét. Day 1a huéng tiép can theo bat déang thitc AM - GM tuy nhién ta con mot
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céch khéc c6 thé s& nhanh hon teo. P& y néu ta coi a,b 1an luot 1a f(x),f'(x) thi ta s&
c6 duoc da thiic thuan nhat bac 3. Cu thé ta c6:
f(a,b)=a’ +4b’ ~3a’b=(a+b)(a-2b) >0

Khi d6 gia thiét tuong duong:

1

[ £ ()+4[£ (0] |ax< 3if'(x)f2 (x)dx < i(f(x)+f'(x))(f(x)—zf'(x)f dx <0

0
Mt khac f(x) >0, f'(x)>0 nén dau “=" xay ra khi f(x)=2f'(x).
Dbén day bai toan lai tro nén binh thuong!
Chon y A.

Vi du 3: Cho ham s6 f(x) nhan gia tri duong trén [0;1], c6 dao ham duong va tuc trén
xf'(x)

(x)

aflr weflee ofiE i)

1
0;1], thda man dx>1 va f(0)=1, f(1)=e’. Tinh gia tri cta f L )
01] j (0)-1, £(1)=. Tinhg !
0

Cach lam chung ctia cc bai toan thé nay la tir gid néu bai toan cho la lén hon hodc bang
thi ta phai chi ra ddu nhé hon hogc bing va nguoc lai. Bai toan nay ciing nhu thé, ta cAn
xf'(x)
£(x)

Ham duéi dau tich phan la: xf_(x) - Jx. ix), vx e[0;1].
f(x) f(x)

biéu nay khién ta nay ra y tudng danh gia:

[P bR
R T ST

Muon vay ta phai danh gia theo AM —GM nhu sau:

1
chi ra duoc I dx <1 bing cac danh gia co ban.
0

%) (x)+mx22x/a. xff_(x) voi m>0 va xe[0;1].

£(x) (x)

1 f! 1 f!
Do d6 ta can tim tham s6 m >0 sao cho: J{ﬁ + mx} dx > 2\/;_[ Xf—(x)dx hay:
0

oL (%) (x)

1
22\/5.1an‘f(l)‘—ln‘f(o)h%zzﬂ<:>2—0+%22«/r;

ln‘f(x)H; +rnX72
0

d s 2 ~ A 2z m
bé ddu "=" xay ra thi ta can c6 2—O+?:2x/m<:>m=4.
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V&éi m =4 thi ta co:

Hf'(x +4x}dx 4>4j\/7 irdx 1

Dé’u”=”xéYrakh1 4X3J.f(X)dXZJ.4XdX©1n‘f( ‘ 2+ C=f(x)=e e,

f(X) £(x)

fO :1 2
Theogiéthié’t{ (0) = C=0=f(x)=e* :f(%jzx/g.

f(1)=¢’

Cach 2. Theo bat dang thtc Cauchy - Schwarz ta co:

[+ [0, R 1)
U i ] UIFJ e T R

Vay dang thtic x4y ra nén ta c6 ( )_ =kx, thay vao j Xt (X)dx 1 ta duoc k =4.
£(x) £(x)
£1(x)

(%) = 4x. bén day 10i gidi giong nhu trén.
X

P/s: Bat dang thic Cauchy - Schwarz ta sé tim hiéu ¢ phan sau!
Chony C.

Suy ra

1
Vi du 4: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa man I[f(x)f'(x)]Z dx<1
0

va £(0)=1, f(1)= 3. Tinh gia tri cia f(%j

A f@:ﬁ. B. f@=3. C. f(g}@ D. f@:e.

Nhan thay bai nay ddu “<” nén can phai danh gia theo chiéu nguoc lai, cha y t6i bai toan
lién quan t6i f'(x),f(x), néu ta danh gia duoc [f(x)f'(x)]2 vé f(x)f'(x) thi bai toan coi
nhu dugce gidi quyét. Mudn vay ta phai danh gia theo AM - GM nhu sau:

[£(x)f'(x)] +m=2Jm.f(x)f'(x) v6i m20.
Do d6 ta can tim tham s6 m >0 sao cho:

([E)F ()] +m)dx zzx/alf(x)f (x)dx

O Ly

£(x)[
Hay 1+m22«/§.% & 1+m>2¢m
0
Dé ddu "=" xay ra thi ta cdn c6 1+m =2Vm & m=1.

Khi d6 ta duoc:
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1

j[f(x)f'(x)]z dx+1= i.[f(x)f'(x)]z dx+§[1dx

0

f(x)f'(x)=-1
. Né'uf(x)f'(x):—1:>Jl.f(x)f'(x)dx:—'l[dx@fzgx) :—x|(1)<:>1:—1 (vo ly)
x)

e Néu f(x)f'(x):1:>If(x)f'(x)dx=jdx@%_
0

Th =2 * Ay f( )
eo gia thiét
£(1)

e (1)-£(0)]-1.

2

1
Cach 2. Ta c6 J.f(x)f'(x)dx =
0

Theo bat dang thiic Cauchy - Schwarz ta c6:

1 1

12 = [il.f(x)f'(x)dx} < J.lzdx.j[f(x)f'(x)]2 dx<1.1=1.

0 0
1
Vay déng thuc xdy ranén ta c6 f'(x)f(x) =k, thay vao If(x)f'(x)dx =1 ta duoc
0

k=1. Suy ra f'(x)f(x)=1.Dén day lam ti€p nhu trén!
P/s: Bat ddng thtc Cauchy - Schwarz ta sé tim hiéu & phan sau!
Chon y A.
Vi du 5: Cho ham s§ f(x) nhan gid tri duong va c¢6 dao ham f'(x) lién tuc trén [1;2],

2 fl 2
théa man j[f(—x):ldx <24 va f(1)=1, £f(2)=16. Tinh gi4 tri ctia f(\/i)
1 X

(x)
A. f(ﬁ):L B. f(ﬁ):ﬁ. C. f(ﬁ)zz. D. f(ﬁ)=4.

Loi gidi

Chéc rang qua 4 vi du & trén ta da phan nao hinh dung va ndm duoc y tudng va phuong

.....

(o] _1 [T
Ham duéi dau tich phan 1a =—. . bBiéu nay lam ta lién tudng dén dao ham
X

f(x) x f(x)

f! y
() , muon vay ta phai danh gia theo AM - GM nhu sau:

dang W
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(0T, s o £ i 50 va xelt
xf(x) +mx_2\/aﬁ voi m>0 va xe[1,2].

f 2 !
Do d6 ta can tim tham s6 m >0 sao cho I[[ ] +medx > 2\/51 ) dx hay:

1| xE() 1 JE(%)
24+2?mz4\/5\/@j

<:>24+27m24\/5[4&(2)—4&(1)}<:>24+?m212\/5<:>m=16.
Dé dau "=" xay ra thi ta can c6 24+2—m:12\/5c>m:16.

3
2 f‘ 2 |
V6i m =16 thi dang thac xdy ra nén [ (X)} =16x = ) (x) =
xf (x) 2.Jf ()

:>J‘dezj'2xdx<:>\/f(7x)=x2+C:>f(x)=( 2+C)2

2Jf(x)

f
Theo gia thiét {f

)
)
2 |
Cdch 2. Ta co J. f (X) dx=
1

Theo bat dang thiic Cauchy Schwarz ta c6
2 2
2 2 fl 2
j [0 g | <Fra JLEC g
1 (X) 1 1 Xf(x) 2
! 1 2 £
Vay dang thtic x4y ra nén ta c6 fi(x) =k'x & LX) =kx thay vao I () dx=6
1

7 Y T

= 4x. bén day lam ti€p nhu trén!

f'(x)

ta duoc k =4. Suy ra

Chon y D.

3. BAT PANG THUC CAUCHY - SCHWARZ CHO TICH PHAN

Nhin chung thi céc bai toan nay chua gdp thi sé thdy no la va rat kho, tuy nhién néu da

gdp va lam quen rdi thi bai toan nay tré nén tuong doi dé, c6 thé dé hon 2 dang toan trén !
e Bat déng thtc Cauchy - Schwarz cho tich phan

Cho f(x),g(x):[a,b] > R la cac ham kha tich trén doan [a;b] khi d6 ta ludn ¢6 :

2
I dxj g*( dx>(j f(x)g(x)dx)
Déng thic x4y ra khi va chi khi f(x)=kg(x) v6i sd thuc k0.
Chitng minh

V6i moi te R xét binh phuong ta ludn c6 I:(t.f(x)Jrg(x))2 dx>0
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biéu nay tuong duong vai :
h(t)= (J.bf2 (x)dx)’c2 +2(be( )-g(x) dx)t+j g’ (x)dx>0vteR
+ Trudong hop 1 I £*(x)dx =0 < f(x) =0 bat déng thic da cho la ddng thuc.
+ Truong hop 2: I f?(x)dx >0, day 1a tam thtic bac 2 hé s6 a duong va luén khong am,

tac biét s6 delta ludn khong duong. Tuong duong :

A':(Lbf(x).g(x)dx)z—j de. g”(x)dx <0
= (I:f(x).g(x)dx)2 < ijz (x)dx.ng2 (x)dx

bén day ta c6 diéu phai ching minh !
e Bat déng thtc Holder cho tich phan
Cho f(x),g(x):[a,b] > R 1a cac ham kha tich trén doan [a;b] khi d6 ta ludn ¢6 :

Ibf(x)g(x)dx S( ab f(x) dx):)( ab g(x)|" dx)Cl

Trong d6 p,q la céc s6 thuc duong théa man 1 + 1 1.

q p
Vi du 1: Cho ham s f(x) c6 dao ham lién tuc trén [0;1], thoéa man f(1)=0 déng thoi

| =

1 1 1
I[f'(x)]z dx=7 va Ixzf(x)dx=%. Tich phan If(x)dx bang?
0 0 0

C.

A. 1. B. D. 4

SIRN
| N3

Dé minh hoa THPT Quéc Gia 2018
Loi gidi
Bai toan nay ta da duoc gdp & phan phan tich binh phuong réi, gio ta sé tim hiéu mot cach
ti€p can khac bing bat ding thiac Cauchy - Schwarz. Cha v la bat déng thic Cauchy -
Schwarz cho tich phén thi luén phai c6 moét luong binh phuong cho nén ta khong dugc
bién d6i gia thiét (f'(x))z, tuy duy van nhu phan trudc, ta phai lam xuét hién f'(x) ¢ gia
thiét th 2.

1
Tich phan timg phan cho Ixzf (x)dx = % ta duoc:
0

1 1 1
J.xzf(x)dx =X—f(x) —1jx3f'(x)dx o Ix?’f'(x)dx =-1.
0 3 0 30 0

St dung bat déng thic Cauchy - Schwarz ta c6 :

(I (x)ax) < [Ixaxf [T dx=1= 1< [ Xf(x)dx <1
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Vay ddu "=" xay ra khi f'(x)=kx*. Thé nguoc lai ta im dugc k = -7

Vay f'(x)=-7x>,Vx e[0;1] = f(x) = —Zx“ +C

7 7,7 7
:>C—Z3f(X)——ZX +Z:>J‘f(X)dX—g.
Chon y B.
BAI TAP TUONG TU.
Cau 1: Cho ham s¢ f(x) lién tuc trén doan [-1;1] théa man f(-1)=0, J‘ va
Jlll(f'(x))2 dx =112, tinh tich phan I = J:llf(x)dx :
o 168 5 5 % b, &
5 2 4 5

Cau 2: Cho ham f(x) c6 dao ham lién tuc trén [0;1] théa man diéu kién

L 2 1 X 62—1 N . P A 1
IO (£'(x)) dx=J.0 (x+1)e*f(x)dx = G f(1)=0. Tinh tich phan _[Of(x)dx
e—1 e’ e
A, — . — — D. —
> B 1 C.e-2 >

Cau 3: Cho ham f(x) c¢6 dao ham lién tuc trén [0;1] thoa man f(0)=0,f(1)=1 va

1., 2 1 . R
IO [£'(x) ] V% +1dx= Y Tich phan J- \/ﬁdx bang
1. - ~1+2
A. Eln (1+\/§) B. 5 ln2(1+\/§)
1
C. E1n(1+ﬁ) D. (-1+42)In(1++2)
Cau 4: Cho ham f(x) c6 dao ham lién tuc trén [0;1] théa man f(1)=1 va déng thoi
1 4 i, 2 .49
IO x.f(x)dx=ﬁ va IO [f (x) dx—E. Tinh I [f ] dx
2 1 4
A. — B. — C. —
9 6 63 D.1
1
Cau 5: Cho ham s6 f(x) lién tuc trén doan [0;1] théa man f(1)=1 ,J‘(f'(x))2 dx:g va
0
I:f(x/;)d =% Tich phanf dx bang
AL B. 1 c2 D. 32
4 5 4 5
2
Cau 6: Cho ham f(x)lién tuc trén [0;1] thda man I:(f‘(x))z dx=IoleXf(x)dx= © 4_1 va

ef (1)=£(0). Tinh tich phan _[: £ (x)dx
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A.e-2 B.e-1 C. 2e-3 D. 2e-1
Cau 7: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] va £(0)+£(1)=0. Biét rdng
Iol £ (x)dx = %,Ef'( )cos nxdx = E Tich phan J. x)dx bing

A3—TE B.
2

Cau 8: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1]. Biét I:fQ (x)dx=3 va

1
C.n D. —
T

SN

Llf (x)sinnxdx = n. Tich phan J ( jdx bang

AT B.
2

c.-8 D. >

T T

SN

2
Cau 9: Cho ham s6 f(x) lién tuc trén doan [0;1] thoa man f(1)=0, I [f ]2 dx :%,

I cos(nzxj £(x)dx =% Tich phan _[ x)dx bang

D. —
T

T
A. E B. &t C.

Cau 10: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1], va thoa man f(1)=1,

1 2
T

I:[f'(x)]z dx=9va Iolx3f(x) :% Tich phan J x)dx bang

A. > B. 2 C. z D.
2 3 4

gl o

Cau 11: Cho ham s& f(x) c6 dao ham lién tuc trén doan R thoa man f(g]:&
I [f ] dx—— Vaj cosx.f(x )dx=g.Tinh £(2018n)

A -1 B. 0 C. D. 1

N | =

Cau 12: Cho ham s6 f(x) c6 dao lién tuc trén doan [1;2] va théa man diéu kién

=0 Ij(x—l)zf(x)dx:—% va J-f[f ] dx =7. Tich phan I x)dx bang

AL B~ c. D. ~
5 5 20 20

Cau 13: Cho ham s6 f(x) lién tyc trén [0;1] thoa man _[: x£?(x)dx = I: xz.f(x)dx—%. Tich

phan I x)dx bang?

Al B.
5

Chua y xem loi gidi vidu 1

o
gt N

Q“ | =
W |-

van dung!
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Vi du 2: Cho ham s6 f(x) lién tuc trén [0;7], thda man If(x)dx =Icosxf(x)dx =1. Gia
0

0

tri nho nhét cua tich phan I f*(x)dx bang?

(6)

Az 2 c.2
yis T

a
a

Loi gidi
Nhin cach phat biéu ctia bai toan tuong d6i giong véi bai trén, néu ap dung bat dang thic

Cauchy - Schwarz ta c6 :
1=(J.0ncosx.f(x)dx)2 S.:':.cos2 xdx.];‘f2 (x)d :glﬁ
Suy ra jfz )dx > g dén day sé c6 nhiéu ban khoanh A.
Cht y rang dau "=" xay ra khi f(x)=kcosx thay vao I‘f(x)dx =1 ta dugc:

1

If x)dx = kjcosxdx ksmx| =0
0

biéu nay la vo ly! Vay 10i gidi dung cua ta sé can phai st dung t6i phuong phap bién thién

a:.[acosxf(x)dx
T 0 . |a, beR
f(x)dx:J.cosxf(x)dx:lz . VOI{

hing s6. Ta c6 2 1250
+
0 b= [ bf(x)dx R
0

O ey 3

Theo Cauchy - Schwarz ta co :
T 2 T T
(a+b)2 :(L (acosx+b)f(x)dx) < IO (acosx+b)2 dxj0 f? (x)dx

o s 1 " 2(a+b) . [a beR
Lai c6 _(|).(acosx+b) dx:En(az+2b2)- Suy ra !fz(x)dxzm v {a2+b2>0

T 2
Do dé Ifz (x)dx > z.max{(?+—k))2} _3
0 i a~+2b s
Chon y B.
Nhan xét:

e Tanhanthém a, b vao gia thiét dugc goi 1a phuong phéap bién thién hing so.

_ (a+b)2

5 > ta lam nhu sau:

e Cach tim gia tri 16n nhat caa P
a”+2b

+ Néu b=0=P =1 (chinh la dép 4n sai ma minh da lam ¢ trén)
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2 [aj2+2a+1
. b b b 2
+Néubx0mp- 2PN B b 7 ¢ t2t+1(t:3J
a~+2b (aj t°+2 b
b +2

Té6i day ta dao ham hodc dung MODE 7 do tim. Két qua thu dugc GTLN cta P bang %

khit:2:>%=2<:>a=2b.

2 a:2b
Véy défu "=" dé bai toan Xéy ra khi {f(x):b(ZCosx-{-l)
g A 7en f 1 2cosx+1
Thay ngugc lai diéu kién, ta dugc: Ib(2cosx+1)dx =leob=—=f(x)=—"F"—
n n
Lic nay IfZ x) dx I[de _3
n

Cdch khdc. Dua vé binh phuong
Ham dudi ddu tich phan 1a £*(x),f(x),cosx.f(x) nén ta lién két véi (f (x)+ocosx+ B)z

V6i mdi so thuc o, B ta co:

O e 3

(f( )+occosx+B) dx = jfz dx+2I acosx+B)f(x )dx+]£(occosx+[3)2dx

O ey 3

fz(x)dx+2(a+[3)+goc2+n[32

Ta cdn tim a, B sao cho 2(a+p) +ga2 +7f’ dat gia tri nho nhat. Ta co:

T T T

2(0(+[3)+§0L2+TCB2 :g(a+%j +n(ﬁ+1j _EZ_E

T 2
Vay voi 0L=—2;[3:—1 thi ta co: J.[f( —zcosx—l} dx = jfz dx—E
i T 0 T T i

2cosx+1
T T T T

n n 2

Suy ra IfZ(x)dx=J{f(x)—gcosx—1} dx+2>2 Dau = xay ra khi f(x)=
0 0 T

BAI TAP TUONG TU

Cau 1: Cho ham s6 f(x) lién tuc trén [0;1] thoa man J x)dx = J- xf(x)dx=1 va

j [f ] dx =4. Gia tri cua tich phan -[ dx la

A. 10 B.1 C. 80 D. 8
Cau 2: Cho ham s6 f(x) lién tuc trén doan [0;1] thda man J x)dx = J e*f(x)dx=1. Goi

m 1a gia tri nho nhat cta tich phan -[ dx Ménh dé nao dudi day dang?
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A.0<m«<1 B.1<m<?2 C.2<m<3 D.3<m<4
Cau 3: Cho ham s6 f(x) lién tuc trén doan [0;7] théa man I x)dx = I sinxf(x)dx=1.

Gia tri nho nhét cta tich phan J. x)dx bang?
A B, °1=° c. ¢ D. >
o n’ -8 n -2 2n

Cau 4: Cho ham s8 f(x) lién tuc trén doan [0;1] théa man J x)dx = I ff )dx=1.Gié

tri nhé nhat cda tich phan I x)dx bang?
2 4 8
A. — B. — D. —
3 3 C.3 3

Cau 5: Cho ham s6 f(x) lién tuc trén doan [1;e] thoa man J x)dx = J. Inx.f(x)dx=1.

Gia tri nho nhat caa tich phan J x)dx bang?
. 22e—5 B. 2e-3 C. 22e—3 D. 2e—-5
e —3e+1 e—2 e —3e+1 e-2

Cau 6: Cho ham sd f(x) lién tuc trén [O; 4} thda man J. x)dx = J”*tanxf(x)dx =1.Gia

tri nhé nhat cda tich phan I4f )dx bing?

4In(2e) 4In(2)-4 161n(2e) 161n(2)-16
. B. C. D.
n* —4n+4In’2 n* —4n+4In’2 n* —4n+4In’2 n° —4n+4In*2
Cau 7: Cho ham s6 f(x) lién tuc trén [0;1] théa man I x)dx = I X f(x)dx =1 . Gid tri

nho nhat caa tich phan IO [ f (x)] dx 1a?
A. 4036 B. 4038 C.4034 D. 4032
Cau 8: Cho ham s6 f(x) lién tuc trén [0;1] thoa man I:x.f(x)dx=.[;f(x)\/§dx:1 va

J. [f (x) ] dx =>5. Gia tri ctua tich phan _[ x)dx bang

A2 B. 2 c.L D. -
6 7 18 21

Cau 9: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;7] théa man .fonf'(x)sin xdx =-1 va

n 2 ) . n
IO (f(x))2 dx = — Tinh tich phan _[0 x.f(x)dx
A -2 B. —n c. -2 D.-Z
T T 2

Chu y xem 1oi gidi vi du minh hoa dé van dung!

2
Vi du 3: Cho ham s6 y =f(x) c6 dao ham lién tyc trén [1;2], thoa Ix3f(x)dx =31 Gia tri
1
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nho nhét cda tich phan .[ f*(x)dx bang?

A. 961. B. 3875. C. 148955. D. 923521.

Loi gidi

Van la bat dang thtic Cauchy - Schwarz nhung yéu ciu ctia bai toan f(x) bac 4 va gia thiét
2

chi c6 1, vi thé y tudng cua ta 1a danh gia truc ti€p yéu cau '[ f*(x)dx qua J- x’f (x)dx =31.
1

Thé st dung Cauchy - Schwarz nhu thé nao? Rat don gian d6 1a st dung lién ti€p bat
dang thic Cauchy - Schwarz!
Ta c6 ap dung hai 14n lién tiép bat dang thic Cauchy - Schwarz ta duoc:

31" = (Lz x°f (x)dx)4 = {(J.f x> xf (x)dx)2 T < (J.lz x4dx)2 (Lz x*f? (x)dx)2 < (J.lzx‘ldx)3 jf‘* (x)dx

4
Suy ra j12f4 (x)dx > L3 =3875.

D4u "=" xdy ra khi f(x)=kx nén ka x'dx =31 k=5=f(x)=5x"

Chon y B.
Vi du 4: Cho ham s6 f(x) c¢6 dao ham lién tuc trén [0;2], théa man f(2)=1,
2
32 <
2f :— va f dx =— Gia tri cta tich phan f dx bang?
I f [£1(9)] dx= P I g
A -3, B. 2. c - D.Z.
2 3 3 3
Loi gidi
2
Van nhu bai trén ta phai lam xuat hién (f '(x))4 . Tich phan ting phan Ixzf (x)dx = % két
0
hop voi £(2)=1, ta duoc I ' (x)dx = 352

Ap dung Cauchy - Schwarz 2 1an ta dugc

[3—5)2)4 = (.[02 x3f’(x)dx)4 = (.[02 xz.xf’(x)dx)4 < (IOZ x‘ldx)2 (J.OZ x* [f'(x)]2 dx)2
(jo2 x4dx)2 (J‘O2 x* [f '(x)]2 dx)2 < (Jj x4dx)2 X (I02x4dx.j02[f'(x)]4 dx)
(IOZ x“dx)3 X '[Oz[f'(x)T dx = 10?2276 = [%T :

2
Dau "=" xay ra khi xf'(x) =kx* = f'(x) =kx thay vao I[f'(x)T dx = 3—52 ta tim duoc k=1
0

IA
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2
:>f'(X):X:>f(X):J‘XdX:X?-FC&)C:—l.

x’ [ 2
Vay f(x):E—ljff(x)dx:—g.
0

Chon y B.
Cdch 2. Ap dung bat déng thttic AM - GM ta c6:
[£'(x) ]4 +xtxt +xt 2 035 (x)

2
Do vay I[f ] dx+3I fdx > 4j *f'(x)dx. Ma gia trj ctia hai v€ bdng nhau, c6 nghia la
0

ddu "=" xay ranén f'(x)=x. Dén day la ti€p nhu trén!

Vi du 5: Cho ham s6 f(x) c6 dao ham lién tyc trén [0;1] ddng thoi thoa man cac diéu

)
kién f(1)= I :g va r(x—l)\/1+

X (f'(x))de :1)) Tth. £ (x)dx ?

x—2
AL B. 2 c. 23 D. 2%
3 15 60 60
Loi gidi

Mot bai todn khé kho, ta thay rang c6 mot lugng binh phuong trong cin nhung tuy nhién
néu dé nguyén thi khong thé nao 4p dung Cauchy - Schwarz duoc, do d6 sé ndy ra ¥
tuong st dung bat ding thic AM - GM dé pha can. Nhung ta khong thé ap dung luon
dugc do x—-1<0 bdi bat ddng thic AM - GM ap dung cho 2 s6 duong, do d6 phai déi
chiéu lai méi st dung duge. Trudce tién phai bién déi gia thiét dau tien trude da.

St dung tich phan timg phan ta co: J-Olf(x)dx = % = f(l)—_[ol xf'(x)dx = J‘Ol x.f'(x)dx = %
Mit khac theo bat déng thic AM - GM ta c6:

X e 2 2 X (erf v\
2(1_X)\/1+x—2(f (x)) <(1-x) +1+X_2(f (x))
Tich phan hai vé trén doan [0;1] ta c6:

2 4 1 ox ' 2
353 i)

Theo bat dang thitc Cauchy - Schwarz ta cd:

(j x£( ) (j \/TXF ] x(2=x)dx [ 57— (£'(x)) dx

TOX W2 2 x> 1 53
:>J.02—x(f (x)) dngzf(x):2—x:>f(x):2x—?:>_[of2(x)d =50

X \ 2 <2
(f (x)) dx < 3

Chony C.

. 1
Vi du 6: Cho ham s6 f(x) lién tuc trén [0;1] thoa man I xf(x)dx=0 va max f(x)‘ =6.
0 [0;1]
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Gia trj 16n nhat cta tich phan Ll x*f(x)dx 1a?

3
A. 2 B.2-\2 C-g D. -1+2

Loi gidi
Bién d6i gia thiét ta c6

_[: x*f (x)dx

= Uol x*f (x)dx —I: axf(x)dx

= ‘J‘Ol(x2 —ax)dx

< oo < e el =6 b o

Do d6 I: x*f (x)dx

S6minj§‘x2 —ax‘dx£6r[r()1;ilr]1j:‘x2 —ax‘dx:Z—\/E.

aeR

2

D4u “=" xay ra tai a= -
Chon y B.
BAI TAP TUONG TU

- 1
Cau 1: Cho ham s6 f(x) lién tyc trén [0;1] thoa man I xf(x)dx=0 va max‘f(x)‘ =6.Gia
0 [O;l]

tri 1on nhat cta tich phan I()l X (x)dx 1a?

A2 B. 3
2 4

Cau 2: Cho ham s6 f(x) lién tuc trén [0;1] thoa man lezf(x)dx =0 va max f(x)‘ =6.Gia
0 [0,'1]

C. D.

WIN
gl W

trj 16n nhat ctia tich phan _[01 x’f(x)dx 1a?

3(2-¥a) 2-34 b L
i 16 24

A.

B.

| =

- 1
Cau 3: Cho ham s6 f(x) lién tuc trén [0;1] thda man J xf(x)dx=0 va max‘f(x)‘ =6.Gia
0 [0;1]

tri 16n nhat cta tich phan Iol x*f(x)dx 1a?

2 B 34-42) C. —4_2(*)5 V2

A —
4

10

Tom lai:

e Day la mot van dé c6 thé goi 1a kho, nhung tuy nhién néu tim hiéu ky thi ta c6
thé thay no ciing kha don gidn, mau chot van ludn 1a cac dai lugng binh
phuong, cac dai lugng khac déu phai bién ddi dé dua vé dai lugng nay.

e Kinh nghiém gidi nhanh: Cac bai toan & day dau “=" déu xay ra tai
f(x)=k.g(x), vi du nhu bai todn vi du 1, f'(x)=kx’, vay trong khi thi trdc
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nghiém néu bién ddi theo ding mau ctia bat dang thic nay rdi thi ta c6 thé du
doan dugc méi lién hé va thé ngugc lai tim hang s6 k, khong phai mat cong st
dung bat ddng thtic dé chting minh né nita, sé tiét kiém dugc thoi gian lam bai!
LUYEN TAP
Cau 1: V6i céc s6 thyc a €[0;1]. Tim gid tri nho nhét cia S= J:‘xz —ax‘dx
2-2 ~1+42 ~1++2 2-2
=— B. m= C.m= m
6 3 6 3
Chon y A.

A.m

2-2

Ap dung cong thic tinh dién tich hinh phing ta dé dang tim dugc S > e

Cau 2: Ki hiéu A 1a tap cac ham s6 lién tyc trén doan [0;1].

Tim [ = max{J'lxsz(x)dx—jo1 x.f2 (x)dx}

f(x)eA (Y0
A L B. 20 c. 2012 D. L
2014 2014 2013 16104
:Chony A.

2
2012
Ta cé I: x*Pf (x)dx _.[01 x.f2 (x)dx = —Jj{x/;f(x) _X \/;j dx + %jolx‘lmdx <

2 4.4026

Cau 3: Tim gié tri nho nhéat cda tich phan 1= Ib x2 +(2—m)x—2‘dx(a <b) trong d6 a,b 1a

nghiém cua phuong trinh x* +(2-m)x-2=0

128

A — B. 242 C. 82 D. 8
9 3

Chony C.

82

Ap dung cong thtc tinh dién tich hinh phéang ta dé& dang tim duoc 1> =

7z ., . 2 A ? z A 1
Cau 4: V6i cac s6 thuc ae [O ; 1]. Tim gié tri nho nhat caa tich phan I = IO ‘x3 —ax‘dx .

A. ﬂ B. D. ﬂ
6 8
Chon y B.

Pha tri tuyét d6i ta co

C.

x|~
&~

M= J‘Ol‘x3 —ax‘ dx = jf

2
:J’O‘/;(aX—x3)dX+J.;;(x3 —ax)dXZ%[a—%) +%Z%

1
x° —ax‘dx+j x® —ax‘dx
N

Cau 5: Cho m 1a tham s6 thuc m e[1;3]. Goi 4,b 1an luot 1a gia tri nho nhét va gia tri lon

nhat cta tich phan S= Izm‘x3 —4mx’ +5m°x — 2m3‘dx .Tinh P=a+b
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41 21
A-PZZ B. P=1 C-PZZ D.P=2

Chon y A.
Bién déi gia thiét ta c6

S= Lim‘x3 —4mx? +5m2x—2m3‘dx = I

Zm‘
m

(x —m)2 (x —2m)‘dx

= —J'jm((x—m)2 (X—Zm))dx = —J.rim(x—m)3 d(x—m)+rnj.;m(x—1rn)2 d(x-m)

2m
1 3 TR ETXET)

Cau 6: Ki hiéu A 1a tap cac ham sd lién tuc trén doan [0;1] va nhén gia tri khong am trén

doan [0;1]. Xac dinh s6 thyuc ¢ nhé nhat sao cho I (201\/_) x < CI f(x)dxVf(x)eA.

1

C.— N|
A. 2018 B. 1 2018 D. v2018

Chon y A.
Dt " = x = dx = 20188 = [ £(*¥/x )dx =2018[ t*""f (t)dt <2018[ £(t)dlt
0 0 0
Do ¢ nhd nhat nén ¢<2018. Ta sé chang minh c=2018 14 s6 can tim. Ta xét ham s6

2018(p+1)

P
f(x)=x" thay vao bat déng thic dé bai ta co I: x2018dx < CI: xPdx = c> 018
p+

Cho p — +x tasuy ra ¢ >2018. Vay c¢=2018 14 s6 can tim

Cau 7: Cho ham s6 f(x) nhan gia tri duong va c6 dao ham f'(x) lién tuc trén doan [0;1]

thoa man f(1)=2018f(0). Tim gia tri nho nhét cia M = I:[( (1))2 + (f'(x))zldx
f(x
A. In2018 B. 2In2018 C. 2e D. 2018e
Chon y B.
St dung cach phan tich binh phuong ta c6

M =J.01[ ( '(x))ﬁdx =J.:{%X)—f'(x)} d><+2jlo1 ffl((:)) dx

> 2[ dx 21n 2018

Cau 8: Cho 2 s6 thl_xc a,b thoa man a<b va a+b=ab+4. Tim gia tri nhd nhat cda biéu
thuc tich phan M = Ib‘(x—a)z (x —b)‘dx :
A. 12 B. 0 C. — D. —

Chon y A.

Thuc hién tuong tu cac cau trén.
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Cau 9: Ki hiéu A la tap cac ham s6 lién tyc trén doan [0;1].

Tim 1= min{—jo1 x*Pf (x dx+J‘ x.£2 (x dx}

f(x)eA

1 Bl c 207 1

2019 16144 2018 16140
Chon y B.

Cau 10: V6i m €[1;3], goi 4,b 14n luot 1a gia tri 16n nhat va gid tri nhd nhét ctia biéu thac

I=I2m(x—m)2 (x—Zm)2 dx.Tinh a+b=?

122 121
C. — D. —
A. 31 B. 36 5 1
Chony C.
2m? +2 o 3 a . N
Cau 11: Biét gia tri nho nhét cta 1= j Z(m +m+1)x+4(m +m)‘dx = 5 voiab la

z ~ A N\ a A =2 z.
cac s0 nguyén duong va 5 toi gian. Tinh a+b="?

A.7 B. 337 C. 25 D. 91
Chony C.
Cau 12: Cho ham s& f(x) lién tuc trén [0;1] thoa man af(b)+bf(a)< v6i moi a,b

n
thudc doan [0;1]. Tim gia tri 16n nhat caa tich phan I= Llf(x)dx
1009 2018 1009
A. B. C. — D. 1009
T i 2

Chony C.

Pit x=sint=>dx=costdt =M = J.ff(sint)costdt

Tuong tu ddt x=cost=> M = Ff(cost)sin tdt

) 1.2 2018 1009
Do dé M:ELZ( Cost)smt+f(s1nt)cost)dt< j dt < 5
Dau “=" x4y ra chang han tai f(x)= %
n(x +1)

Cau 13: Cho ham s6 f(x) lién tuc trén [0;1] thoa man f(x)+f((1—\/;)2)£1 vOi moi x

thuoc doan [0;1]. Tim gia tri 16n nhat cta tich phan I= '[:(1 —\/;)f(x)dx.

AL B. ~ c. 1 D. ~
8 12 6 16
Chony C.

Pit x=sin*t=1= .[072[(1 —sin® t)f (sin4 t)4sin3t costdt = 4j§f (sin4 t)4sin3t cos” tdt

94 | Chinh phuyc olympic todn Fanpage: Tap chi va tu ligu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Pit x=cos*t=1= E(l —cos’ t)f(cos4 t)4cos3t sin tdt = 4I5f(cos4 t)4sin3t cos’ tdt

Do dé6 1= 2J.Og(f (sin4 t) +f (cos4 ’c))sin3 tcos® tdt < 2J.OT2[ sin® tcos® tdt =

N |

Cau 14: Cho a,b 1a hai s6 thuc thdaman 0<a<b<1. Pt f(a,b):Ib(2—x—3x2)dx(a<b).

R m . N A oK U L TN A NN y
Biét rang maxf(a,b)=— vo6i m,n l1a cac s6 thyc duong vao — la phan s6 t6i gian. Tinh
n

n
T=m+n.
A. 49 B. 71 C. 67 D. 179
Chon y A.
2 2
Ta dat g(a):Ib(Z—x—3x2)dx:2(b—a)+a —+a’-b’
) 2 2
Ta c6 g'(a):0c>a:—1;a:5:rf(}%]xg(a):max{g(O);g(l);g(gj}

= max{l(—2b3 ~b” +4b) ;1(—2b3 -b? +4b)—1 ;1(—2b3 -b’ +4b)—2}
2 2 22 27
1 22
=g(b)==(-2b’-b* +4b)< =
g(b) = +4b)< 22
Cau 15: Cho ham s8 f(x) c6 dao ham lién tuc trén R thoa man f(x)+f'(x)<1vx va
f(1)=0. Tim gia tri 16n nhat cua f(1)
A el .21 c. &
e e—1
Chon y B.

Cau 16: Cho f(x) lién tuc trén [1;8] théa man i((f(x3 ))2 +2f(x3))dx = %Tf(x)dx—i—g . Gia

1 1

8 N
tri ctia tich phan L f(x)dx bang?

2(32-4) B, 58 c. 490 D, 128
A. 5 . 5 . 3 . 5
Chon y B.

f(x)* +2£(x
bit X’ =t=3x’dx=dt = dx = dt jr((f(xa)f +2f(x3))dx :J'B( (x) ( ))
3%/’(_2 ! 1 33 X2
Dén day ta lai st dung ky thuat dua vé binh phuong dé giai quyét bai toan!
2 2
2x +2ax4—4a | dx
1+a ‘

dx

Ciu 17: Cho s6 thuc duong a, gia tri 16n nhat cta tich phan I:J:a2

bang?
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27 27 27
A == 4 C. — D.
1 B. 43 i e
Chon y D.

Cau 18: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1]thoa man f'(x)>f(x)>0. Gia tr

16n nhat cda tich phan Ilde .

(%)
1 1 1 1 1 1
"T0) >0 T T BT () NETTEY
Chony C.
o S LR p 1 66 1
129055 7 ) TET =l 0g¢ Io[f(x)fd £0) (1)

Cau 19: Cho ham so f (x) c6 dao ham duong lién tyc trén doan [0;1] théa man f(0)=1 va
1 ' 3 1
IO (f3 (x)+4(f'(x)) )dx < 3]0 f'(x)f*(x)dx. Tich phan _[ x)dx bang

A.2(Ve-1) B. 2(e”~1) c “lte p. &1

2 2

Chon y A.

Nhan thay f'(x)>0,vxe[0;1]=1= f(O) <f(x)< f(1)

Khi d6 ta c6 £ (x)+4[f'(x)] -3f'( )=[£(x)=2f'(x)] (F(x)+£'(x))=0

Dén day ta c6 thé dé dang gidi quyét bai toan!

Cau 20: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1],f'(x)>2f(x) >0, v6i moi

£(1)

va I:de= L 1 i tri ctia biéu thtic —— bang
JEx)  JE(0) (1) £(0)
A. \2e B. e* C. 2e D. %
Chony C.
Ta c6 f'(x)ZZf(x)>O:>2£f(X):>J.Ol L dxs'[o1 f(3x) dx = 1
f(x) £(x) 2, (%) £(0) J£(1)
2
D4u “=" xay ra khi f'(x)=2f(x)=f(x)=ke” (k>0)= %:%:ﬁ
e
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16. BAI TOAN TONG HOP.

DE BAI
Cau 1: Goi S la tap hop tat cd cac s6 nguyén duong k thda man bat phuong trinh
2 k .
Iekxdx (W18e —2018 . SO phan t cta tap hop S bang.
1
A7 B. 8 C. Vo s0. D. 6

Cau 2: Cho ham s6 y=f(x) c6 dao ham trén [1;+) théa man f(1)=1 va

f'(x)23x*+2x -5 trén [1;+). Tim s6 nguyén duong 16n nhat m sao cho r%i%]f(x) >m

vOi moi ham s8 y =f(x) thoa diéu kién dé bai.

A. m=15 B. m=20 C.m=25 D. m=30

2
Cau 3: Biét I[i/x—% +2§/%—%de:%i’/€, v6i a,b,c nguyén duong, % to1 gian va
1

c<a.Tinh S=a+b+c?
A.S5=51 B. S=67 C.5=39 D.S=75
Cau 4: Cho ham s6 f(x) lién tuc va c6 dao ham tai moi x € (0;+0) dbéng thoi thoa man cac
3n

diéu kién f(x)=x(sinx+f'(x))+cosx va | f(x)sinxdx=—4. Khi d6 gi4 tri ctia f(n) ndm

N |2

trong khoang nao?

A. (6;7) B. (5;6) C. (12;13) D. (11;12)
1 2
Cau 5: Chofx{ln(x+2)+ }dx: a’In2-bcln3+c voi a,b, ceN.Tinh T=a+b+c.
0 X+2 4
A. T=13 B. T=15 C.T=17 D. T=11

Cau 6: Cho ham s6 f(x) théa man f'(x).[f(x)]2018 =x.e* v6i moi xeR va f(1)=1. Hoi

phuong trinh f(x) = _1 6 bao nhieu nghiém?
e
A. 0 B. 1 C.3 D. 2
Cau 7: C6 bao nhiéu gid tri cia tham s6 m ndm trong khoang (0;67n) thdéa man phuong

trinh I&dx:l?
o D+4cosx 2

A 6 B. 12 C.8 D. 4

f(ﬁ) 2(Jx?+3)
dx = +C.

Jx+1 x+5

Cau 8: Cho ham s f(x) lién tuc trén R va thda man I

Nguyén ham ctua ham s6 f(2x) trén tap R* la:
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A X2 ¢ B. Xt3 . ¢ c. 23 ¢ D. 22 . c

2(x2+4) X244 4(x2+1) 8(x +1)

Cau 9: Cho s6 hitu ty duong m thoa man | x.cosmxdx = nT—Z Hoi s6 m thudc khoang

o'—-.g‘:l

nao trong cac khoang duéi day?

NI R T

Cau10: Cho I :_[’carln xdx voi neN.Khidé I+, +2(L, +1, +..+ L )+1,+ 1, bang?

(tan x 2, (tanx) Hl (tan x L (tan x)r+1
A. +C B. C C. D. ~ 7 41C
Z ; 1 Z ; rel

Cau 11: Xét ham s6 f(x) c6 dao ham lién tyuc trén R va thoa man diéu kién f(1)=1 va

£(2)=4. Tinh ]:j[f'(x)+2—f(x)+1]dx.

2
X X

A. J=1+In4 B.J=4-In2 C. ]=ln2—% D. ]=%+ln4
Cau 12: Cho ham s6 f(x) x4c dinh trén R théa man f'(x)=+ve*+e™ -2, {(0)=
f(ln%jzo. Gid trj cta biéu thic S=£(-In16)+f(In4) bing

31

A.s== B.S=2 C.5=2
2 2

2

Cau 13: Cho ham s§ y=f(x) lién tyc trén doan [0;1] va thod man diéu kién

D. £(0).£(2)=1

3 J—
f(x ) 8x 3f( ) >2( =0. Tich phan 1= J-f dx c6 két qua dang b\/i, a,b,ceZ,
x“+1 C
a b 5
—, — toi gian. Tinh a+b+c.
c ¢
A. 6 B. 4 C. 4 D. -10

<, z <z . ” ~ m 2 2
Cau 14: Tim tat ca cac gia tri duong ctia tham s6 m sao cho IO xe dx =2""e™ !

A m=2"y2"2-2 B.m=+2""+1 C. m=2"y2""+2 D.m=+2"-1

Cau 15: Cho ham s6 f(x) lién tyc trén [0;1] théa man diéu kién f(x)= 6x2f(x3)— 6

V3x+1 .

1
Tinh tich phan If (x)dx
0

A.2 B. 4 C. -1 D. 6
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Cau 16: Cho ham s6 f(x) va g(x) lién tuc, c6 dao ham trén R va théa man f'(0).f'(2)#0

va g(x)f'(x)=x(x—2)e*. Tinh gia tri cua tich phan I= If '(x)dx?
A. 4 B.e-2 C. 4 D. 2-e
1(x2+>< e
Céu17:Choj ~—dx=ae+bln(e+c) véia, b, ceZ.Tinh P=a+2b-c?
. X+e
A.P=1 B.P=-1 C.P=0 D.P=-2

X COS X —Ssin x

2
X

Cau 18: Biét F(x) la nguyén ham cta ham s6 f(x)= . Hoi d6 thi cia ham s6

y =F(x) c6 bao nhiéu diém cyc tri trong khoang (0; 2018x)?

A.P=1 B.P=-1 C.P=0 D.P=-2
Cau 19: Biét tich phan I szwd = —+b1n% (a,b > 0) tim céc gia tri thuc cua tham s6
+ a
(K*+1)x+2017
k dé J‘dx<hm
X400 x+2018
A. k<O B. k%0 C. k>0 D. keR
4 2 3
Cau 20: Gia st a,b,c 1a cic s6 nguyén thoa man dex =—j(au4 +bu? +c)du,
V2x+1 29

trong d6 u=+2x+1.Tinh gid tri S=a+b+c
A.S=3 B.S5=0 C.S5=1 D.S=2

Cau 21: Cho ham s6 f(x) c6 dao ham lién tyc trén [0;4], théa man
f(x)+f'(x)=e™V2x+1 v6imoi x €[0;4]. Khing dinh nao sau day la dang?

A. e'(4)-£(0)= 22 B. e'f(4)—£(0)=3

C. e'f(4)-f(0)=e"-1. D. e'f(4)-£(0)=3

Cau 22: Cho ham s8 f(x) c6 dao ham trén R, théa man f' (x)—2018f(x) =2018x*"7 218
voimoi x e R va f(0)=2018. Tinh gia tri f(1).

A. £(1)=2018e ", B. £(1)=2017e".

C. £(1)=2018e™". D. (1) =2019e™".

Cau 23: Cho ham s8 f(x) c6 dao ham va lién tuc trén R, théa man f'(x)+xf(x)=2xe™ va
f(0)=-2. Tinh f(1).

A f(1)=e. B. f(1)=%.

Fanpage: Tap chi va tu liéu todn hoc Chinh phuc olympic todn | 99



CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

Cau 24: Biét luon c6 hais6 a va b dé F(x)= ax J:f (4a—b#0) la nguyén ham ctua ham s6
X+

f(x) va théa man diéu kién 2f*(x)=[F(x)-1]f'(x). Khing dinh nao dusi day ding va
day du nhat?
A.a=1,b=4 B.a=1,b=-1 C.a=1,beR\{4} D.aecR,beR

Cau 25: Cho 1= I(Zx—l)ezxdx. Tap hop tat cd cac gia tri cia tham s6 m dé I<m la
0

khoang (a;b). Tinh P=a-3b.

A.P=-3 B.P=-2 C.P=1 D.P=0
9
% COS(TCXS) N
Cau 26: Gid trj 1= I X’ sin(nx3 )e dx gan bang s6 nao nhat trong céc s6 sau day?
1
¥

A. 0,046 B. 0,036 C. 0,037 D. 0,038

N2x +1dx
2x4+3/2x+1+3

4
Cau 27: Biét I :a+bln2+cln§(a,b,ceZ). Tinh T=2a+b+c.
0

A.T=4 B. T=2 C.T=1 D. T=3
1 —nx
Cau 28: Cho tich phan I :j = ~dx v6i neN.

o 1+e

it u, =1.(I, +1,)+2(L, + L, )+3(I, +1,)+...+n(I, +I ,,)—n. Biét limu, =L. Ménh dé nao
sau day la dang?
A. Le(-1,0) B. Le(-2;-1) C. Le(O;l) D. Le(1;2)

Cau 29: C6 bao nhiéu gia tri nguyén duong n théa man tich phan
2

I(l—nZ +2x+3%7 + 4 + .+ nx" ) dx = -2

0

Al B. 2 C.0 D. 3

1
Cau 30: Cho ham s6 f(x) lién tyc trén R théa man déng thoi 2 tich phan If(2x)dx =2 va
0

O C—y

2
f(6x)dx =14 . Tinh tich phan I £(5[x|+2)dx.
5

A. 30 B. 32 C. 34 D. 36
Cau 31: Cho ham s6 f(x) lién tuc trén R, c6 dao ham cap hai théa man x.f"(x)>e*+x va
f'(2)=2e, £(0)=€’. Ménh dé nao sau day la dung?

A. f(2)<4e-1. B. f(2)<2e+e’. C. f(2)<e’-2e. D. f(2)>12.
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Cau 32: Cho ham s6 f(x) c6 dao ham lién tuc trén [1;2], déng bién trén [1;2], thoa man

=0, j[f ] dx=2 va '[f '(x)dx=1. Tich phan If )dx bang?
1
A. % B. V2. C. 2. D. 242.
Cau 33: Cho ham s8 f(x) c6 dao ham lién tuc trén [0;1], théa man f(1)=1,
:[x dx—— va jf :%.Tinhf(Z).
A. £(2)=2. B. f(2)=g. C. f(2)=g. D. f(2)=g.

Cau 34: Cho ham s6 f(x) lién tuc va c6 dao ham trén (O;gj, théa man hé thtc

f(x)+tanx.f'(x) =

3

. Biét rang \/_f[ j ( j=an 3+bln3 trong d6 a,be Q. Tinh
cos’ x 6

gia tri cta biéu thtc P=a+b.

A.Pz—é. B.Pz—g. C,P:Z. D_P:E,
9 9 9 9
Cau 35: Cho ham s§ y =f(x) lién tuc trén doan [0;1] va thoa man af(b)+bf(a)=1 voi

1
moi a, be[0;1]. Tinh tich phan Izjf(x)dx
0

| a

AT=1, B.I-1, c.1=2. D. 1=
2 4 2

/\ph.

f(3-x)

£ x)=1
f(x)=-1

Cau 36: Cho ham s6 y =f(x) c6 dao ham trén [0;3], thoa man { v6i moi

3
€[0;3] va f(O):%. Tinh tich phan I:I
0

1 3 5
A T=—. = C.l=-. D.I=—.
5 B. I=1. 5 >

Cau 37: Cho hai ham f(x) va g(x) c6 dao ham trén [1;4], théa man {g(x)=-xf'(x) v6i
f(x)=-xg'(x)
4
moi x €[1;4]. Tinh tich phan I=I[f(x)+g(x)]dx.
1
A.I1=3In2. B. I=4In2. C.I=6In2. D. [=8In2.

Cau 38: Cho hai ham s§ f(x) va g(x) c6 dao ham lién tuc trén [0;2], théa man

£'(0).£'(2) =0 va g(x).f'(x)=x(x—2)e*. Tinh tich phan I:j-f(x).g'(x)dx.
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A.1=-4. B. 1=4. C.I=e-2. D.I=2-e.
Cau 39: Cho ham s6 f(x) c6 dao ham xéc dinh, lién tuc trén [0;1], théa man f'(0)=-1 va

£(x)T =£"(x ,
{E ) ] véi moi x €[0;1]. Bat P=£(1)—-f(0), khang dinh nao sau day dung
#0
A. 2<P<-1. B. -1<P<0. C.0<P<1. D.1<P<2.
Cau 40: Cho ham s6 y =f(x) lién tuc trén R va thdéa man f°(x)+£f(x)=x v6i moi x eR.

2
Tinh [ = If(x)dx
0

A.I:—é. B.I:é. C.I:—E. D.I:E
5 5 4 4

Cau 41: Cho ham s6 f(x) xac dinh va lién tuc trén [0;1], thoéa man f'(x)=f'(1-x) v6i moi

1
€[0;1]. Biétrang £(0)=1, f(1)=41. Tinh tich phan I= If(x)dx
0

A. 1=+/41. B. 1=21. C. 1=41. D. I=42.
Cau 42: Cho cac ham s6 f(x), g(x) lién tuc trén [0;1], thoa m.f(x)+n.f(1-x)=g(x) voi

1 1
m, n 1a s6 thuc khac 0 va If(x)dx:jg(x)dx=1. Tinh m+n.
0 0

1
A. m+n=0. B.m+n:§. C. m+n=1. D. m+n=2.
ny8 1 1. b
Cau 43: Biét tich phan j — —  dx=1+=In—+aJa-+b Vv6i a, beZ". Tinh gia tri
ni Ve +1—e 2 a
ctia biéu thitc P=a+b
A. P=-1. B. P=1. C.P=3. D. P=5.
4 X
Cau 44: Biét I l+\/;+e dx=a+e’—e“véia, b, ceZ. Tinh P=a+b+c.
4X \/;eZX

A. P=-5. B. P=-4. C.P=-3. D. P =3.

2+4/x
—Jx

A.P=-1. B. P=2. C.P=3. D. P=4.

2
Cau 46: Biét I _ XX 4x —a+n—+@ vOi a, b, ¢ la cac s6 nguyén. Tinh gia tri cua

\/1+x +x c

biéu thitc P=a—-b+c.
A. P=-37. B. P=-35. C. P=35. D. P=41.

Cau 45: Bletj dx = an+b\/_+c viia, b, ceZ. Tinh P=a+b+c.
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Cau 47 : Cho ham s6 y=f(x) xac dinh va lién tuc trén {% ;2}, thoa man diéu kién

2
f(x)+f(1j—x +l+2 Tinh tich phan I =
X X 1X
2
3 5
A 1=—. I1=2. C.l==. . 1=3.
> B.1=2 > D.I1=3

Cau 48: Cho ham s f(x) thoa man f(x)>0,vx>0, f'(0)=0;f(0)=1 va déng thoi diéu
kien £"(x)f(x)-2[f'(x)] +xf(x)=0. Tinh gi4 trj cta £(1)?

A2 B.> c.t D. .
3 2 7 6

Cau 49: C6 bao nhiéu ham s6 y =f(x) lién tuc trén [0;1] thoa man diéu kién

Iol(f( ))2018 dx = J~ (f( ))2019 dx = j (f(x))zozo dx

Al B. 2 C.3 D. 4

Cau 50: Cho ham s6 f(x) lién tuc trén doan [1;4] c6 £(1)=1;f(4) :3lng+1 va théa man

. . 4f'(x) 9 4 5 27 . 4
déng thoi L mdx:E,L x(f'(x )) dx = 91n——ﬁ Tinh tich phan L f(x)dx

A. 51n§—6 B. 51n§+6 C. 151n§—6 D. 151n§+6
2 2 2 2

(2018 + cos x) "
2018 +sin x

3
Cau 51: Cho tich phan Izjln[ ]dx:alna—blnb—l voi a,b la cac sO
0

nguyén duong. Gia tri cia a+b bang?
A. 2015 B. 4030 C. 4037 D. 2025
Cau 52: Cho ham s6 y =f(x) c6 dao ham f'(x)>0,Vvx€[0;8] va J f(x)dx=10. Gi4 tr l6n

nhét cdia ham s6 g(x) = 1J‘Xf(t)dt trén (0;8] 1a?

X 0
4 5
A. — .1 C. - .
5 B. 10 1 D. 8
Cau 53: Cho ham s8 y =f(x) c6 dao ham va lién tuc trén {0;2} thoa man f{gj =3 déng
thoi ]l- fx) dx=1 va J‘[smx tan x.f(x) |dx = 2. Tich phan ]l-sinx.f'(x)dx bang?
{ COSX !
A. 4 B. 2+§*/§ C. 1+;’*/E D. 6
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f(2‘/;_1)+1nx

Vx x

Cau 54: Cho ham s6 f(x) lién tuc trén doan [1;4] va théa man f(x)=

4
Tinh tich phan 1= If(x)dx.
3

A.1=3+2In°2 B. 1=2In%2 C.1=In2 D.1=2In2

Cau 55: Cho ham s6 y=f(x) lién tuc, luon duong trén [0;3] va thoéa man diéu kién

I=

[SL RN

3
f(x)dx=4.Khi d6 gia trj ctia tich phan K = I(e1+ln(f(x)) + 4)dx 1a?
0

A. 4+12e B. 12 +4e C. 3e+14 D. 14 +3e

Cau 56: Cho a la s6 thuc duong. Biét rdng F(x) la mot nguyén ham ctia ham s6

f(x)=e" (ln(ax)+1j théa man F(lj =0 va F(2018) =¢™"°. Ménh dé nao sau day dung ?

X a
1 1
A. ae ;1 B.ae|0;,—— C. a€[1;2018) D. a €[2018;+x)
2018 2018
A e % A A T A ot 2017x o
Cau 57: Biét rang F(x) 1a mot nguyén ham trén R ctia ham s6 f(x) = W théa man
x"+1
F(1)=0. Tim gié tri nhd nhat m cta F(x).
1 1-— 22017 1+ 22017 1
A.m:—E B,m:w C.m:w D.mZE
1
Cau 58: V6i mdi s6 nguyén duong n ta ki hieu I, = Ixz (1-x° )n dx. Tinh lim I‘I"—“
0 n
A1 B. 2 C.3 D. 5

Cau 59: Tim tat ca cac gid tri duong ctia m dé |x(3-x)" dx= —f"(%j ,voi f(x)=Inx".

O oy WO

A.m=20 B.m=4

e

m=>5 D.m=3

Cau 60: Cho ham s6 f(x) lién tuc, khong am trén doan {O;g] thoa man f (O)Z\/g va
£(x)£'(x) = cosxf1+F (x),V O;E]T\ i4 tri nho nhat m va gia trj 16n nhat M ct
(x).f'(x)=cosx (x) xe{ > |- Tim gid tri nhé nhét m va gid trj Ion nhét M cla

ham s6 f(x) trén doan [g,g}

5
A.m=g,M=2\/§. B.m:E,M:?)
C.m:—5,M=x/§. D.m:\/g,M:2\/§.
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1

Cau 61: Cho f(x) la ham s6 lién tuc trén R théa man dong thoi If(x)dx:él,
0

3 1

[£(x)dx=6. Tinh tich phan T= [ f(|2x+1])dx

0 -1

A.1=3 B.I1=5 C.I=6 D.1=4

2018 a

e [ xsin®Ux ) P A y
Cau 62: Biét I —01 e dx=2 trong d6 a, b la cac s6 nguyén duong. Tinh

b SIn X+ COS X

P=2a+b.

A.P=8 B. P=10 C.P=6 D.P=12

Cau 63: Cho ham s6 y =f(x) c6 dao ham trén R thoéa man 3f'(x).efa(x)_"2_1 __2x

7
f(0)=1. Tich phan Ix.f(x)dx bang
0
A. & B. 15 C. k) D. ﬂ
3 4 8 4

Cau 64: Cho ham s6 y=f(x) lién tuc trén R théa man doéng thoi diéu kién

2
3f (x)+£(2-x)=2(x~1)e¥ > +4. Tinh tich phan I = If(x)dx ta duoc két qua 1a?
0

A I=e+4 B. =8 C.I=2 D.I=e+2
Cau 65: Tinh tél’lg T= C3018 _ C;018 + C%018 _ Cgms Feee Cégg Cigig .
4 5 6 2020 2021
A—+r gL _ L - p__1l
4121202989 4121202990 4121202992 4121202991

Cau 66: Cho ham s& f(x) c6 dao ham lién tuc trén khoang (0;1) va f(x)=0, vxe(0;1).

Biét rdng f(x) thoa man f(%j=a, f[§j=b va x+xf'(x)=2f(x)-4, Vxe(0;1). Tinh

sin® x.cos x + 2 sin 2x

2 (sinx) dx theo a va b.

tich phan I=

Y — ]

A.I:3a+b B.I:3b+a C.I:3b_a D.I:Ba_b
4ab 4ab 4ab 4ab

Cau 67: Cho ham s6 y=f(x) c6 dao ham lién tuc trén R thoa man diéu kién

x.f'(x)dx

ct—o s

f(x)+f(£—xj=sinx.cosx, voi moi xeR va £(0)=0. Gia trj cta tich phan

bang
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AT B. 1 c X D. -1
4 4 4 4
2 f| 3
Cau 68: Cho ham s& f(x) thoa man f'(x)>0, Vxe[l;2] va J[ ():)] dx=3;5. Biét
X
£(1)=1, £(2)= 2§ tinh 1 = jf x
A.Pz2 B.Pzé C,P:E D.Pzg
60 5 60 30
3
Cau 69: Cho I(4cos2x+33in2x)ln(cosx+251nx)dx=cln2—%, trong d6 a,b,ceN’,
0

la phan s6 t6i gian. Tinh T=a+b+c.
A. T=9 B. T=-11 C.T=5 D.T=7
Cau 70: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] déng thoi thoa man

£(0)=9 va 9f"(x)+[f'(x)~x] =9. Tinh T=£(1)~£(0).
A.T=249In2  B.T=9 C.T=249I2  D.T=2-9n2

Cau 71: Cho ham s6 y =f(x) c6 dao ham trén R thoa man dong thoi 2 diéu kién:

{ (0)=£'(0)=1
f(x+y)=f(x)+f(y)+3xy(x+y)-1,VxyeR
Tinh tich phan j.f(x—l)dx.

A. 1 B. —i C. D. z

2 4

Cau 72: Cho ham s6 y =f(x) c6 dao ham cdp 2 lién tuc trén R thod man déng thoi cac

B~ =

f(x)>0,VxeR,
diéu kién {£(0)=£'(0)=1, . Ménh dé nao sau day dung?
[0 ] +[F(x)] =£(x)f"(x), VxeR.

1

A S<Inf()<1  B. 0<Inf(1)<= >

C.§<lnf(1)<2 D. 1<Inf(1)<=

2

Cau 73: Cho cac s0 a,b >2 théa man ZI c
X

. Khi d6, quan h¢ gitta a,b 1a?

A.a=2b B. b=2a C.a=b’ D. b=a’
Cau 74: Cho ham s6 f(x) c6 dao ham cdp hai trén R va f*(—x)= (x2 +2x+4)f(x+2) Biét

rdang f(x)#0,VxeR tinh tich phan I = J‘ xf"(x)dx.

A.1=-4 B. =4 C.I=0 D.1=8
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Cau 75: Trong giai tich, I:jxm (ax” +b)lo dx voi a,beRva m,n,peQ\{0} duoc goi la

tinh duoc (co thé biéu dién bdi cdc ham nhu da thite, hitu ty, lugng gidc, logarit, ...) khi mét trong

. . m+1 m+1. . . A ) A1 x*dx v A
cac s p, P+ la s6 nguyén. Xét nguyén ham 1= J.—ﬁ, hoi c6 bao nhiéu
n n

&

s6 a€{2,3,4,5,6,7,8,9,10} dé I c6 thé tinh dugc?
A.5 B. 9 C. 4 D. 6
Cau 76 : Mot con dé duoc budc vao diém A trén hang rao
vé phia ngoai cua khu vuon hinh tron tdm O ban kinh
6m. Sgi day budc con dé c6 do dai bﬁng nta chu vi khu
vuon. Hinh bén mo ta phan c6 bén ngoai vudon ma con dé
c6 thé &n duoc. Biét rang v6i ham s f:[0;n] > R va diém
B thuoc (O) sao cho AOB=0 >0 thi doan BC la tiép

tuyén (O) c6 do dai f(o) s& quét qua mot phan mit

phéng ma dién tich duoc xac dinh béi Ion f?(a)da khi o

thay ddi tir 0 — n ( & day tinh ca bén trai 1an bén phai)

Tt cOng thic trén hay xac dinh dién tich S phan ¢é ma con dé c6 thé in duoc.
A. S=327 B. S=18x’ C. S=30n" D. S =287

Cau 77: Cho ham so6 f (x) lién tuc trén doan [O ;1] thoa man diéu kién
I: xf (x)(x* +£7 (x))dx % Gi4 tri nho nhat cua tich phan I:(xz +%f2 (x)] dx bang?

A. 3 B. 16 C. 2 D. A
10 45 5 20

Cau 78: Cho ham s6 f(x) c6 dao ham trén [1;3] va £(1)=0, rﬂg]x‘f(x)‘ = /10. Gia tri nhé

3
nhat cua tich phan I[f'(x)]z dx bang?
1

A. 1. B. 5. C. 10. D. 20.
Cau 79: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoa f'(x)>f(x)>0, Vxe[0;1].
1
Gi4 trj 16n nhat cta biéu thae £(0). I %dx bang?
2 f(x
Al B. &1, c. &l D. e—1.
e e
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Cau 80: Cho ham s& f(x) nhén gia trji khong am va lién tuc trén doan [0;1]. D4t ham s6
1+j t)dt. Biét rang g(x )>2xf(x2) voi moi x €[0;1], tich phan Ig x)dx co gia

tri Ién nhat bang?
A 1. B. e-1. C. 2. D. e+1.

Cau 81: Cho ham s6 f(x) nhan gié trj khong am va lién tyc trén doan [0;1], thoa man

diéu kién f(x)£2018+2j.f(t)dt voi moi xe[0;1]. Biét gia tri 16n nhat cua tich phan
0

f(x)dx c6 dang ae® +b véi a, beZ. Tinh a+b.

O e

A. 0. B. 1009. C. 2018. D. 2020.

Cau 82: Cho ham s6 f(x) duong va lién tuc trén [1;3], thoa rﬂg]xf(x) =2, 1%1113?f(x) :% va

3 3 3
biéu thic S = [f(x)dx.[ %dx dat gid trj 16n nha, khi d6 hay tinh 1= [(x)dx
1 1 X
A2 B.Z. C.
5 5

Cau 83: Cho ham so f(x lién tuc trén doan [0'1] théa man véi moi x,y,a,p va

D.

TN
-
N |G

)
o +p*>0 taco af(x)+pf(y)=(a+p)f (axiEyJ Biét O_[Zf dx=2.Gia tri nhé
a

nhat caa tich phan j x)dx bang

A.8 B. 4 C. 22 D. 2
Cau 84: Cho ham s6 f(x) duong lién tuc [0;+x) théa man d(ing thoi diéu kién
f(x )<2018+2J‘ t)dt, Vx>0; I x)dx = 1009(e —1) .Tinh tich phan I dx7

A. 2018(e—1) B. 1009(e+1) C. 2018(e-2) D. 1009(e—1)
Cau 85: Cho ham s6 f(x) c6 dao ham khéc 0 va lién tuc dén cap hai trén doan [1;2]. Biét

1n2f'(1):f(1)=1,f'(x)=i/M, Vx €[1;2]. Tinh tich phan I:szf(x)dx?

2f(x)711n22
A log. 54—+ +1 B. 3log.5- > 2
- Y0820 T
C.lo 5—i+2 D. 2lo S—L—l
P 08297 0 PS80 10

Cau 86: Cho ham s6 f(x) lién tuc trén doan [1;4] théa man f(1)=-1,f(4)=-8 va déng

thoi [f'(x)]szT—f 9\/_ Jx = 3x, Vx €[1;4] . Tich phan J x)dx bang
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89 79
— B. —— C. —— —
A. -7 6 6 D. -8

Cau 87: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [1;2] thoa man déng thoi 2 diéu
kien 2[£(2)] -[£(1)] =63;2[f(x)] +x*['(x)] =27x* ¥xe[1;2]. Tinh gia trj cta tich
phan I:[f(x)]z dx

A. 15 B. 18 C. 21 D. 25

Cau 88: Cho ham s6 f(x) c6 dao ham duong lién tuc trén doan [1;3] thoa man diéu kién

f 3 f(x N
J'[ - () 2\/_f() 4.Tichphén.|‘1\/)fT)2dxbéng

A G5 B2 C.3-\3 D. J5-2
Cau 89: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [0;1] thoa man e.f(1)=4£(0)=4
va dong thoi I: e (|:f'(x)]2 —[f(x):lz)dx +4I:ex.f (x)dx :g . Tinh tich phan ij(x)dx ?

4(e-1) B, 3(e-1) C 2(e+2) D. 5(e—-2)

e e e e

A.

Cau 90: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] thda man dong thoi cac diéu

kién f(0)=— I X+ 1 J. 2 = 61_4 . Tinh tich phan I x)dx?
A — B. — c.= D. -
24 32 8 4

Cau 91: Cho ham s6 f(x) lién tuc trén doan R thoa £(0)=0,

f(x)—f(y)|=|sinx—siny| véi

moi X,y € R. Gia tri 16n nhat cta tich phan J.OE( f(x))2 _f(x))dx bang
c. 2" D.1-=
8 4

Cau 92: Cho ham s6 f(x) c6 dao ham cép hai trén [0;+) thoa man dong thoi cac diéu

A T B.
4

| a

kien £(0)=1;£'(0)=0;£"(x)—5f'(x)+6f (x) 20, ¥x €[0; +w); I;nzf(x)dx=%1. Tinh gia tri

In2

cua tich phan I £ (x)dx

NEE 5 7 . 2

4 17 20 7
Cau 93: Cho ham s6 f(x) lién tuc va ¢6 dao ham dén cap 2 trén [0;2] thoa man diéu kién
£(0)-2£(1)+£(2)=1. Gia tri nho nhat cta tich phan _[02 [ "(x)]2 dx béng

A. 2 B. 3 C. 4 D. 5
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Cau 94: Cho tich phan 1= J.j(x/x +7 +/11— x)dx, goi M va m lan luot 1a gia tri 16n nhat va

gia tri nhd nhat cta I. Tinh S=M+m?
A. 544/2 +108 B. 36+/2 +108 C. 6+/3 +54 D. 6+/3 +36

dx
Ji—x*-x° '

cta I duoc viét dudi dang an(%+§} trong do a, b, ¢, d 1a céc s6 nguyén duong va % la

1 VRN 2 . . ~, < .. . 2 ~
Cau 95: Cho tich phan 1= _[O biét rang tong gia tri 16n nhat va gia tri nho nhat

phan s6 t6i gian. Tinh S=a+b+c+d?
A. 14 B. 15 C. 16 D. 17

1

2
Cau 96: Cho tich phan I:j neN’, biét rdng tong gid tri 16n nhat va gia tri nho
0

dx
Ji-x

. e 1o an ¢ ) P A S
nhat cua I dugc viét dudi dang > + 3 trong dé a, b, ¢, d la cac s6 nguyén duong va

oo
a.ln

1a phan s6 t6i gian. Tinh S=a+b+c+d?
A.9 B. 10 C. 11 D. 12

B e sinx

Cau 97: Cho tich phan 1= L 1 dx, biét rdng gia trji I6n nhat cua I duoc viét dusi
x* +

an x N z ~ A N N 2 z R
dang —, v6i a, b la cac s6 nguyén duong va — t6i gian. Tinh tong S=a+b

o | o

A. 13 B. 14 C.14 D. 15
Cau 98: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] théa man f(1)=1,f(x)>0
va dong thoi f(x)Inf(x)=xf '(x)[f(x)—l],Vx €[0;1]. Tinh tich phan J.Olf(x)dx i

e-1 e—6
A, —— B. — .4 .1
3 6 C D

Cau 99: Cho ham s& f(x) c6 dao ham lién tuc trén doan [0;1] thoa man diéu kién
£(2018x+2017) = 2018f (x), ¥x € R . Tinh tich phan [ [£(x)] dx?
4 2 5 2 7 2 8 2
A. 5[f(—1)] B. 5[f(—1)] C. g[f(—1)] D. 5[f(—1)]
Cau 100: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [1;2] théa man f(1) :g va dong
3
f
oi 3x’f(x)
[£1(x) ] +xf'(x)+x
77 -1 77 +1 247 -1 247 +1

B. C. D.
3 3 3 3

th

=f'(x)—x,Vx €[1;2]. Tinh gia tri cta f(2)?

A.
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Cau 101: Cho ham s6 f(x) lién tuc trén [0;1], ham s& f'(x) lién tuc trén doan [0;1] va
f(1)-£(0)=2. Biét rang OSf'(x)SZx/Z,Vxe[O;l]. Khi d6, gia tri cta tich phan

1
I(f '(x))2 dx thudc khoang nao sau day.
0

A. (2;4) B. (13 14) C. (E,EJ D. (1,3)
3 3 3 3
Cau 102: Cho ham s6 f(x) lién tuc trén R, c6 dao ham dén cap hai trén R va théa mén

5In2
£ (x).[ 4(F(x)" +£(x)-£"(x) |=¢", VxR, biét £(0)=0. Khido [ £*(x)dx bing?

0

1( . 355In2

A. 5(31_25111 2 5hn 2j —(31— d j
5 2

3551 2

C. %(31—251“ 2 5hn 2] ( d j

Cau 103: Cho ham s6 f(x) lién tuc tréen R va J f(x)dx=1. Tinh gi6i han ctia day s6:

un=§{f<1>+Jnigf[J“ﬂ*Jnrlﬁunf}"*\/4nn-sfu4nn_3ﬂ

2 4
= D. =
3 C.1 3
va g(x) théaman f'(1)=g(1)=1;£(2).g(2)=£(1) va dong thoi

A. 2 B.
Cau 104: Cho ham sb6 f( )

1-£()g'(x) =g x) (<)

A. E+11r12 B. ——+1ln2 C. E—11r12 D. —E—lln2
4 2 4 2 4 2 4 2

a
1f'(x)},Vx e R\ {0} . Tinh tich phan I=J.12f(x)g'(x)dx?

X

3

Cau 105: Cho ham s6 y =f(x) c¢6 dao ham [0;1] thoa man f(0)=f(1)=0 va déng thoi

diéu kién E‘f'(x)‘dx =1. Tim gia tri 16n nhat cua |f(x)| trén [0;1]?

1 1 1
A — B. — C. - .
2 3 4 D.1
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LOI GIAI CHI TIET

Cau 1: Goi S 1a tap hop tat ca cac s6 nguyén duong k thdéa man bat phuong trinh

2 K .
Iekxdx < 2018.ek 2018 o4 phan tr cua tap hop S bang.
1

A.7 B. 8 C. V0 s6. D. 6

Loi gidi
2 o2k _ ok
k
T e 2018.e*—-2018 e —e* 2018.e*-2018
je dx < IS <
] k k
& et (e*-1)<2018(e* ~1)(k > 0)

<:>(ek —1)(ek —2018)<0<:>1<ek <2018 > 0<k<In2018~7.6

% 1
Ta c6: Iekxdx = (E ekxj

1

1

Do k nguyén duong nén ta chon dugc keS (voi S={1;2;3;4;5;6;7}).

Suy ra s6 phantacua S1a 7.
Chon y A.

Cau 2: Cho ham s6 y=f(x) c¢6 dao ham trén [1;4+) théa man f(1)=1 va

f'(x)>3x*+2x-5 trén [1;+%). Tim s6 nguyén duong lon nhat m sao cho II[ISI%]f( )=m

vOi moi ham s8 y =f(x) thoa diéu kién dé bai.

A. m=15 B. m=20 C.m=25 D. m=30

Loi gidi
Ta co: f'(x)>3x* +2x—5 trén [1;+x)
Do 3x*+2x-5>0, Vxe[1;+») nén {'(x)>0, Vx e[1;+x).
Do d6 ham s6 f(x) déng bién trén [1;+). Suy ra min f(x)=£(3).

xe[3 10]

Ta lai cé:

e

3
f'(x jax +2x-5)d
1

(X)) =(x+x* —5><)\1 = £(3)-f(1)>24 = £(3)>25

Vay min f(x)>25. Hay m=25.

xe310

Chony C.

2
Cau 3: Biét I(i/x—lz+2§/i8 jdx— bJE v6i a,b,c nguyén duong, B toi gian va
1 x® x"

X

c<a.Tinh S=a+b+c?
A.S=51 B. S=67 C.S5=39 D. S=75

Loi gidi
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Tacéj[i/x—xi+2\/ jdx Ii/:(“ ]dx

bit t=3 x—l2 =t :x—i2 :>3t2dt=(1+%)dx.
X X X

7
1 1 1 3,V 21
Khi do i/x——+2i/———]dx= 3tdt =—t*| =—314.
J;( x’ x®  x" -([ 4 |, 32

Chon y B.

Cau 4: Cho ham s6 f(x) lién tuc va c6 dao ham tai moi x €(0;+00) déng thoi théa man

céc diéu kien f(x) =x(sinx+f'(x))+cosx va | f(x)sinxdx=—4. Khi d6 gié tri ctia f(n)

ola—o| Y

nam trong khoang nao?

A. (6;7) B. (5;6) C. (12;13) D. (11;12)
Loi gidi
Ta co:
f(x)= x(sinx+f'(x))+cosx = f(x)—;d () = sinx + coix
X X X
:(M] =(—cosxj Q=—cosx+c:>f( ) = cos X +Cx
X X X

Khi do: | f(x)sinxdx=—4 < | (cosx+cx)sinxdx =—4

Nl —o | Y
Nl —o | Y

3n

2
= cosxsinxdx+cj‘ xsinxdx = -4 <:>0+c(—2)=—4 oce=2

ola—o| Y

2

= f(x)=cosx+2x =f(n)=2n-1€(5;6).

Chon y B.
1 2 _
Cau 5: Chojx{ln(x+2)+ 2}dx= o2 chn3+c voia,b,ceN.Tinh T=a+b+c.
. X +
A. T=13 B. T=15 C.T=17 D. T=11
Loi gidi
1
du=
=In(x+2
pgt |00 T X2,
dv = xdx X —4
V=
2

Khi d6 tich phan ban dau tré thanh
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j;x{ln(x+2)+

2
1 }dx:x ln x+2
X+2 2

X— 2
! J.x+2dx

+(x—21n(x+2))‘;

1

. 2
~ B n3+2in2 - L X oy
2 20 2

0

= 31034212+ 2 41-2(In3-In2) - 143 +16In2+7
2 4 4
a=4
Suy ra: 1b=2.Vay T=a+b+c=13.
c=7
Chon y A.

Cau 6: Cho ham s6 f(x) thoa man f'( [f ]2018 =x.e* voi moi xeR va f(1)=1. Hoi

phuong trinh f(x)= oy nghiém?

e
A. 0 B. 1 C.3 D. 2
Loi gidi

Taco: [£'(x).[£(x)] dx=[xe*dx e [[f(x)] df(x)=(x-1).e"+C

1 2019 . 2019 .

ST f(x)] =(x-1).e+Ce[f(x)] =2019(x-1).e*+2019C.

Do f(1)=1 nén 2019C =1 hay [f(x)]" =2019(x~1).e* +1.

1 LUCT| 1
Taco: f(x)=—-=<[f = 2019(x~1).* +1+—55 =0.
acos £(x)=—— e [F(x)]" =5 © 2019(x~1).e" + 14

Xétham s6 g(x)=2019(x—1)." +1+—= 1 trén R .

2019
e

g'(x)=2019x.e*;g'(x) =0 <= x=0;g(0)=-2019+1+—= L <o

2019

Ta c6 1
lim g(x)=+o0; lim g(x)=1+—75>0
X—>+00 X—>—00 e
Bang bién thién ctia ham so:
X —0 0 +00
g'(x) - 0 -

1 + e72019

g(0)
Do d6 phuong trinh f(x)= L1 dang 2 nghiém.
e

Chon y D.
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Cau 7: C6 bao nhiéu gi4 tri cua tham s6 m ndm trong khoang (0;6n) théa man phuong

trinh J‘ﬁdx:l?

o D+4cosx 2
A. 6 B. 12 C.8 D. 4
Loi gidi
Bién déi gia thiét ta c6
% -([ +S:Lrlzsx _-([5+41cosxd(cosx)

:__I;d(5+4cosx)=—1ln|5+4cosx|
49 5+4cosx 4 0

Ma 5+4cosx25—4>O:>1:_11n(5+4cosx) :_ilnw
0
5+4cosm 5+4cosm
9 9
,2_ 72_
c>COSH1=9e > <:>m=iarccosge 5+k2n (keZz)

-2

arccos 5 +k2ne(0;6n)=

Theo dé bai m e (0;6n) =

k
k
k
_2_
_arccosge4 5+k2ne(0;6n) {

V6i mbi gia tri k trong hai truong hop trén ta dugc mot gid tri m thda man.
Vay c6 6 gia tri cia m thoa man bai toan.
Chon y A.

f(m)dxz 2(\/x?+3)

+C.
Jx+1 X+5

Cau 8: Cho ham s6 f(x) lién tyuc trén R va thoa man .f
Nguyén ham ctia ham s6 f(2x) trén tap R* la:

A x+3 e x+3 C 2x+3 C 2x+3

2(x2+4) it x2+4+C ’ 4(><2+1)Jr D 8(x2+1)

Loi gidi

+C

Theo gia thiét ta c6 :

f(ﬁ) =2(M+3)

Im d — +C©2J'f(\/x+1)d(\/x+1) (\/th?,)

(\/m) +4

Fanpage: Tap chi va tu liéu todn hoc Chinh phuc olympic todn | 115



CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

t+3
Hay 2[f(t)dt= 2(t )+c:jf de=t2 . C
t’+4 t'+4 2
Suy ra .[f (2x)d :—Jf (2x)d(2x ):1 ZX—ZFB+C 2x+3 &
2 (2x)" +4 2 8x* +8 4
Chony D.
2 n—2
Céu 9: Cho s6 hitu ty duong m thoa man I x.cosmxdx = 5 .Héi s6 m thudc khoang
0
nao trong cac khoang dudi day?
A. Z;2 B. 0,'1 C. [1;éj D. (§,§j
4 4 5 67
Loi gidi
U= x du =dx
Ap dung cong thtic tich phan timg phan, dit { =
P QUG cong Hhic HEh phian Hmg phan, 49 { v = cos mxdx v:lsinmx
m
Tich phan ban da trd thanh:
2m X . om 2m ) 2m n-2) 1
I x.cosmxdx = —sinmx| —— I sinmxdx = —+ cosmx =( j—z
0 m o my 2m~ m 0 2 )m
Theog1ath1ettaco( _Zj.iz:n_zcnn:ﬂ
2 Jm 2
58
Vi m la s6 httu ty duongnén m=1¢ o i~ )

Chon y D.

Cau 10: Cho I, = [tan” xdx v6i neN.Khid6 I, +T, +2(I, + 1, +..+1)+I, +1,, bang?

%, (tan x)r 2, (tan x) o L (tan x)r (tanx) ik
A. C B. C. ~——4C D.
; T i ; r+ 1 ; r i ; r+ 1
Loi gidi

Bién d6i tich phan ban dau ta c6

n-1
I = J.tan“‘2 x.tan” xdx = J"canr“2 x.( 12 —1jdx _tan 1X [,+C
cos® x n-
n-1
= J"canm2 x.(tanx) dx—-I _, =1 +1 , = fan 1X +C.
n p—

Khi d6 I+, +2(L, +1, +..+ L)+ L, + 1, =(IlO+I )+ (L +L)+.+ (I, +1) +(I, +1,)

9

tan’ x tan®x tan tan” x
= + + X ttanx+C = z

+.... +C.
9 8 2 =~ r

Chony A.
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Cau 11: Xét ham s6 f(x) c6 dao ham lién tyc trén R va thoa man diéu kién f(1)=1 va

£(2)=4.Tinh ]=j[f'(x)+2—f(x)+1jdx.

2

X X
1 1
A.J=1+In4 B.]J=4-1In2 C.]zan—E D.]:E+ln4
L(‘figidi
2 f £ ( 2
Cach1:Taco J= J( )+ ] = dx I f)dx+j(z—l2jdx.
X 1 X X
5 u=1 du=-—dx
bat X = X

dv=f'(x)dx |v=£f(x)
Khi d6 tich phan ban dau tré thanh

zj(f( N+2_f(x) ]d .

1

Cach 2: Ta c6

2 () _ £ 2
J= I( x)+2_fx )2 )dx:j(M+z—%]dx=(ﬁ+21n|x|+1} ~Liing,
1 X X X X X)),
Chon y D.
Cau 12: Cho ham s6 f(x) xac dinh trén R théa man f'(x)=ve*+e™ -2, f(0
f(ln%j =0. Gi4 tri ctia biéu thic S=f(-In16)+f(In4) bang?
A 5=t B.S=~ c.s=2 D. £(0)£(2)=1
2 2 2
Loi gidi
- 2 khi >0
Taco f'(x)=vVe*+e™* -2 = \/_ ) © ) tx .
€ e2-e2 khi x<0

2e2+2e 2+C, khi x>0
Do d6 f(x)= .

X

2e2-2e2+C, khi x<0

Theo gia thiét ta co:
In4 _In4

£(0)=5 nén 2’ +2e°+C, =5 < C, =1=f(Ind)=2e 2 +2e 2 +1 =6
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4 4
Tuong tu ta co f(ln%jzo nén 2e ? -2 ? +(C,=0<C,=5

(-In16) (-In16)

:f(—ln16):—2e 2 _De 2 45 =_°_

Vay S=f(-In16)+f(In4) =2

Cau 13: Cho ham s§ y=f(x) lién tyc trén doan [0;1] va thod man diéu kién
3

f(x)-8 ( 4)+ >2( =0. Tich phan I= jf dx c6 két qua dang _b\/E, a,b,ceZ,
x“+1 ¢
a b
= = 1g1an Tinh a+b+c.
¢’ ¢
A. 6 B. 4 C. 4 D. -10
Loi gidi

AN R .n . A 2
Bién doi gia thiét ta co:
3

£(x) =8 (x*) + = =0 = £(x) = 8x°f (x* ) - ———— .
(x)—8x (x )+m 0=f(x)=8x (x) =
1 1 1 3
I=|f(x)dx=|8°f(x*)dx—
Z[(X)X !x(x)x_{[m

e Xét tich phan j.8x3f(x4)dx = j.Zf(x4)d(x4) = Zj.f(x)dx =21
0 0 0

1 3
X
e Xét tich phan dx
‘([\/x2+1
Pat t=vx’+1=t*=x>+1 = tdt=xdx. P8ican x=0=>t=1, x=1=t=4/2.

| e )2
0 X2+1

: v Z_N2
Do d6 (1):1:21—(%}:1:2_??.1\1@11 a=2,b=1, c=3.

H'—‘ﬁ

fuy

3 3 3

Vay a+b+c=6.
Chon y A.

Cau 14: Tim tat ca cac gia tri duong ctia tham s6 m sao cho Iom xe gy = D30 glnel
Am=222""2 B.m=2™+1 = Cm=2%2%12 D.m=v2"-1
Loi gidi

Ta c6 J? xedx = Lm te'dt = (tet —e' ) )

m?+1

=( m?+1 —1)e 1
Theo gia thiét ta c6
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J'Om Xemdx _ 2500.e\/m2+1 PN 2500.e\/m2+1 _ (\/mz 1 _1)e\/m2+1 s D50 _ /mz T1-1

<:>m2+1:(2500+1)2 s m2 = 1000 | 7501 _ 5500 (2500+2) —m =2%0 /25004_2.

Chony C.

6

J3x+1 .

Cau 15: Cho ham s6 f(x) lién tyc trén [0;1] thoa man diéu kién f(x)= 6x2f(x3)—

1
Tinh tich phan If(x)dx -
0

A.2 B. 4 C. -1 D. 6

AN R .n . A 2
Bién doi gia thiét ta co:

f(x)= 6x2f(x3)— 6

V3x+1

Pit t=x> = dt=3x%dx, d6ican x=0=>t=0, x=1=t=1.

1 1 1
6
= .([f(x)dx = £6x2f(x3)dx—! ) dx

Ta cé: j6x2f(x3)dx = Jl‘Zf(t)dt :jZf(x)dx, l de =4,
0 0 0

0 V3x+1
1

Vay j‘f(x)dx:J.Zf(x)dx—él :>j.f(x)dX=4

0

Chon y B.

Cau 16: Cho ham s6 f(x) va g(x) lién tuc, c6 dao ham trén R va théa man
2

£'(0).£'(2) =0 va g(x)f'(x) =x(x—2)e*. Tinh gia tri cta tich phan I:If(x).g‘(x)dx?
0

A. 4 B.e-2 C. 4 D.2-e

Taco g(x)f'(x)=x(x—2)e*=g(0)=g(2)=0 (vi £'(0).£'(2)=0)

Khi d6 tich phén can tinh trd thanh:

2

[= J:f(x).g'(x)dx = jf(x)dg(x)

:(f(x).g(x))‘o —J.g(x) f'(x)dx :—j(x2 —2x)exdx =4.
0 0
Chony C.
1(x2+x)eX
Cau 17: Cho JQ—_de=a.e+bln(e+c) voia,b,ceZ.Tinh P=a+2b-c?
. X+e
A.P=1 B. P=-1 C.P=0 D.P=-2
Loi gidi
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Taco [ = J-X+X J-x+1exe

0

bit t=xe*+1 = dt=(1+x)e*dx.

X+e xe* +1

0

Péican:x=0=>t=1; x=1=t=e+1.

e+1 e+l
Khi d6: 1= _[—dt— j[1—%jdt:(t—1n|t|)e+1

1
Suyra:a=1,b=-1,c=1.Vay P=a+2b-c=-2.
Chon y D.

=e—In(e+1).

X COS X —Ssin X

2
X

y =F(x) c6 bao nhiéu diém cuc trj trong khoang (0; 2018x)?

Cau 18: Biét F(x) la nguyén ham ctia ham s6 f(x) = . Hoi d6 thi cua ham s6

A.P=1 B.P=-1 C.P=0 D.P=-2

Loi gidi
X COS X —Sin X

2

Taco F'(x)=1f(x)= ”

= F'(x)=0< xcosx—sinx=0,(x#0) (1)
Ta thdy cosx =0 khong phai la nghiém ctia phuong trinh nén (1) & x=tanx (2)

Xét g(x)=x—tanx trén (0;2018n)\{k2|kez*}, Ta co:

l 1 n +
g (x)=1—COszX =—tan2xSO,Vxe(O;ZOlSn)\{k?keZ }

o Xét xe(O;gj, ta ¢c6 g(x) nghich bién nén g(x)<g(0)=0 nén phuong trinh
x =tanx vO nghiém.

. . 3
Viham s6 tanx c6 chu ky tudn hoan 1a n nén ta xét g(x)=x—tanx, véi xe(g ?ch

Do d6 g(x) nghich bién trén khoang (g,%j va g(n).g(% nj <0 nén phuong trinh

x =tanx c6 duy nhit mot nghiém x,,.

Do do, (; 40235 j c6 2017 khoang roi nhau c¢6 do dai bang n. Suy ra phuong trinh

x =tanxc6 2017 nghiém trén (E gn)

e Xét xe (402575 ;20187:], ta co6 g(x) nghich bién nén g(x)>g(20187)=2018n nén

phuong trinh x =tanx vo nghiém.
Vay phuong trinh F'(x)=0 c¢6 2017 nghiém trén (0;2018n). Do d6 d6 thi ham s6
y =F(x) c6 2017 diém cuyc tri trong khoang (0;2018m).
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Chony C.

1
Cau 19: Biét tich phan [

3 2
wdx :1+bln% (a,b>0) tim cac gié tri thuc ctua tham
0

X+2 a

S (K*+1)x+2017
sO k dé | dx< lim
) o x+2018

A. k<0 B. k=0 C.k>0 D. keR

Loi gidi

Bién déi gia thiét ta co:
1.3 2 1 1
dex:j(x%r 3 jdx:1x3+3ln|x+2|
X+2 0 X+2 3 0

0

:%+3ln% :{b_3:>_|.dx J.dx 1

ab (K*+1)x+2017 (K*+1)x+2017
Mat khéac talai c6 | dx < lim =1<lim
2 X0 x+2018 X0 x+2018

(K*+1)x+2017 |
Ma lim =k +1
o x+2018

b (K +1)x+2017
Vay de Idx < lim
A oo x4+ 2018

thi 1<k*+1 =k>>0=k #0.

Chon y B.

4 2 3
Cau 20: Gia st a,b,c 1a cac s6 nguyén thda man dex = 1J‘(au‘L +bu? +c)du ,

V2x+1 29

trong d6 u=+/2x+1.Tinh gid tri S=a+b+c

A.5=3 B. S=0 C.5=1 D.S=2
Loi gidi
udu =dx
biat u=v2x+1 > v’ =2x+1= W -1
X =
2

Khi d6 tich phan can tinh trd thanh

Vay S=a+b+c=1+2-1=2.
Chon y D.

Fanpage: Tap chi va tu liéu todn hoc Chinh phuc olympic todn | 121



CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

Cau 21: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;4], théa man

f(x)+f'(x)=ey2x+1 v6i moi x €[0;4]. Khang dinh nao sau day la dang?

A. e4f(4)_f(o):2—36. B. e'f(4)~£(0) = 3e.
C. e'f(4)—£(0)=e* 1. D. e*f(4)£(0)=3.

.....

Nhan hai vé& cho e* dé thu dugc dao ham dang, ta dugc

e’f(x)+ef'(x)=v2x+1 < [exf(x)] =2x+1.
Suy ra e*f(x)= I\/2x+1dx = %(2x+1)\/2x+1 +C.

Vay e4f(4)—f(0):2—36.

Chon y A.

Cau 22: Cho ham s6 f(x) c6 dao ham trén R, thda man f'(x)—2018f(x)=2018x>""e"*
voimoi x e R va f(0)=2018. Tinh gia tri £(1).

A. £(1)=2018¢ 2", B. f(1)=2017e™".
C. £(1)=2018e™"*. D. f(1)=2019e™"*.
Loi gidi

Nhan hai v& cho e dé thu dugc dao ham dtng, ta dugc
fl(x)e—ZOlSX _ 2018f(x)e—2018x — 2018X2017 = |:f (X)e—2018x:|| — 2018)(2017

Suy ra f(x)e™"™ = I2018x2017dx = x84 C.

Thay x =0 véo hai vé ta duge C=2018= f(x)=(x*"" +2018)e™"™
Vay f(1)=2019¢™".
Chon y D.

Cau 23: Cho ham s6 f(x) c6 dao ham va lién tuc trén R, théa man f'(x)+xf(x) = 2xe ™

va £(0)=-2. Tinh £(1).

A f(1)=e. B. f(1)=%.

Loi gidi

X2

Nhan hai v& cho e? dé thu duoc dao ham ding, ta dugc

f‘(x)e7 +f(x)xe7 =2xe 2 & {ezf(x)}' =2xe 2
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Suy ra e?f(x)= J.2xe77dx =-2e 2 +C.

2

Thay x =0 vao hai vé€ ta dugc C=0=f(x)=-2e™

Vay f(1)=-2e" =2,
e

Chon y D.

_ax+b
X+4

s6 f(x) va théa man diéu kién 2f*(x)=[F(x)-1]f'(x). Khing dinh nao dudi day diing

Cau 24: Biét luon c6 hai s6 a va b dé F(x) (4a-b#0) 1a nguyén ham caa ham

va day du nhat?

A.a=1,b=4 B.a=1,b=-1 C.a=1,beR\{4} D.aecR,beR
Loi gidi
ax+b 4a-b 2b—8a
Taco F(x)= la neuyén ham cua f(x) nén f(x)=F'(x)= va f'(x)= .
()= 222 1a nguy (3 mén () <F ()= 28 va £ ()= 22

2(4a-b)’ :[ax+b_lj 2b-8a
(x+4)4 x+4 (x+4)3
o 4a-b=—(ax+b-—x-4) = (x+4)(1-a)=0<a=1 (do x+4=0)

Do d6 2f*(x)= (F(x)—l)f'(x) =

Véia=1mad4a-b#0 nén bz4.
Viy a=1, beR\{4}.
Chony C.

Cau 25: Cho I= I(Zx—l)ezxdx. Tap hop tat ca cac gia tri cia tham s6 m dé I<m Ia
0

khoéng (a;b). Tinh P=a-3b.

A.P=-3 B. P=-2 C.P=1 D.P=0
Loi gidi
du =2dx
. . u=2x-1
Ap dung phuong phép tinh tich phéan ting phan dat I e
dv =e™dx V=

Khi d6 tich phén can tinh trd thanh:

(2x-1)e*

I=|(2x-1)e*dx =

O 5

:M+1_le2x
2 2 2

Theo gia thiét ta c6 I<m <> me”™ —e’" +1<m < (m-1)(e’"-1)<0<0<m<1.

Suyraa=0,b=1=a-3b=-3.
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Chon y A.
9
% COS(T[XS) N
Cau 26: Gid tri 1= I X sin(nxg)e dx gan bang s6 nao nhat trong céc s6 sau day?
1
%
A. 0,046 B. 0,036 C. 0,037 D. 0,038
Loi gidi
bat u-cos(nxS) = du = -3nx? sm(nx )dx =X sm(nx )dx:—idu.
3n
e Khi x—L thi u:ﬁ
3 6 2
e Khi x=i thi u=—2.
3 4 2
N
1 3 1 3 1 s 1(E &
Khidc’)I=——Ie“du=—Ie“du:— u —|le? —-e? (~0,037.
3n§ 3n£ I V2 3m;
2 2
Chony C.
4 /
Cau 27: Biét J. AT =a+bln2+cln§(a,b,ceZ).Tinh T=2a+b+c.
02X +342x+1+3 3
A. T=4 B. T=2 C.T=1 D. T=3

Loi gidi
Bién d6i tich phan can tinh ta duoc:
b 2x+1dx h V2x +1dx
_sz+3m+3 '([( P2x+1 )(M+2)

42( 2x+1+1) (\/2x+1+2)dx 4 2dx 4 dx
! (2x+1+1)(\/2x+1+2) ‘([(\/2x+1+2) !(\/2x+1+1)'

it u=v2x+1=udu=dx.V6i x=0=>u=1,véi x=4=u=3.

t2udu judu 4 r 1
A bl e ey S e

1 1

3
:(u—4ln|u+2|+1n|u+1|) ]

:2—4ln§+ln2

=a=2,b=1,c=1=>T=21+1-4=1.
Chony C.
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1 —nx
Céu 28: Cho tich phan I = I c -
o l+e

bit u, =1.(I, +L,)+2(L, +1,)+3(I;+L,)+..+n(I,+I,,)-n. Biét limu, =L. Ménh dé

dx v6i neN.

X

nao sau day la dang?
A. Le(—l;O) B. Le(—2;—1) C. Le(O;l) D. Le(1;2)

Loi gidi
V6i ne N, bién doi gia thiét ta c6
—(I‘H—l X 1 —nx —X 1 1 —nx

te ) e ™e . e .
I, :£1+e"‘ dx :_([ o dx=£e dx_;[l+e"‘ dx-!e dx—1I

n

:>In+1=j.e"“xdx—1n =1, +1 1(1—e-“)
0

n= _
n

Dodé u, =(1-e")+(1-e?)+(1-e”)+..+(1-e")-n=>u, =-e' e’ -’ .-

5 S LR < Aoy Al A s » RN 1
Ta thay u, la tong n s6 hang dau ctia mot cAp s6 nhan lui vo han véi u, =—e va q=—,
e

-1

nén limu, =— :>L:_—1 = Le(-1,0).
1-2% e-1
e

Chon y A.

Cau 29: C6 bao nhiéu gi4 tri nguyén duong n thoa man tich phan
2
J.(l—n2 +2x+3x + 4 +...+nx"" )dx =2
0

Al B. 2 C.0 D. 3

Loi gidi
Bién doi gia thiét ta co:

2

(1—r12+2x+3x2 +4x3+...+nxnfl)dx:—2 <:>(x—r12x+x2+x3 +x4+...+xn) =-2

0

ot—

©2-2n*+27+2° 42+ 42" =2 & 142+27 +..4+2" ' =n+1

&2"-1=n+1<2"-n*-2=0.

Tht v6i cac gia tri ne{1;2;3;4} déu khong théa man.

V6i neZ, n>5 taching minh 2" >n”*+2 (1).Dé thdy n=5 thi (1) dung.

Gid st (1) dang voi n=k voi keZ, k=5.Khidé 2" >k’ +2.

Khi d6: 25" >2(k? +2)=k* +k*+2+2 >k + 2k +1+2 = (k+1)" +2.

Do d6 (1) dang v6i n=k+1. Theo nguyén ly quy nap thi (1) dung.

Vay khong ton tai s6 nguyén n.

Chony C.
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1
Cau 30: Cho ham s6 f(x) lién tuc trén R thoa man déng thoi 2 tich phan If(2x)dx =7
0

2 2
va J.f(6x)dx =14 . Tinh tich phan _[f(5|x|+2)dx
0 _

A. 30

B. 32 C. 34 D. 36

.....

1
e Xét tich phan thi nhat [f(2x)dx =2.
0

Pit u=2x=du=2dx; x=0=u=0; x=1=>u=2.

Neén 2 = _[f (2x)d

:—jf du:jf du=4.

e Xét tich phan tha 2 j f(6x)dx=14.
0

Pit v=6x=>dv=6dx; x=0=>v=0; x=2=v=12.

Nén 14 = If 6x dx——j dV:>I dv 84 .

2
e Xét tich phan can tinh_[f(5|x|+2)dx = If(5|x|+2)dx+_[f(5|x|+2)dx
0

-2 -2
0

1. Tasé di tinh tich phan I, = If(5|x|+2)dx

Dit t=5|x|+2.

-2

Khi 2<x<0, t=-5x+2=dt=-5dx; x="2=t=12; x=0=>t=2.

1 2

=L =— f(t)dt:;ﬁ t)dt- jf dt} ;(84—4):16.

5

12 0

2
2. Tinh tich phan I, = jf(5|x|+2)dx
0

Dt t=5x|+2.

Khi 0<x<2, t=5x+2 =>dt=5dx; x=2=t=12; x=0=>t=2.

=_I [T t)dt- jf dt} 5(84 4)=16.

2
Vay [£(5]x/+2)dx=32.
-2

Chon y B.
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Cau 31: Cho ham s6 f(x) lién tyc trén R, c6 dao ham cap hai théa man x.f"(x)>e* +x
va f'(2)=2e, £(0)=e’. Ménh dé nao sau day la dang?
A. f(2)<4e-1. B. f(2)<2e+e’. C. f(2)<e®-2e. D. f(2)>12.

Loi gidi
Tix gia thiét x.f"(x)>e* +x 14y tich phan can tir 0 dén 2 ta co
2 2
J.O x.f"(x)dx > IO (eX +x)dx (1)
Ap dung tich phan timg phin ta dgt { . du=dx
p dung tich phan timg phan ta d3 dv=f"(x):> (%)

2

2
Khi d6 (1) < x.f‘(x)|§ —ij'(x)dx > (ex +X?j

0
2

o [2£(2)-0£'(0)]-[£(2)-£(0)]ze*+2-1

e xf (O -F(x)f [e +7]

Mit khac do f'(2)=2e, £(0)=e*=f(2)<4e-1
Chon y A.

0

Cau 32: Cho ham s8 f(x) c6 dao ham lién tuc trén [1;2], dong bién trén [1;2], théa man

2
1)=0, I[f ] dx=2 va jf '(x)dx =1. Tich phan jf dx bang?
1
A. % B. V2. C. 2. D. 24/2.
Loi gidi

Ham dudi dau tich phan la [f'(x)] (x).f'(x) nén ta s& lien két v6i binh phuong
2

[f'(x)+af(x)]2. Nhung khi khai trién thi vuéng '[ [f(x)]2 dx nén huéng nay khong kha
1

(x)|  £2(2)-f2(1) £(2)-0

2
thi. Ta c6 1:If(x).f'(x)dx: 5 -—

:>f(2)=\/§

()

2 |
Do dong bién trén [1;2] nén £(2)>£(1)=0
Tir £(1)=0 va £(2)= J_tanghldenjf Jdx=£(x) =£(2)~-£(1)=v2-0=+2

Ham dudi dau tich phan bay gio la [f (x) ] ,£'(x) nén ta s& lién két voi [f'(x) + oc]z
Ta tim duoc o = —/2 = f' (x)=\/7:>f(x)=\/>x+C&>C=—\/§

Vay f(x):ﬁx—ﬁ:jf(x)dx=£

2
Chony A.
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Cau 33: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa man f(1)=1,

1
Jx5f == va If :i. Tinh £(2).
J 13
A. £(2)=2 B f(z):@. c.{(2)=22. D. £(2)=22.
7 7 7
Loi gidi
1
Viét lai gia thiét ban dau | f' f'(x) [ dx=—
iét lai gia thiét ban dau .([ (x)d( I[ ] X 3
1 NG 1 1L
Duing tich phan timg phan ta c6 Ix5f(x)dx=zf(x) —gjxéf'(x)dx
0 0 0
1
Két hop voi gia thiét f(1)=1, tasuy ra Ix6f'(x)dx = %
0
1 2 4
I[f'(x)] dx=§
Bay gio gia thiét duoc dua vé < . Ham du6i dau tich phan bay gio 1a

2
°f'(x)dx = —
Jx (x)dx 3

0
[f'(x)]2 ,x°f'(x) nén ta s& lién két voi binh phuong [f'(x)+ ax® ]2 . Tuong tu nhu bai trén
ta tim duoc a=-2=f'(x)=2x° ::>f(x):§x7 +C&>C:§
261

Vay f(x):§x7+;:>f(2):7

Chon y D.

Cau 34: Cho ham s6 f(x) lién tuc va c6 dao ham trén (0;%}, thoa man hé thuc

f(x)+tanx.f'(x)=

. Biét rang \/_f( J (g)zan 3+bIn3 trong d6 a,be Q. Tinh

COS X

gia tri cta biéu thic P=a+b.

Ap=-2 B.P=—2. cpr=_. D. P-4
9 9 9 9
Loi gidi
Bién ddi gia thiét ta c6
X X
cosxf(x)+sinxf'(x)= o sinxf(x)|'=
()it (x) = 25— e [sinxd ()] =

= sinxf (x) = Icosz ” dx = xtanx+ln|cosx|+C

. Véix=§:£f(£j=%—l 2= J’f( j 2“:5—21n2+2c.

2 \3
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. Vc’rix=E:>1f[£j=@+lln3—ln2+c:f(ﬁj=@+ln3—2ln2+zc
6 21\6) 18 2 6) 9
5
:ﬁf(fj—f(ﬁjf’“ﬁ—ms: A=y L P-—aib=_2
3 6 9 be 1 9

Chon y A.

Cau 35: Cho ham s6 y =f(x) lién tuc trén doan [0;1] va thoa man af(b)+bf(a)=1 véi
1

moi a, be[0;1]. Tinh tich phan I:If(x)dx.
0

E

A 1= 1
2

B. I=
4

.....

Pét a=sinx, b=cosx v6i x € {O;g} = sinx.f(cosx)+cosx.f(sinx) =1

= _[05 sinxf (cos ><)dx+J‘0E cosxf (sinx)dx = de = g (1)

T 0
Jf sinx.f(cosx)dx = —!f(t)dt(t =CosX)=
1

LTZ[ cosx.f(sinx)dx = .[f(t)dt(t =sinx) = j;f(x)dx

0

f(x)dx

O C—y

Ta co

1

Do d6 (1)<:>J-f(x)dx:£
0 4
Chon y D.
. f(3-x)f(x)=1
Cau 36: Cho ham s6 y =f(x) c6 dao ham trén [0;3], thoa man £(x) %1 vGi moi
X) # —
B) |
x €[0;3] va f(O):l. Tinh tich phan Izj X (X)2 dx.
2 0[1+f(3—x)] £2(x)
1 3 5
A I=—. = C.I=—. D.I=—
5 B.I1=1. 5 >
Loi gidi
f(3-x).f(x)=1
T gia thiét =f(3)=2
U gid thié f(O):% (3)

Taco [1+£(3—x)] £ (x)=[1+£(x)] (£(3-x)f(x)=1)

3 1
e Tinhl=| xf'(x)
0

|:1+f(x)]2 dX:_-([Xd[1+f(x)]:_1+f(x)‘o +-(|).1+f(x)

dx=-1+]
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Tinh J= [——dx 2" L q-[— L g
i = = - = t:
* find !1+f(x) A !1+f 3t '([1+f(3—t) -([1+f(3—x) *

! dx:jdx(f(3—x).f(x):1):3:>]_

3
1
dx - -
== ey
3 |
vay 1= () dx:1
o[ 1+£(3—x) | £3(x =
Chon y A.
f(1)+g(1)=4

4
moi x €[1;4]. Tinh tich phan I:j[f(x)+ x)]dx.
1
B. [=41In2. C.I1=6In2. D. [=8In2.

A. I1=3In2. .

0

Bién déi gia thiét ta c6
f(x)+g(x)=—xf'(x)—xg'(x) < (£(x)+xf'(x))+(g(x) +xg'(x))

(x.f(x))‘+(x.g(x))' =0 = xf(x)+xg(x)=C=f(x)+g(x)

Il
% |0

Ma f(1)+g(1):4:C:4:>I:.[14[f(x)+g(x)]dx=J‘14§dx=81n2

Chon y D.
Cau 38: Cho hai ham s6 f(x) va g(x) c6 dao ham lién tyc trén [0;2], théa man
£'(0).£'(2) =0 va g(x).f'(x)=x(x—2)e*. Tinh tich phan I:If(x) g'(x)dx.
0
A.I=-+4 B. [=4. C.l=e-2. D.I=2-e.
Loi gidi
Tur gia thiét £'(0).£'(2) =0 )=
| . ! +
U gia thiét £'(0).f'(2)=0= £(2)20
2-2)e*
8(2)_ (fl(z)) -
Do d6 tur g(x).f'(x)=x(x-2)e* = 0(0-2)¢"
e
0) = _
2
Tich phén tung phan ta dugc I:[f(x g(x ‘ I (x)
0
2 2
:f(2).g(2)—f(0).g(0)—-|.x( —2)exdx=—J.x(x—2)exdx=4.
0 0
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Chon y B.

Cau 39: Cho ham s6 f(x) c¢6 dao ham xéc dinh, lién tuc trén [0;1], théa man f'(0)=-1 va

{Ef( 9 ] =i Véi moi x €[0;1]. bgt P=£(1)-£(0), khang dinh nao sau day ding
#0

A. 2<P<-1. B. -1<P<0. C.0<P<1. D.1<P<2.

.....

1
Nhan thdy P=£(1)-£(0)= If'(x)dx nén ta can tim f'(x).
0

Bién déi gia thiét ta c6

M=13 de= dx > - = x4+ C f(x) = ——
[F(9] I[f'(X)T / f'(x) M)="c
Méf'(0)=—1:>C=1:>f'(x)=—XJ1rl

dx=-In2~-0,69

1 1
1

Vay P=|f'(x)dx=-
oo

Chon y B.

Cau 40: Cho ham s6 y =f(x) lién tuc trén R va théa man f°(x)+f(x)=x voi moi x e R.

2
Tinh I= If(x)dx

A T=—=. B.I=é. C.l=—. D.I=§.
5 5 4

.....

D4t u=£(x), ta thu dugc u’ +u=x. Suy ra (3u +1)du =dx.

x=0—->u=0 . F 5
. Khi d6 Izju 3u +1 du—Z

T v’ +u=x, ta d6i can
x=2—->u=1

Cdch 2. Néu bai toan cho f(x) c6 dao ham lién tuc thi ta lam nhu sau:

f3(0)+f(0):0_){f(0):0

Tix gid thiét £ (x)+f(x)=x= {P (2)+£(2)=2 |f(2)=1

Ciing tir gia thiét £ (x)+f(x)=x, ta co f'(x).f*(x)+£'(x).f(x)=xf'(x).
Lé{ytichphénhaivé'J%[f'(x)f( x)+£'(x ]dx j‘ x.f'(x)dx
HOIMUCIR B 2 _5
:{ J xf(x)|0—!f(x)dx:!f(x)dx-z

Chony D.
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Cau 41: Cho ham s6 f(x) xac dinh va lién tyc trén [0;1], thoéa man f'(x)=f'(1-x) voi
1

moi x & [0;1]. Biét ring £(0)=1, f(1)=41. Tinh tich phan I= [f(x)dx
0

A. [=+/41. B. I=21. C.1=41. D. 1=42.

Loi gidi
Taco f'(x)=f'(1-x)=f(x)=—f(1-x)+C ={(0)=—f(1)+C=C=42

= f(x)=—f(1-x)+42= f(x)+f(1-x)=42 :>j[f(x)+f(1—x)]dx=j42dx=42 (1)

1

Vi f'(x)=f'(1—x):>If(x)dx=£f(1—x)dx. (2)

T (1) va (2), suyra jf(x)dx=.|.f(1—x)dx:21.

0

Chon y B.

Cau 42: Cho cac ham s6 f(x), g(x) lién tuc trén [0;1], thoa m.f(x)+n.f(1-x)=g(x) véi

1 1
m, n 1a s6 thuc khac 0 va J.f(x)dx:jg(x)dx:l. Tinh m+n.
0

1
A. m+n=0. B.m+n=5. C.m+n=1. D. m+n=2.

.....

Tix gia thi€t m.f(x)+n.f(1-x)=g(x), 14y tich phan hai v€ ta dugc :
1 1

Do jf x)dx = Ig x)dx =1 :I[mf +n.f(1—x)]dx:jg(x)dx :>m+njf(1—x)dx:1(1)
0 0

.. x=0=>t=1
Xét tich phan J.f(l—x)dx. bit t=1-x, suy ra dt =—-dx. Doi can:
0 x=1=1t=0

Khi do jf(l—x)dx = —Tf(t)dt =jf(t)dt = jf(x)dx =1.(2)

1 0 0

T (1) va (2), suyra m+n=1.
Chony C.

In«/g
Cau 43: Biét tich phan I L dx=1 +%lnE +ava—+/b véi a, beZ*. Tinh gia tri
5 a

In3 \/ezx +1—-¢*

ctia biéu thic P=a+b
A. P=-1. B. P=1. C. P=3. D. P=5.

Loi gidi

Bién d6i tich phan ban dau ta dugc
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h'l'\/§ 1 ln«/g In«/_ 8
I= I 2—dx= I (\/ 1+e) 'f Je +1dx + I e dx
Ve +1-e In3 In3 I3
ln«/_ an—
e Xét tich phan j e*dx =e* —2f V3
ln«/_
In\/—
e Xét tich phan I Ve +1dx. Dat t=ve” +1 < t* =¥ +1
In«/—
, x=In{3=>t=2
= 2tdt = 2e**dx < dx t(;lf ;[dt . Doi can: \/_
e t°-1 x=In/8=t=3
In+/8 3,2 3
Khi d6 j\/ezumx:jgﬂdt:j(n 1 jdt 1 t=1 =1 13,
3 ot -1 ; t° -1 t+1 2 2

=2
Vay 1=1+%1n§+2ﬁ—\/§:{; —P=a+b=5

Chon y D.
4 X
Cau 44: Biét I l+\/§idx:a+eb—eC voia, b, ceZ. Tinh P=a+b+c.
4:X \/;eZX
A. P=-5. B. P=-4. C. P=-3. D. P=3.

Loi gidi

Bién déi tich phan ban dau ta co:

4
J~ l x+e d J-\/e +4x+4e \/_dx dx
1\ 4x
4 x 4 4
Ie +2\/_d J.( jdX:(I—lxj :1—l4+ =1+e'-e™
1 2e” € Ji e e
a=1
Véy ta dugc 1b=-1=P=a+b+c=—-4.
c=—4
Chon y B.
Cau 45: Blet.[ 2+:§:dx=an+b\/§+c voi a, b, ceZ. Tinh P=a+b+c.
X
A.P=-1. B. P=2. C. P=3. D. P =4.

Loi gidi
Dit \/x =2cosu véi ue {O;g} .Suy ra x =4cos’ u= dx =—4sin2udu.

Khi d6 tich phan ban dau tré thanh:
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T T u
2 2 COS —
I:4_H2+2ﬂsin2udu=8[ 2 .sinu.cosudu
*\V2—-2cosu ™ gin O
i P
- : : :
= 16J‘cos2 E.cosudu = 8.[(1+cosu).cosudu = 8jcosudu+4j(1+c052u)du
i i i i
; . a=1
=8sinu? +(4x+2.sin2u)2 =142 +6 = b=—4=P=3
4 4
c=6
Chony C.
Cau 46: Biét jﬂdx = a+—2+— voi a, b, ¢ 1a cac s6 nguyén. Tinh gia tri cta
N1+ x +x b ¢
6
biéu thitc P=a—b+c.
A. P=-37. B. P=-35 C. P=35. D. P=41.
Loi gidi
5 5 5
Taco 1= Iﬂdx= J.xcosx(\/1+x2 —x)dx= J.x( 1+x? —x)cosxdx.
i\/l+x2 +X “x “x
6 6 6
6 et 6 —t —t 6
Mit khdc T= [ 205X _ gy '=" | (t)cos(-t) d(-t)= | <5t _g¢
AT+ +x L 1+(—t)2 —t w1+t -t
6 6 6

— A

T

A

:

0l = x( 1+x% —x

)cos xdx— | x

|

oy —la
|

o g A

=2

N [ A

L
6
xzcosxdx:I:—j

n

6

o a

2

3

Tich phén timg phan hai 14n ta dugc I=2+ T

Chony C.

134 | Chinh phuc olympic todn

t(m+t)costdt:—j x(m+x)cosxdx.

( 1+x> +x)cosxdx

x? cos xdx

a=2
=><{b=-36=>P=a-b+c=35
c=-3
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Cau 47 : Cho ham s6 y=f(x) xac dinh va lién tuc trén {% ;2}, thoa man diéu kién

2

f(X)+f(1j=x2 +12+2. Tinh tich phan IZJ' £(x) dx.
X X )
2

A.I:%. B. 1=2. C.I=

t2
1 1
2 f(x) zf(x) 2f(x)+f(xj 2x2+l2+2
:2I=J- > dx+I > dx=J‘ > dx=j 2X dx

1 X +1 X" +1 T x"+1 T x +1
2 2 2 2

2 2 2 2
=IX jldx=j(1+%jdx=(x—lj =3 I=E

T X 1 X X J|1 2

2 2 2

Chon y A.
Cau 48: Cho ham s6 f(x) thoa man f(x)>0,vx>0, f'(0)=0;f(0)=1 va dong thoi diéu

(
kién f"(x)f(x)—Z[f'(x)]2 +xf’(x)=0. Tinh gia tri caa f(1)?

2 B.> c.® D.
3 2 7

(O NIRN

.....

Bién ddi gia thiét tuong duong

POOA(EC) O 09) P
£ (x) ) Flo 2
1 X 6 °
:m:zH(:K:l:f(X):X3+6:f(1):§

Chony C.

Cau 49: C6 bao nhiéu ham s6 y =f(x) lién tuc trén [0;1] thoa man diéu kién

J-Ol(f(x))zols dX=J.01(f(X))2019 dx =I01(f(x))2020 dx

Al B. 2 C.3 D. 4

Loi gidi
1

Tir diéu kien tasuy ra [ (£(x))" (f(x)-1) dx=0=(f(x))"" (f(x)-1) =0

_ f(x)=1 L
Ma f(x) lién tuc trén [0;1] nén £(x)=0" Vay c6 2 ham thoa man yéu cdu dé bai.
X)=
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Chony C.

Cau 50: Cho ham s6 f(x) lién tuc trén doan [1;4] c6 £(1)=1;f(4)= 31n§+1 va thoa man

sng thoi 1209 g 9 1% (e 5 27
déng thoi L x+1d =10’ j x(f'(x )) dx = 91n——E Tinh tich phan Lf(x)dx

A. 51n§—6 B. 51n§+6 C. 151n§—6 D. 151nE+6
2 2 2 2

Loi gidi

e T e 5 27
Ta viét lai L (\/;f( )) dx = 9ln5—ﬁ A

T ¢id thiét ta suy ra 4f' x)dx=f(4)-f(1 :31n§:> 4f' x )dx — f (X)dx:?)lnE— 0
& yral, 2 ) 1 x4l 2710

Hay I4Xf )dx 3In§ o j(ff( ). \/_1Jd —3ln§—%:B

T x+1 + 2

Ta dé dang tinh duoc I (

2
\/; dx—lng—i=
x+1 2 10

myx

x+1

Ta xay dyng tich phan J?{\/;f'(x) de 0= A+2Bm+Cm’=0<m=-3

Tir d6 tim duoc f'(x) = 31 :>I x)dx = 151n§—6
X +

Chony C.

(2018 + cos x)1+COSX
2018 +sin x

3
Cau 51: Cho tich phan I=Iln[ }dx=alna—blnb—1 v6i a,b 1a cac sd
0

nguyén duong. Gia trj ctia a+b bing?
A. 2015 B. 4030 C. 4037 D. 2025

Loi gidi

St dung tinh chat _[ :_Ef(a+b—x)dx, ta co

)

I:

| (2018+ cos.x)lmsx e T | (2018+sinx) ™ |
2018 +sin x 0 2018 +cosx

O NV | A

T
T

2 . -z

=21 =|In| (2018 + cosx 2018 +sin x x = |2sinxIn (2018 + cos x )dx
J'l |:( )cosx( )smx:|d J'Oz 1 ( )d
0

= [ In(2018+ x) dx = 20191n 2019 - 2018In 2018 - 1

Chony C.
BAI TAP TUONG TU
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1. Tinh tich phan JE In(1+tanx)dx

Ibln(l +tanx)dx = % Tich tich

a

2. Cho 2 s6 thuc a,be(O 2} théaman a+b=

n-lklc‘—]

phan besin(12x)dx

. 8
Cau 52: Cho ham s§ y =f(x) c6 dao ham f'(x)>0,Vxe[0;8] va IO f(x)dx=10. Gi4 tri

16n nhat cia ham s6 g(x):l_[oxf(t)dt trén (0;8] 1a?
X
4 5
A. — C. —
5 B. 10 1 D. 8
Lovi gidi
o _(joxf(t)dt)'.x—1'f0xf(t)dt_Xf(x)_IOXf(t)dt_h(x)
acog (X)_ Xz - Xz - XZ
= h'(x)=f(x)+xf'(x)-f(x)=xf'(x) >0,vxe[0;8] = h(x)>h(0)=0
oy D(x) _5
=g'(x)= 2 >0,vxe(0; 8]:>r(r(}a8]xg( X)= g(8)—Z

Chony C.

Cau 53: Cho ham s6 y =f(x) c6 dao ham va lién tyc trén {0;%} théa man f(gj =3 dong

TE T

-+
=
Q
—
O i | 3
-
/—\
\_/

4
dx=1 va I[smx tan x.f(x) Jdx =2. Tich phan J.sinx.f'(x)dx bang?
0

COS X
A. 4 p. 2+32 o LB D. 6
2 2
Loi gidi
=sinx du = cos xdx
Ap dung cong thic tinh tich phan timg phan ta dat .
dv =f'( v=£(x)
n 4 3\/_
Khi d6 tich phan can tinh trd thanh I=sinx.f(x jcos xf(x)dx = — -1,.
0

Bién ddi gia thiét ta c6

2=

O'—.rb\:l
o'-—w;\;:

[smx tan x.f (x )] dx =

COSX

{sm M}d

ﬂ(pcosﬁ x).L")}dx.Wﬂ}dx—}cosx.f(x)dx =1-1,.

cosx 0| cosx 0

311:—131:¥+1:3 22+2
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Chon y B.

f(z\/;_l)Jrlnx

Vx x

Cau 54: Cho ham s6 f(x) lién tuc trén doan [1;4] va thoa man f(x)=

4
Tinh tich phan 1= jf (x)dx
3

A.1=3+2In?2 B. 1=2In"2 C.1=In"2 D.1=2In2

Loi gidi

t t Jx-1 nx nx
Ta c6 .!.f(x)dx !.f(2& ) ! J ( ) jl
f(2&—1)
Jx

t+1 dx 2 p
Pit 2Vx-1=t = Jx=—=>—"==dt.=> K= |f(t)dt = | f(x)dx.
R-1-t ==t JF(t)de=[1(x)

=2In°2.

4
Xét tich phan K = j dx.
1

4 4
Xét tich phan M = Im—xdx Ilnxd(lnx) =
X
1

1
3

4 4
Do d6 If(x)dx:_[f(x)dx+21n22 :>If(x)dx=21n22.
1 3

1

Chon y B.

Cau 55: Cho ham s6 y =f(x) lién tuc, luén duong trén [0;3] va thda man diéu kién

3
I= If( )dx =4 . Khi d6 gia trj ctia tich phan K = I( ein(f( +4)dx 1a?

0

A. 4+12e B. 12 +4e C.3e+14 D. 14+ 3e

Loi gidi
Bién ddi tich phan can tinh ta c6
3

K= I( Lt )+4)dx i dx+j4dx e:[f dx+j4dx de+4x| =4e+12.

0
Vay K=4e+12.
Chon y B.

Cau 56: Cho a la s6 thuc duong. Biét rang F(x) la mot nguyén ham cta ham so
f(x)=e" (ln(ax)+

A. ae( L ;1} B. ae(O;L} C. a€[1;2018) D. a €[2018;+x)
2018 2018

lj thoa man F(l

j =0 va F(2018) =e™". Ménh dé nao sau day dung ?
X a

Loi gidi
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1 S
Xét én ham I=|e*|1 — |dx=|e"1 d —dx (1
ét nguyén ham je (n(ax)jtxj X J.e n(ax) x+I » x (1)

e Tinh tich phan Iex In(ax)dx:

u =In(ax) duzldx e~
Dit = X :jex In(ax)dx =e* ln(ax)—J-—dx
dv =e*dx Ve X

Thay vao (1) , ta dugc: F(x)=e*In(ax)+C.

1 1
F| = (=0 a _ C=0
Voi (aj IR An1+C=0 @{ =a= © .
F (2018) _ e2018 e2018 1n(a2018) + C — e2018 1n(a2018) = 1 2018

Vay ae 1 ;1.
2018

Chon y A.
R oy D A A 1s R s P 2017x ,
Cau 57: Biét rang F(x) la mot nguyén ham trén R ctia ham s6 f(x) =( — o thoa
x +1
man F(1)=0. Tim gié tri nho nhat m cta F(x).
1 1_22017 1+22017 1
A.m:—E ]3,m:W C_m:W D.m:E
Loi gidi

Xét nguyén ham sau:

[e(x)dx=] 2017x 2017 [ +1) " d(x+1)

(X2 +1)2018 2
> +1 -2017
:20217_(x_201)7 +C oL iC=F(x)
2(x*+1)
Theo gia thiét ta c6 F(1)=0 :—ﬁ+C:O:C=%
i 1
Do d6 F(X) == 5 (X2 +1)2017 + 2018 Suy ra

F(x) dat gia trj nho nhat khi va chi khi

16n nhat < (x2 +1) nhoé nhat< x=0
2(x2 +1)

2017

1 1 1 _ 22017
Vay m = _E"' 2018 = 2018

Chon y B.
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1
Cau 58: V6i mdi s6 nguyén duong n ta ki hiéu I = Ix2 (1-x° )n dx. Tinh Tim L.
0

no+o |
A. 1 B. 2 C.3 D. 5
Loi gidi
; dex du =dx
Xét tich phén In :J.X2 (1—X2)n dx . bat {dvx(l_xz)n " — ) _(1_X2)n+1 .
0 . T 2(nen)
1
L _—x(l—xZ)r1+1 1 a1 .
Khido I, = —] +2(n+1)‘([(1—x ) dX_Z(n+1)JO.<1_X ) dx
0
1 ¢ 2 2 n+1
:>In+1—2(n+2).(|;(1—x )(1—x ) dx
1 1 n+ n+
:>In+1—2(n+2)[_([(1—x2) 1dx—.([xz(l—xz) 1dx}
1 I, 2n+1 .
= Lo _2(n+2)[2(n+1)1“_I“H:| I_nl_2n+5:>}1£}o In1 =1
Chon y A.

3
Cau 59: Tim tat ca cac gia tri duong ctia m dé Ix(3 —x)" dx = —f”(%j ,voi f(x)=Inx".

A. m=20 B. m=4 C.m=5 D. m=3
Loi gidi
. 15x* 15 -15 10) -243
Theo gia thiét ta c6 f(x)=Inx" = f'(x)=——=— =f" =—:>f"(—j:—.
eo gia thiét ta c6 f(x)=Inx (x) N (x) = 5 0

3
Tinh tich phan I = J'x(?) —x)"dx.
0

x |0
e DPitt=3-x :>x:3—t,dx:—dt,d‘6icémt 3

Ol W

3tm+1 tm+2 3

m+1 m+2, (m+1)(m+2)

3m+2

e Do déI:}(3—t)tm(—dt) =[(3t" —t™")dt =
3

O —_—

Tm+1)(m+2) 20  (m+1)(m+2) 45

p m+2 m+2 5
Ta co J'x(3 - x)m dx = _f"(ﬂj 3 243 3 3
0 9 (
Thay lan lugt cac gid tri m & 4 dap an, nhéan gia tri m=3.

Chony D.
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Cau 60: Cho ham s& f(x) lién tuc, khong am trén doan {0;%}, thoéa man £(0) =J3va
£(x).f'(x) = cosx[1+f2(x),Vx e| 0;Z |. Tim gi4 trj nhd nhat m va gia tri 1én nhat M ct
(x).f'(x)=cosx (x) xe[ 2} im gid tri nho nhat m va gia tri at M cta

ham s6 f(x) trén doan {g,g}

5
A.m=g,M=2\/§. B.m:E,M=3
C.m:;,M:\/g. D.m=+3, M=22.
Loi gidi
T gia thiét ta c6

f(x).f'(x) =cos x.A[1+f*(x) 3%:cosx :I%dx:sinXJrC

Dit t= 1+ (x) =t =1+ (x) = tdt =£(x)f'(x)dx.

Thay vao ta dugc .fdt:sinx+C:>t:sinx+C:> 1+£*(x) =sinx+C.
Do f(0)=+3 = C=2.

Vay |1+£2(x) =sinx+2 = £*(x) =sin® x + 4sinx +3

=f(x)= Jsin? x+ 4sinx+3 , vi ham s& f(x) lién tuc, khong am trén doan {O;g} )

Ta co géxézzlésinxsl,xétheﬁms@/ g(t)=t>+4t+3 co hoanh do dinh t=-2 loai.

2
Suy ra maxg(t)=g(1)=8, ming(t):g(%j:%.

i i

Suy ra maxf(x):f(gj:%/i, minf(x):g(gjzﬂ.

N

o2 02

Chon y A.

1

Cau 61: Cho f(x) la ham s6 lién tuc trén R théa man doéng thoi If(x)dx=4,
0

3 1

[£(x)dx=6. Tinh tich phan T= [ f(|2x+1|)dx

0 -1

A.I=3 B.I=5 C.I=6 D.1=4

.....

bat u=2x+1:>dx=%du.Khi x=-1thiu=-1.Khi x=1 thi u=3.
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Neén 1=%Tf(|u|)du = %@f(|u|)du+jf(|u|)duJ :%[Tf(—u)dmif(u)du] :

-1 -1

Xét tich phan _[f x)dx=4.Dit x=—u = dx=-du.

1 -1 0
Khi x=0 thi u=0.Khi x=1 thi u=-1.Nén 4:If(x)dx:—If(—u)duzjf(—u)du.
0 0 1

3 0 3
Ta c6 If x)dx = 6:>If du:6.NénI:%{J‘f(—u)duﬂ"f(u)du]:%(4+6):5.
0 0

-1

Chon y B.

+ .~ 2018 a
xsin™ x T ) T . )
dx:g trong d6 a, b la cac s6 nguyén duong. Tinh

2018 2018

Cau 62: Biét Ism oo

P=2a+b.
A.P=8 B. P=10 C.P=6 D.P=12

Loi gidi

xsin?® x

2018 2018

Xét tich phan 1= J
sin™ " x+cos” " X

dx.

e Ditx=n-t=>dx=-dt.
e Khix=0thit=n
° Khix=7cthit=0.

(m—t)sin®® (n—t) b (m—x)sin®® x

TacoI——I dt:J. dx
sin*"® (m—t)+ cos™® (n—t) 2 sin®® x + cos™® x
I Sln2018 d . ]’5 X sin2018 d o ]E 2018 d N I
=7 T -1.
sin®™® x + cos™® x 2 sin™"® x +cos™"® x . smm18 X+ coszo18
. T 2018
Suyra I= —I dx.
29 s1r12018 X+ Cos2018
I .. 2018
y . sin?"® x
Xét tich phan J = I ST I dx.
¢ sin®"® x + cos
2
y T
e Dbitx=—-u=dx=-du.
2
) T ..
e Khi x== thi u=0.
2
: . T
e Khi x=nthit=-=
2
n . 2018 T
i) sm S —u 0 2018
« 2 cos™ X
Neén ]:_I T T du = I sin®® x + cos™® x dx.
0 5in®®| Z—u |+cos™®| Z—u z
2 2 2
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COSZOlS X

sinZOlB X+C082018

Viham s6 f(x)= 1a ham s6 chdn nén:

0 2018 X dx g C052018 X d
J; sm2018 x+cos®®x ! sin®® x + cos®™® x X
2
Tt do6 ta co:
L
I B E-T'E Sin2018 X d B E j‘ Sin2018 X dx +J‘ 1n2018 X d y
2 2 sin®® x + cos™® x XT3 2 sin"® x + cos™"® x sin®® x + cos™™® x
2
L L
n 2 2018 2 2018
2 {-([ sm2018 X + cos2018 dx+ 'l‘ sm2018 X + Cos2018 X dx
L L
_7I281n2018X+C082018X _TEZd 2
_2-([5 n*" x + cos™® x 2'([ T

Nhuvdy a=2, b=4.Dod6é P=2a+b=22+4=8.
Ngoai cach lam nay cac ban c6 thé st dung cac tinh chat cia phan tinh tich phan bang
phuong phéap déi can déi bién.
Chon y A.

2x

(%)

Cau 63: Cho ham s6 y =f(x) c¢6 dao ham trén R thda man C*}f'(x).efs(")_"z_1 - =0 va

N
£(0)=1. Tich phan I x.f(x)dx béng
0
A. & B. E C. E D. ﬂ
3 4 8 4
Loi gidi
Pl 2X

Ta co 3f'(x).e =0 < 3f*(x).f' (x).efS(X) —2x.eX !

£(x)

Suy ra "™ =11 C . Mt khéc, vi £(0)=1 nén C=0.

Do d6 "™ =1 o £ (x)=x+1 = f(x) = +1.
7

Vay fxf ZIX'\/X + dx——j\/x +1d(x*+1) = 8[()( +1)\/x2+1J
0

Chony C.
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Cau 64: Cho ham s6 y=f(x) lién tuc trén R théa man doéng thoi diéu kién
3f(x)+£(2-x)=2(x~1)e* > +4. Tinh tich phan I = jf )dx ta duoc két qua 1a?

A IT=e+4 B.I1=8 C.I=2 D.I=e+2

Loi gidi
2 2
Theo gia thuyét ta c6 J.[Sf(x)+f(2—x)]dx = J.[Z(x—l)exz_b‘+1 +4}dx (*).
0

0

Ta tinh Tf(Z—x)dx = —Jz‘f(Z—x)d(Z—x) =if(x)dx

Vi vay T[3f(x)+f(2—x)]dx = 4jf(x)dx

0

Hon nita iz(x_l)ex22x+ldx _ j‘exzzxﬂd(xz _2x +1) _ ex272x+1
0

0

> 2
=0 va I4dx:8.
0

Chony C.
CAu 65: Tinh téng T= Cgms _ C;OlB + C§018 _ C§018 Feeee Cigg Cigig )
3 4 5 6 2020 2021
A— B—=_ c—- __ D1 _
4121202989 4121202990 4121202992 4121202991
Loi gidi
Xét khai trién (1—x)"" = Cyys — ChorgX + ClopgX’ + .o+ C2E 2018

x* (1-x

2018 —~0 2 1 3 2 4 20182020
) = ChpeX” = ChppeX” +ChppeX” +o+ CopeX (1)

Ta tinh I:I:xz(l—x)zmdx,dét t=1-x, dt=—dx, d6ican x=0=>t=1, x=1=1t=0

t2019 t2020 t2021 1
-2 +
2019 2020 2021 ] .

Khido 1= (1-t) t"dt =

0

( 2018 ) t2019 2020) dt :[

I S N S
2019 1010 2021 4121202990
Ldy tich phan hai v€ cta (1) ta duoc:

1 1
IXZ 2018 _[ Cgmsx ClosX +ClpeX” +...+ CopeX ZOZO)dX
0 0
1
1 XS X4 5 X2021
S—— = Chs——Chs — + Cagg — + ...+ Cos
4121202990 ( S T 1% 2021
1 0 1 1 1 2 1 2018 1
e— = —-C +C: —+..4+C
4121202990 Mg My T A5 218 5007
Vay TS _Chos G G, i G 1
' 3 4 5 6 2020 2021 4121202990
Chon y B.
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Cau 66: Cho ham s6 f(x) c6 dao ham lién tyc trén khoang (0;1) va f(x)#0, ¥xe(0;1).
Biét rang f(x) thoa man f > =a, f > =b va x+xf'(x)=2f(x)-4, vxe(0;1). Tinh

sin? x.cos X + 2 sin 2x

2 (sinx) dx theo a va b.

tich phan I =

o8 —w |3

3a+b B I_E’>b+a _3b-a 3a-b
4ab "7 4ab 4ab 4ab

.....

A 1=

Theo gia thiét ta co:
x+xf'(x)=2f(x) -4 < x+4=2f(x)-xf'(x)
x2+4x_2Xf(X)—X2f'(X) x2+4x_£ x2 ],
=| - )

£ () P

= x> +4x= 2xf(x)—x2f'(x) =

sin® x.cos x + 4 sin x.cos X
f? (sinx)

. .. 1 3
Dt t =sinx = dt = cosxdx, doi can x:g:tza, x:gztzg.

(W,

sin? x.cos x + 2sin 2x
f? (sinx)

dx = dx

Tinh tich phan 1=

| C—— 2
o8 — |3

f[@] f(lj 4b 4a 4ab

2

Chon y D.

Cau 67: Cho ham s6 y=f(x) c6 dao ham lién tyc trén R thoa man diéu kién

2
f(x)+f(g—x]=sinx.cosx, voi moi xeR va f(0)=0. Gia tri cta tich phan Ix.f'(x)dx
0
béng
AT B. 1 c X D. -1
4 4 4 4
Loi gidi

Theo gia thiét, f(0)=0 va f(x)+f(g—xj:sinx.cosx nén f(0)+f[gJ:0 @f(gjzo.

N a

O'—.N\?—!
o'—.m\:l

Ta co: I:Tx.f'(x)dx xd[f [xf ]‘ x)dx =1I= _[f(x)dx.
0 0
Mat khac, ta co:
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1
f(x )+f[§—xj s1nxcosx:>_|. dx+j2f(§—x]dx _[smxcosxdx-E

Suy ra I()Zf(x)dx—j:f(g—x}dx :%<:> J.ng(x)dx :%
2

3
1
Vay I=—[f(x)dx=-—.
ay ! (x)dx ==~
2 f| 3
Cau 68: Cho ham s6 f(x) thoa man f'(x)>0, Vxe[1;2] va J[ ():)] dx = % Biét
1 X
22
f(1)=1, £(2) =7, tinh 1= jf(x
Ap="L B.p=2 cp=23 p.p=-7
60 5 60 30

.....

Ap dung bat ddng thtcc AM - GM ta c6:

[F] |, % X >J[f N X X3

x* 125 125

2 I:fl X :|3 2 2 2
L4y tich phan hai vé BDT trén ta c6: I dx+ ZI—dx > j
1 1

@2[f'(f)]3dx+2.izi[f(2)—f(1)]@j[f' X)de> 7

X 375 25

“o__

Két hop voi gia thiét ta c6 dau “ =" cta BDT trén xay ra

[f X)i] _ X’ <:}[fl(x)]szx_é<:;>f'(x):x—2:>f(x):x—3—i-C.

125 125 5 15
3
Ma f(1)=1=1==+C=C=remf(1)= X112
15 15 15
2.3
Tac()I:IX +14dx:2.
)15 60
Chon y A.

Cau 69: Cho (4cos2x+3sin2x)ln(cosx+251nx)dx=cln2—3, trong d6 a,b,ceN’, —

O'—.N\T—!

14 phan s6 t6i gian. Tinh T=a+b+c.
A. T=9 B. T=-11 C.T=5 D. T=7

.....

]

2
Bién déi gia thiét taco 1= I(4 cos2x +3sin 2x)ln(cosx +2sin x)dx
0
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= | 2(cosx+2sinx)(2cosx—sinx)In(cosx+2sinx)dx.

ot_.,\)\;i

Dit t =cosx+2sinx = dt = (—sinx+2cosx)dx.
e V6ix=0thit=1
. Véix:gthitzz

22

2 2
3
S [=|2tintdt = |Intd(t?) =(t*.1 t tdt_41n2—— =4In2-=.
uyra ! n !I’l ( ) ( n ‘ I 21 n 2
a=3
Vay «b=2 =T=a+b+c=9.
c=4
Chon y A.

Cau 70: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] dong thoi thoa man

£(0)=9 va 9f"(x)+[f'(x)~-x] =9. Tinh T=£(1)~£(0).

A. T=2+9In2 B. T=9 C-T=%+9ln2 D. T=2-9In2
Loi gidi
Taco 96(x) + [£'(x)-x | =9 = 9(£"(x)1) = [£1(x) ~x] = f(x)‘l 1
SR
Laynguyenhamhalve—j f'x)-1 :Ildx: ! :§+C.
x] 9 f'(x)-x 9
Do {'(0)=9 nén c-1 suy ra f'(x)—x= 0 = f'(x)= +X
9 x+1 x+1
N 2\ 1
Vay T:f(l)—f(O):J‘( +xjdx :[9ln|x+1|+—J =9In2+—.
oAx+1 2 )|, 2

Cau 71: Cho ham s6 y =f(x) c6 dao ham trén R thoa man déng thoi 2 diéu kién:
£(0)=£'(0)=1
f(x+y)=f(x)+f(y)+3xy(x+y)-1,VxyeR

1
Tinh tich phan '[f(x —1)dx.
0

1

A. B. —— C.
4

S
NN

L
2

.....

Ldy dao ham 2 vé theo ham s& y ta duoc f'(x+y)=f'(y)+3x* +6xy, VxeR.
Cho y=0=f'(x)=£'(0)+3x> = f'(x)=1+3x"
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Vay f(x If Jdx=x>+x+C ma f(0)=1=C=1suyra f(x)=x"+x+1.

1

:J.f(x—l)dx: jif(x)dx: j;(x3+x+1)dx :[%4+X?2+XJ

0

1 1 1
=———=+1==.
4 2

Chony C.

Cau 72: Cho ham s6 y =f(x) c6 dao ham cdp 2 lién tuc trén R thoa man déng thoi cac

f(x)>0,VxeR,
diéu kién {£(0)=£'(0)=1, . Ménh dé nao sau day dung?
x[£(x)] +[F(x)] =£(x)f"(x),VxeR.

A.%<lnf(1)<1 B.O<1nf(1)<% C.%<1nf(1)<2 D. 1<Inf(1)<=

.....

Ta cod

x[£(x) ] +[f'(x ]2=f(><)f"(><)<:> )E () [f ] @{f,(x)}!zxf'(x)=§+c.

f'(x) x? tf(x) i B 7
Ta c6 (X)—?+1@!f(x)dx-£[3+1jdx<:>ln(f(x))‘ ——<:>lnf(1)—g
:>1<ln(f(1))<§.
Chon y D.

Cau 73: Cho cac sd a,b>2 thda man 2 I c 0, quan hé¢ gitta a,b 1a?
X

A.a=2b B. b=2a C. a=b? D. b=a?

.....

2

Ta co Zj‘ ex

x=j~e 2><dx=je d(x2)=]‘e—dxnénb=a2
1 1 1 X

Chon y D.

Céau 74: Cho ham s6 f(x) c6 dao ham c&p hai trén R va f*(—x)=(x* +2x+4)f(x+2) Biét
rang f(x)#0,VxeR tinh tich phan I = I xf"(x)dx.
A 1=-+4 B.1=4 C.I=0 D.I1=8

Theo gia thiét ta c6

L= ["xf"(x)dx =£'(x)] - [ £'(x)dx=£'(x)[ ~£(x)[, =£'(2)~£'(0)~£(2)+£(0)
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Trong gia thiét ta thay x=0;x=2 ta c6:

£2(0)=4£(2) _ , 2
{fz(z)::4f(0)::>f (0)=16f*(2) = 64£(0) = {
(—x)=

£'(0
(2

(0)=4
f(2)=4
2x+2)f (x+2)+ (X +2x +4)f' (x+2)

(
)=2+£'(2) :{f'(0)=—2
)=

2+£1(0) 7 |£(2)=2

Pao ham hai véta c6 —2f'(—x

)£
Lai thay x=0 va x=-2, taco{ of

Két hop lai ta dugc I=2—(-2)-4+4=4.

Cau 75: Trong giai tich, 1= jxm (axn £ b)p dx v6i a,beRva m,n,peQ\{0} duoc goi la

tinh duoc (cd thé biéu dién boi cic ham nhu da thitc, hitu tyj, lugng gidc, logarit, ...) khi mot

trong cac s6 p, m+1 P+ m+1 1a s6 nguyén. Xét nguyén ham I= J-i, hoi c6 bao
n

n ]

nhiéu s6 a€{2,3,4,5,6,7,8,9,10} dé I c6 thé tinh dugc?
A5 B. 9 C. 4 D. 6

Loi gidi
_6
Ta viét lai nguyén ham da cho thanh 1= Ixa (x5 +1) adx nén m=a,n=5,p= _6 .
a

Theo dé bai ta chi can c6 —geZ a_+1 eZ, _§+a+1

€Z,suyra ae{2,3,4,56,9}
a

Chii ij. Day la mot bai toan vé bién doi Ity thira, yéu t6 nguyén ham chi 1a phu. Cong thic
trén c6 tén la dinh ly Chebyshev.

Cau 76 : Mot con dé duogc budc vao diém A trén hang rao
vé phia ngoai cua khu vuon hinh tron tdim O ban kinh
6m. Sgi day budc con dé c6 do dai béng nta chu vi khu
vuon. Hinh bén mo ta phan c6 bén ngoai vudn ma con dé
c6 thé &n duoc. Biét rang voi ham s6 f:[0;n] - R va diém
B thudc (O) sao cho AOB=a >0 thi doan BC la ti€p

tuyén (O) c6 d0 dai f(o) s& quét qua mot phan mit

phdng ma dién tich dugc xéac dinh béi J‘Onfz (a)do khi o

thay d6i tir 0 —  ( & day tinh ca bén trai 1an bén phai)
Ttr cong thic trén hay xéc dinh dién tich S phan c6 ma con dé c6 thé in duoc.
A. S=327° B. S=18x’ C. S=307" D. S =287

Loi gidi
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Ta thdy khi dé c6 thé di chuyén tu do vé phia khu vuon (O), nhung khi di chuyén vé phia
du6i thi chi c6 mot phan cia day sé trai trén (O), phan day con lai néu mudén di xa nhét
thi sé tao thanh ti€p tuyén véi (O), tic la ndm trén bién ctia dudng cong trong hinh. Phan
c6 dé an dugc 1a sé phan bén trong duong bién va bén ngoai (O). Ti€p tuyén tai A cta

(O) chia phan c6 cta dé thanh trén va dudi voi dién tich 1a S,,S, .

Phan trén 1a nira hinh tron ban kinh bing d6 dai soi day 1a 6n nén S, == -(6n)’ =18’

N[a

Dé tinh S, ta duing cong thic da cho.
Do dai cung AB 14 60 nén BC=6n—60.(0< o <7).Suy ra
S, =] (6n—6a)’ da=12r" =S =8, +5, =30’

Bai todn trén cd tén goi la “grazing goat problem”, mot bai todn rdt thii vi cia toan cao cip. Cong
thitc trén xudt phdt tir tich phan 2 16p, toa do cuc ndm ngodi chuong trinh THPT nén dé bai d cho

sin dang so cip ciia né dé dé dp dung.

Cau 77: Cho ham s6 f(x) lién tuc trén doan [0;1] théa man diéu kién

I: xf(x)(x2 TN (x))dx > % Gié tri nhd nhat cua tich phan J.Ol(x2 +%f2 (x))dx bang?

A. 3 B. 16 C. 2 D. A
10 45 5 20
Loi gidi
1 1 2
7 A:j (x2+—f2(x)J dx
Dé don gian ta coi a =f(x) khi d6 voi ‘ 3 ta co:

B=I01xf(x)(x2+f2 (x))dx
2

A=I:(x2+%a2j dx;B=I01xa(x2+a2)dx2% va tr danh gia cung bac c6

(a2+3x2)2—4ax(a2+x2)—8x4:(a—x)420

1, 2\2 1 o 1, 8 _16

:>9A:J0(a +3x ) dx24joax(x +a )dx+8J.0x dx:43+32€
D4u “=" xay ra khi x =f(x),Vxe[0;1].
Chon y B.
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Cau 78: Cho ham s6 f(x) c¢6 dao ham trén [1;3] va £(1)=0, rﬂg]x‘f(x)‘ =/10. Gia tri nhd
3

nhat cta tich phan j[f'(x)]z dx bang?
1

A. 1. B. 5. C. 10. D. 20.

.....

Nhan thay ring rﬂg]x‘f(x)‘ =+/10 = 3x, €[1;3] sao cho |f(x,)|=+/10
Ta co f(1)=0 = 3x, €(1;3] sao cho |f(x0)| -.J10.

Theo bat dang thic Holder ta co:
(J-lxof'(x)dx)2 < LXU 12dx.J‘1XO [f'(x)]2 dx =(x, —1)..[1XO [f‘(x)]2 dx
Xo 2 2
Y = (E(x)-E(1)) =10
? 10 10

. I[f'(X)]deZ Xolgl :}j[f‘(x)]z dXZT[f'(X)dez 1 Zg

1 Xy —

2
Mt khac ta lai ¢6 (onf'(x)dx) = (f(x)

Chon y B.

Cau 79: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa f'(x)>£(x)>0, Vx e[0;1].

1
Gia tri 16n nhat cta biéu thac £(0) j % dx bang?
X

0

-1 +1
A 1. B. &~ c. & D.e—1.
e e
Loi gidi
f

Tix gid thiét ta c6 f'(x)>f(x)>0,vxe[0;1] :ﬁ >1,vxe[0;1].

£(x)

Lay tich phan 2 vé can tir 0 dén t ta duoc

jf (X)dxzj1d><@1nf(x)\; >x|; < Inf(t)-Inf(0)2t e f(t)=£(0)e"
0

o £(x)

Chon y B.

Cau 80: Cho ham s6 f(x) nhén gia tri khong am va lién tuc trén doan [0;1]. D4t ham s§
X2 1

g(x)=1+ If(t)dt. Biét ring g(x)22xf(x*) v6i moi x €[0;1], tich phan Ig(x)dx c6 gia
0 0

tri lon nhat bang?
A. 1 B. e-1. C. 2 D. e+1.

Loi gidi
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g(0)=1
g'(x)=2xf(x*)

Theo gid thiét g(x)>2xf(x*) = g(x) 2 g '(x) & & ) 4

L4y dao ham 2 vé& cua gia thiét ta c6 { va g(x)>0, vxe[0;1].

Lay tich phéan 2 vé€ can tir 0 t6i t ta duge
t 5! t
g'(x) o
=——dx<|ldx < Ing(x) <x
!g(X) ! Sl
< Ing(t)-Ing(0)<teIng(t) <t g(t)<e'
1 1
Do d6 Ig(x)dxﬁjexdx:e—l
0 0

Chon y B.

Cau 81: Cho ham s¢ f(x) nhén gid tri khong am va lién tuc trén doan [0;1], théa man

diéu kién f(x)<2018+2 I f(t)dt voi moi xe[0;1]. Biét gia tri 1on nhat cta tich phan
0

1

J.f(x)dx c6 dang ae’ +b v6i a, beZ. Tinh a+b.

0

A. 0. B. 1009. C. 2018. D. 2020.
Loi gidi
X 0)=2018
bt g(x):2018+2.[f(t)dt, 14y dao ham 2 vé&ta c6 { ' ) va g(x)>0,vxe[0;1]
0 g'(x)=2f(x)

L4y tich phan 2 vé€ can tir 0 dén t ta duoc

t X t t t
(8 s s, el (o) <2

< Ing(t)-Ing(0)<2t < Ing(t)<2t+In2018 < g(t)<2018.e™

1 1 1
Do do [f(x)dx < [g(x)dx<2018[e*dx =1009¢™| =1009” ~1009.
0 0 0

Chon y A.
BAI TAP TUONG TU
1. Cho ham s6 f(x) nhan gid tri khong am va lién tuc trén [0;1]. D&t ham so

1

g(x)=1+jf(t)dt. Biét g(x)<./f(x) v6i moi x€[0;1], tich phan _[
0 0

dx c6 gia tri l6n
g(x)
nhat bang
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1 2

A. —. B. C. —. D. 1.
3 2

2. Cho ham s6 f(x) nhan gia tri khong 4m va lién tyc trén doan [0;1], théa man diéu kién

N | =

X 1
f2(x)<1+3|f(t)dt=¢g(x) véi moi x €[0;1], tich phan x)dx c6 gia tri 16n nhat bang?
g P g & g
0 0

A. é B.
3
Chon y B.

C. D.

N3
&1 Ne)
N | U1

Cau 82: Cho ham s6 f(x) duong va lién tyc trén [1;3], thoa IP_a]xf(x) =2, r[nu]1f(x) =%
3

va biéu thtc S = I f(x j ( dx dat gia tri 16n nhat, khi d6 hay tinh 1= If
X

£(x)
A2 B. .. c.’. D. 2.
5 5 2 2
Loi gidi
Tu gia thiét ta co 1Sf( )<2,suy ra f(x) L.
2 f(x) 2
3 1 35 3 3 1 3 1 3
—— |dx< | zdx e | f(x)dx+ | =—=dx <5< | —dx<5-|f(x)dx
=gt fee fggassfigaes-fis
L Pl ; . : 5 25 _25
Khi d6 S=!f(x)dx.!mdxS!f(x)dx.(S—L f(x)olx):—U1 f(x)dx—E] + 22

3
Déu "=" xay ra khi va chi khi If(x)dx =
1

Chon y D.

Cau 83: Cho ham so f(x) lién tuc trén doan [0;1] théa man v6i moi x,y,o,p va

a?+B>>0 ta 6 af(x)+Bf(y)>(a+B)f (“Xigyj. Biét £(0 ojzf dx=2. Gi4 tri
(0

nho nhét cua tich phan _[ x)dx bang

A. 8 B. 4 C. 242 D. 2

.....

Ap dung tinh chat cda tich phan ta cé:

[E(x)ax=[f(1-x)dx=1 [ () + f(1-x))ax> 1 [ (1 (%ﬁ—)jd:f@

Mat khéc ta lai c6:
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f(%jzf(O)H(%):j:{f(o)%(%ﬂdx=2I01[(1—x)f( )+xf(2ﬂdx

(1-x).0+x. 1

22‘[:(1—x+x)f 2 |dx = 2_[ (jdx 4!2f dx =8

1-x+x

Vay _[ x)dx >8, ddu “=" xdy ra ching han tai f(x)=16x.
Chon y A.

Cau 84: Cho ham s6 f(x) duong lién tuc [0;+) thda man déng thoi diéu kién

£(x) <2018 +2[ £(t)dt, ¥x > 0; [ £(x)dx =1009(e* ~1) Tmhnchphanj F g7

A. 2018(e-1) B. 1009(e+1) C. 2018(e-2) D. 1009(e—1)
Loi gidi

Ta c6 f(x)<2018+2[ £(t)dt < f(x)-2018-2[ £(t)dt <0(1)

Bt g(x)=e” ([ (¢ )de+b)ig'(x) =e™ (af F(£)de+£(x)+ab)

a=-2 a=-2
Tur (1) ta thuc hién phép déng nhat ta d
r (1) ta thyc hign phép dong nhét ta dugc {ab:—2018©{b=1009

Suy ra g'(x)<0,Vx>0=> g(x)nghich bién trén [0;+x).
=e™ ( Joxf(t)dt+1009) =g(x)<g(0)=2[ f(t)dt+2018 <2018¢™
Vay f(x)<2018¢> = [ f(x)dx <1009 ~1009
N1 2 N » . 2x 1f(X)
D&u “=" xay ra khi va chi khi f(x)=2018e** = IO ——2dx =2018(e-1)
e

Chon y A.

Cau 85: Cho ham s6 f(x) c6 dao ham khéc 0 va lién tuc dén cap hai trén doan [1;2]. Biét

11r12f'(1):f(1):1,f'(x):?i/M Vx €[1;2]. Tinh tich phan I= _[xf x)dx?

2f(x)—11n22
A. log, 5+ L +1 B. 3lo 5—i—2
S 082D nO0820 T
C.lo 5—i+2 D. 2lo S—L—l
P 08297 527512
Loi gidi

Bién d6i gia thiét ta co:
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f'(x):i/f'(x)_Xf”(x) o £(x).20 In?2 = 2f'(x)—2xf"(x)

28 In*2 (]

@(2“*)1112)':[ 2x ]'@2“*)1](12: 2x_ ¢,

£'(x) £'(x)
Vi In2f'(1)=f(1)=1=>C, =0. Khi d6 ta duoc
£1(x)2 M2 =2x & (2'0) = 2x = 2" = [2xdx =x* +C, & f(x) =log, (x* +C,)
Vi f(1)=1=C, =1=f(x)=log, (x2 +1) . Str dung tich phan timng phan ta c6
2

1 1 ’
I=J.12xlog2 (x* +1)dx:§><2 log, (x* +1)1 5 fﬁ X

2

~n(x+1)

1 1 p 1 1]
—2log,5—~—— [ x- dx =2log, 5—~——| X
82275 In20(x x2+1J X= 2082975 ln2[21

3
=21 5——-1
082 In2

2]
1
Chon y D.

Cau 86: Cho ham s6 f(x) lién tuc trén doan [1;4] thoa man f(1)=-1,f(4)=-8 va dong

thoi [f'(x)]zx/x_?’—f =05 —x - 3x,Vx e[1;4] . Tich phan I x)dx bing
89 79

A. -7 B. 3 C. — D. -8
Loi gidi
Gia thiét da cho tuong duong [f'(x)]z - f(x) -9 1 3
K x Ux
Lay tich phan 2 v& trén doan [1;4] ta duoc:
['TE(0T dx j j( - j;}dx 21-2In2

St dung tich phan ting phan ta duzc_)rc:

J‘:L\/)%)dx = J?f(x)d(—%+aj , a & duogc xac dinh sau

:(a—%jf(x)

Tir day ta c6 dang thuc:

J; ()’ dx+7a—6—2j14(i—%jf'(x)dx =21-2In2

j—f(a—%jf'(x)dx=7a—6+2jl4(%—%]f'(x)dx

@j( -—+ jdx 21n2+9a—3%—6 21-21n2
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2
Ta dé& tim duoc a =3 dé —21n2+9a—3%—6:21—21n2, khi d6

-3,¥x e[1;4] = f(x) = 2v/x - 3x

f'(x)s%
Vay J?f(x)dx = J‘14(2\/;—3x)dx = —?

Chony C.

Cau 87: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [1;2] théa man déng thoi 2 diéu
kién 2[f(2)]2 —[f(l)]2 = 63;2[f(x)]2 +x? [f'(x)]2 =27x*,Vx e[1;2]. Tinh gia tri cua tich

phan Jf [f(x)]2 dx
A. 15 B. 18 C. 21 D. 25

Theo gia thiét ta c6

[TECOT dx+ [ TE()T dx [ [£(x)] dx = [ 27x%dx = 63(1)

Xét tich phan 1= J.lz[f(x)]2 dx, dat {u - [f(x)]z N {du =2f'(x)f(x)

dv =dx V=X

2] 6 () (0= ()

=I= x[f(x)]2

Ta co:

(1) [TE)T dx=2f xf (x)f(x)dx+ [ x*[£(x) ] dx =0 [ [£(x)-xE'(x)] dx =0
Do do f(x)—xf'(x):0<:>(%f(x)]'zo<:>f(x)ECx

Vay 2(Cx) +x°C? =3C** =27x* = C=3= [ [f(x)[ dx=21
Chony C.
Trong bai toan nay ta da st dung tinh chat sau cua tich phan:

Néu Ib[f(x)]Z dx =0 thitasuyra f(x)=0

Cau 88: Cho ham so f (x) c6 dao ham duong lién tuc trén doan [1 ;3] théa man diéu kién

L?’[ff'((—i))]dx:%;f(l):Zx/E,f(S):él.Tichphén f ) 4 bang

Vx+2
J6
A. 6 -5 13.\/_—7 C.\3-2 D. \5-2
Loi gidi

Vi £'(x)>0,vx €[1;3]= f(x) 2 f(1)=2v2 >0, vx € [1;3]
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w35

3 2 2 _
I r ; -5 (FE-{F()-
Ap dung bat dang thic AM - GM cho 3 s6 thuc duong ta c6:

[, 27, 27 #{f V] 27 2727 £y

flx) 8 8 4

f(x) 88 4 3ff(x)

Ta co

Lay tich phan 2 v& trén doan [1;3] ta duoc:

B % ot g

pleel g, 2,8 L], 27
2 4 T f(x) 4

()] 27 f(x) 3 3. 7 3 . 2cy
W—gam—zzi f(x)] —§x+C:>f(x)— (x+?J

D4u “=" xay ra khi

Mt khéc f(l):Z\/i:>C=§:>f(x)= (x+1)° :»jfj)f%dx:\/é—ﬁ

Chon y A.

Cau 89: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] théa man ef(1)=4£(0)=4

va dong thoi I: e’ ([f'(x):lz ~[f(x :| )dx+4j e*f(x)dx = g Tinh tich phan I x)dx ?

o 4(e-1) = 3(e-1) - 2(e+2) = 5(e-2)
e e e e
Loi gidi
2 P A 1 X | 2 X 8
Xét tich phan K = IO e’ ([f (x)] —[f(x)] )dx+4j0 e*f(x)dx = 3

bt u(x)=e*(x)= u'=e*f(x)+e*f'(x) = e*f'(x) =u'-u, khi d6 ta duoc

K= _[01[(11'—11)2 —u? +4u}dx = I:[(u')z —2u.u'+4u}dx(u(1) =4,u(0) =1)

1

Ta c6 Iolu.u'dx=u7 =1—25,I01udx=xu|; —.[;xu'dx=4—.[:xu'dx.

0

Suy ra K= I [ 4xu}dx—§ bén day ta chon m e R sao cho
I[u 2x-m] dx = O@I[ 4xu}dx ZmI udx+j (2x+m)*dx=0
@%—6m+m2+2m+§=0<:>m=2

Vay ta dugc Iol[u'— 2x—2]2 dx =0 < ef(x)+e'f'(x)=2x+2
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2 p—
o () =212 e £(x) = XFXEC oo X2l g, S(en2)

X X

e e
Chon y D.

Cau 90: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] thoéa man dong thoi cac

&
diéu kién £(0) = %;J:(x+1)3f'(x)dx E J.l [[ff(x)]] dx 614 Tinh tich phan j x)dx ?

A. S B. E C.

= D. L
24 32 8 4

Ap dung nguyén ham timg phan ta cé:
I:(x+1)3f'(x)dx (x+1) £(x) ‘ 3J- x+1) f(x )dx:—%:-[ol(x+1)2f(x)dx=—

Ap dung bat ddng thic Holder ta co:

l:J.Ol f(x)z(x+1)2[f'(x)]§ dx< J-l (x) {l‘; x+1 [f ]2}2

ol - -2
x]?’

[f [[ff z]] XT(JO(X+ 1) £( iz(éf( )g

3

lw
[oN
X
|
[SSTLS)

Dau “=" xay ra khi va chi khi ) =k[(x+1) [ (x)]i}za[f'(x)]: ! ~(1)

[t [f()] (o)
6 j[ff((’j)} (x)ede= [k (x+1) F(x)dx = = k==
Khi dé ta duoc
(1)@%:—ﬁ:>lnf(x):—21n|x+1|+C%f(x):ﬁ:ﬂf(x)dx:é
Chon y B.

Cau 91: Cho ham s6 f(x) lién tuc trén doan R thoa f(0)=0,

f(x)—f(y)|=|sinx —siny|

v6oi moi x,y € R. Gia tri 16n nhat cta tich phan j ( ) —f(x ))dx bang

c. 3" D.1-=
8 4

A, —+1 B.

| a

r
4

Loi gidi
Theo gié thiét ta c6 |f(x)|=|f(x)—0| =|f(x)—£(0)| <|sinx —sin 0] =|sin x|
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=3 [f(x)]2 —f(x)<sin® x+sinx = IE([f(x)]z —f(x))dx < J‘Og(sin2 X +sin x)dx =1 +Z
D&u “=" xay ra khi f(x)=—sinx.
Chon y A.

Cau 92: Cho ham s6 f(x) c6 dao ham cap hai trén [0;+) théa man déng thoi cac diéu
Kien £(0)=1;£'(0)=0;£"(x)~5f'(x)+6£(x) 20, ¥x e[0;40); [ £(x)dx :%1. Tinh gia tri

cua tich phan J:Mf2 (x)dx.

N 5.2 cZ p, 24
4 17 20 7

Bién d6i gia thiét ta c6 £"(x)—5f'(x)+6f(x) =0 < £"(x) - 2f'(x) =3[ '(x) -2f(x)] 20

Dt g(x)=f'(x)-2f(x)=g'(x)-3g(x) =0

Xétham s6 h(x)=e®g(x)=h'(x)=-3eg(x)+eg'(x) =™ (g'(x)-3g(x)) =0

Suy ra h(x) déng bién trén [0;+0)=h(x)=h(0 ) g(0)=£'(0 ) ( )=-2
=eg(x)2 2o e (f'(x)-2f(x))+2

Xét ham s6 k(x)=ef(x)+2e* = k'(x) =e > (f'(x )—2f(x))+2eX20

Suy ra k(x) déng bién trén [0;+) = k(x)>k(0)=£(0)+2=3

= e f(x)+2e* 23 < f(x)=3e* —2e™ :>J dx>—%

D&u “=" xay ra khi va chi khi f(x)=3e* -2e>* = Ilnz[f ] dx =2

20
Chony C.

Cau 93: Cho ham s6 f(x) lién tuc va c6 dao ham dén cdp 2 trén [0;2] thoa man diéu kién
£(0)—-2f(1)+£f(2)=1. Gid tri nho6 nh4t cta tich phan I: [f”(x)]2 dx bang
A. 2 B. 3 C. 4 D. 5

.....

Ap dung bat ddng thic Holder ta c6
1 1 1 2
I[f”(x)]z dx = 3Ix2dx.j[f"(x)]2 dx > 3(]: x.f"(x)dx)
0 0 0
5 u=x Loen ? 1 2
Ta dit {dv=f"(x)dx N 3(]0 xf (x)dx) ~3[£'(1)+£(0)—£(1)]
Str dung bat dang thic Holder mot 14n nita ta duoc
2 2 2 2
[[£" (0T dx =3[ (x=2)" dx[£"(x) dx = 3( jj(x_z).f”(x)dx)
1 1 1
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u=x-2

Ta d4t {dv ~ £1(x)dx = 3([12(X—2)f“(x)dx)2 =3[f'(1)+£(2)-f(1)]

Suy ra Z_z[[f"(x)]z dx23[f'(1)+£(0)—£(1)] +3[f'(1)+£(2)~£(1)]

Theo bat dang thic AM - GM ta c6

2

. S o, [HO)-2(()+£(2)] _3
3[£'(1)+£(0)—£(1) | +3[—£'(1)+£(2)-£(1)] =3. =

Chon y B.

Cau 94: Cho tich phan I= f;(x/x+7 +\/11—x)dx, goi M va m lan lugt 1a gia tri 16n nhat

va gié tri nhé nhat cua . Tinh S=M+m?
A. 5442 +108 B. 36+/2 +108 C. 6+/3 +54 D. 6+/3 +36

Loi gidi

1 1

bat =Jx+7 +/11-x véi x e -7;11|. Taco y' = -
Y | ] y 2Jx+7  24J11-x

=0 x=2

Nhan thdy y’ khong xac dinh tai —7;11, v& bang bién thién ta c6 {18 <y <6

= J-j\/ﬁdx < f;(x/x+7 +x/11—x)dx < Ij;6dx

& 542 < [ (Vx+7 +/11-x)dx <108

Chon y A.

1 z, N 2 ., . » A N ., . 2 A
Cau 95: Cho tich phan I = IO biét rang tong gia tri I6n nhat va gia tri nho nhat

dx
Ja-—x2 -’
cta I duoc viét dudi dang an[%+§} trong d6 a, b, ¢, d la cac s6 nguyén duong va % la

phén so6 toi gian. Tinh S=a+b+c+d?
A. 14 B. 15 C. 16 D. 17

Loi gidi

Ta co xe[O;l]:OSxe’ <X = xX<x<0=24-2x* <4-x*—x* <4 %P

1 1 1 Pl : 1 fo1
= > > = dx < dx < dx
Ja-2x2 Ja-x2-x* Ja-x2 '([\/4—x2 !4—x2—x3 !4—2x2
R S —
s f
Détx:25int:>dx:2costdt:I=J. 2cost d’c=_|‘<:1t=E
0 4—(25int) 0 6

jﬁ \/Ecost 2dt=
0\/4—2(J§sint) 2
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1
afj sn\/i
60

4—x*—x° 8
Chony D

2

2
d * o A v A ., . 2~ 2, N sz . 2
Cau 96: Cho tich phan I= J-%,n e N', biét rang tong gia tri I6n nhat va gia tri nho
1-x™"
nhat cua I duoc viét dudi dang a—];t+§ , trong d6 a, b, ¢, d la cac s6 nguyén duong va

14 phan s6 t6i gian. Tinh S=a+b+c+d?

D-.In

a
b’
A9 B. 10 C. 11 D. 12

Loi gidi

1 3 ;5 1 ;5 1
———= 2dx < [P ——=dx = |2 ——==dx>
1_X2n .[0 IO 1_X2n .[0 1_X2n

Dau “=" xay ra khi x=0

Taco xX*">0=1<

Ta thay neN*,xe{O;;} dx<.[

1 dx
J1-x2

dx:jozdt:g

" <X :>j
\/7
bit x:sint:dx:costdt:J'E—dx:'[éLlet
0 J1-x* 0 J1—sin’t
Déu “=" xdy ra khi x=1
Chon y B.

B (3 g g
Cau 97: Cho tich phan I= j e SH;X dx, biét rang gia tri l6n nhat cta I dugc viét dudi
X +

a . N Z ~ A N a e .2 z R
dang b_n , vOi a, b 1a cac s6 nguyén duong va 5 toi gian. Tinh tong S=a+b
e

A. 13 B. 14 C.14 D. 15

Loi gidi

Ta c6 v6i moi xe[l;x/g}:>—xs—1:>e*X Sl
e

e “sinx 1 *.sinx
- x*+1 Se(x2+1) L x*+1 a1 & Jl x +1

Xét tich phan J. ﬁdx .Dit x=tant = dx = (tan2t + 1)dt ta duoc
X+

N ~ tan t+1 dt At m
'L x +1 '[ tan t+1) J‘Z?_12e
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CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

Cau 98: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] thoa man f(1)=1,f(x)>0

va dong thoi f(x)Inf(x)=xf'(x) [f 1],Vxe[0;1]. Tinh tich phan Iolf(x)dx
e—1 -6
A —— B. _—
3 6 C. 4 D.1
Loi gidi

Bién déi gia thiét trong duong

@f(x)lnf(x)+xf'(x):xf'(x)f(x)<:>lnf(x)+xf|(x) =xf'(x)

f(x)
& (xlnf(x))' =xf'(x) xlnf(x)‘; = _[lef'(x)dx = xf(x)‘; —j:f(x)dx
Vay ta dugc J.Olf(x)dx =f(1)=
Chon y D.

Cau 99: Cho ham s f(x) c6 dao ham lién tyc trén doan [0;1] thda man diéu kién

f(2018x+2017) = 2018f (x), ¥x € R . Tinh tich phan [ [f(x)] dx?

e A I (S|

.....

Xét biéu thuc f(2018x+2017)=2018f(x). Lay dao ham 2 vé& ta dugc
2018f'(2018x +2017) = 2018f (x)
x—2017
Thay x béi 2018x+2017 , ta dugc f'(x)=f'| —2018

—2018+1
B ( 2018

[ x-2018+1
2018

Thay dén n 1an va bing quy nap ta chiing minh dugc

()= [ X218 +1 :f,( x_ .1 j
2018" 2018" ~ 2018"

Khi n— 400 = £'(x) = £1(~1) = £(x) = F'(~1)x+ C(*)
Thay x = -1=>f(~1)=2018f(-1) = f(-1)=0

Thay x=-1=(*):f(-1)=—f'(-1)+C=0<=f'(-1)=C
Vay £(x)=F(-1)(x+1)= [ [F(x)] dx=2[£(-1)

Chony C.

162 | Chinh phuc olympic todn Fanpage: Tap chi va tu ligu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Cau 100: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [1;2] thoa man f(1)== va

R . 3x°f(x) ) o
déng thoi - =f'(x)—x,Vx e[1;2]. Tinh gid trj caa £(2)?
[f'(x)] +xf'(x)+x°
A 7\7 -1 B 747 +1 . 247 -1 D. 27 +1
3 3 3 3
Lovi gidi

Bién ddi gia thiét tuong ducmg

3 (x) = (£'(%)=x)([£1(x) ] +xE'(x)+°)

3 3 3 e T f'(x) .

< 3x°f (x [f ] -x’ & x (3f(x)+1)—[f (x)] ©—= 3f(x)+1_

L%/ﬁ j _—@ j[3f +1]_%d(3f(x)+1):_
23t 1] =2 (21T [ar) 1T -3 1(2)-

-3
Chon y A.

Cau 101: Cho ham s6 f(x) lién tuc trén [0;1], ham s6 f'(x) lién tuc trén doan [0;1] va
f(1)-£(0)=2. Biét rang OSf'(x)SZ@,Vxe[O;l]. Khi d6, gia tri cua tich phan
(f '(x))2 dx thudc khoang nao sau day.

A. (2;4) B. [%%) C. [EE]

.....

O Ly

Bién ddi gia thiét ta c6 0 < f'(x) < 24/2x,Vx €[0;1]

0<[£'(x)] <8x vxe[0:1]=0< [ [£(x)] dx< [ 8xdx=4(1)

dx) < E[f'(x)]z dx
(£(1)-£(0))" =4= [ [/

Theo bat dang thic Cauchy - Schwarz ta c6 (I
Mt khéc ( jolf'(x)dx)2 (f(x)‘:))z
2)= [ ['(x)] dx=4.

Chon y A.

x)]2 dx>4(2)
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CAC BAI TOAN NGUYEN HAM - TECH PHAN VAN DUNG CAO HAY VA KHO

Cau 102: Cho ham s6 f(x) lién tuc trén R, ¢6 dao ham dén cap hai trén R va théa man

5In2

f? (x).[él(f'(x))2 +f(x).f”(x)} =e*,VxeR, biét £(0)=0.Khi d6 I £° (x)dx bang?
0

2 355In2
A. 5(31—251;‘ 2—51nzj (31— j
2 355In2
c 5 B2 o 5 (31— j
5 )
Loi gidi

Gia thiét tuong duong (f* (x).f'(x))‘=e :>f4( )'(x)=e*+C ma f(0)=0=>C=-1
= £ (x)f'(x) =" ~1= [ (x)f'(x)dx=€* —x+D = *(x) =5(e* =x+D)
Mit khéc f(O)zO:Dz—l:fS(x):5(e -x-1)

2
:>j51 " (x)dx = 5]51 (e —x—1)dx=5[31—25ln 2—51n2j
0 2

Chon y A.

Cau 103: Cho ham s6 f(x) lién tyc trén R va Jff (x)dx =1. Tinh gi6i han caa day s6:

o R o ey e e e e )

D. %
3

WIN
0N
==

A. 2 B.

.....

Cha y day 1a mot cau st dung dinh nghia tich phan bing tdng Riemann khéng ndm trong
pham vi kién thac THPT nén chi mang tinh tham khao, khong di sau!

() ) e (1.3)

Xét ham s6 g(x)= 7 _Z_—3=§Z38 1422

3in l+—1 iz N n
n

Ta chia doan [1;4] thanh n phan bang nhau bang c4c diém chia

x; =1+1.

- (1 —0,1r1)(x0 =1,...,x, =4)
% A Tn: 1A 4-— 15
Mbi doan con c6 do daila x,,, —x, =—— :gz Xi1 =% )
n

4 (VX 4
:>lim8=%flg(x)dx=%fl (\/; =%J'12f(\/§)d(\/§)=§

Chon y B.
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Cau 104: Cho ham s6 f(x) va g(x) thoa man f'(1)=g(1)=1;f(2).g(2)=1£(1) va déng
thoi 1—f'(x)g'(x):g(x)[f"(x)+1f'(x)},VxeR\{O} . Tinh tich phan I=J.12f(x)g'(x)dx?
X

A. E+11r12 B. —§+11n2 C. E—11r12 D. —E—lan
4 2 4 2

4 2 4 2

Loi gidi
Bién déi gia thiét trong duong
x=xf'(x)g'(x) =xg (x)"(x) +g(x)f'(x)
o x=x[g'(x)f'(x)+g(x)f'(x)]+g(x)f'(x)

‘g 2o(x 1 3 1
<:>J.1f(x)g(x) X:L (E+gjdx=z+zln2
Str dung tich phan timg phan ta c6
2 2
I=Lf'(x)g(x)dx:g(x)f(x)‘j_.[lf(x)gu(x)dxzz+aln2
2 . 3 1
:>I1 f(x)g (X)dx=—1—zln2

Chon y D.

Cau 105: Cho ham s8 y =f(x) c6 dao ham [0;1] théa man f(0)=£(1)=0 va déng thoi

diéu kien I:‘f'(x)‘ dx=1. Tim gi4 trj 16n nhat cua [f(x)| trén [0;1]?

1 1 1
A. E B. g C. Z D_ 1
Loi gidi
Ta co:
e Vi xe[o;ﬂ: ()| = onf'(t)dt Sjg‘f'(t)‘dtéjg‘f'(t)‘dt
2. 1 | | !
. V6i xe{a;l}:‘f(x)‘: jlf (t)dt sj:f (t)\dtsE\f (t)dt

1

=l [ wlans el 2]

Chon y A.
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LOI KET

Vay la chtng ta da di dén trang cudi ciing cta tuyén tap nay, tuy bai viét chua thuc su la
hay nhung hy vong nhimg kién thic ma minh dua vao trong bai viét c6 thé gitp ich duoc
cac ban trong qua trinh hoc tap. Ngoai ra c6 thé con mot vai thiéu xot trong tuyén tap nay,
cac ban c6 thé tham khao thém céc tai liéu khac dé hoc hdi hon. Gi6i day la mot vai tai lieu
minh nghi sé gitp ich duoc cho céc ban.

[1] Van dung cao s6 phtc tich phan

[2] Kho tai liéu nguyén ham tich phan

[3] Céc bai toan thuc t€ nguyén ham tich phan - Hta Lam Phong

[4] Nang Cao K§ Nang Giai Toan Trac Nghiém 100% Dang Bai Nguyén Ham - Tich

Phan Va Ung Dung - T6 Thi Nga
Mot 1an nita gii 10i cdm on dén nhitng nguodi c6 dong gop cho bai viét nay va chic cac ban

mot mua 6n thi thanh cong nhé!


https://drive.google.com/file/d/166gde_8V6eMZMiVSBjR1PaR6tdcQMKfA/view?usp=sharing
http://tailieufileword.blogspot.com/p/kho-tai-lieu-03-nguyen-ham-tich-phan-va.html
https://drive.google.com/file/d/1l7kP32ltbe-15xNdjHJlRMJ1MLmAeJP9/view?usp=sharing
https://drive.google.com/file/d/1V-PTeWurglEl-XzkLlPsvlvgZpVMaaeJ/view

